Scientific Computing using Matlab
Professor Vivek Aggarwal &
Professor Mani Mehra
Department of Mathematics
Indian Institute of Technology, Delhi
Lecture 62
Linear Multistep Method (LMM) For Ordinary Difference Equations

Welcome to all of you in the second class from my side in this course. So, first of all I would

like to mention what is the book which we are following.
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Let me write that book, numerical methods for ordinary differential equations by, authors are
Griffith and Higham and the book is published by Springer. So, this is the book which we

will be following for this part of the course.

Now, let me recall what we have done in the last lecture, in the last lecture initially we have
seen Taylor series methods. Then we saw Adams Bashforth methods and after that we looked

at Adams Moulton method.



So, Taylor series methods and Adam Bashforth methods were the category of explicit
methods and both can be of different order as we have seen that it is called TS(P) and when P

is one, means it is first order that create method in that case it is called forward Euler method.

Similarly, Adam Bashforth method of order one is also called forward Euler methods. So, the
first category of method in both the cases are the same which is the forward Euler method.
While in the case of Adams Moulton method the first order method was called backward

Euler method and second was called Trapezoidal method.

Trapezoidal method in some literature is also called modified Euler method and we have
already seen that Adams Moulton methods is a way to develop general implicit methods and
both of them are implicit, backward Euler method is also implicit and trapezoidal method is

also implicit and that is what we have already seen in the last lecture.

But if you look at the derivation of these methods that we discussed in the last lecture, they
were through the Taylor series by some manipulations of high order derivative terms, etc.
Now, in this lecture, we can also see the alternate way of driving these methods, what is that

through numerical integration, that is what I am going to show now.
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So, suppose this is my problem, VY = S, ¥), ¥(X0) = Yo let me integrate both the
sides from Xn to Xn+1. So, now left hand side will become Yn+1 — ¥n, while on the

right hand side we have to of course, if we are integrating as such then it corresponds to



analytical method but our role is to drive the numerical method for which we do not know

the, how to integrate these terms.

So, in that case like that is the role of numerical Quadrature formulas also which you have

seen in the previous part of this course. So, basically I wanted to integrate, suppose this is my

function f(x,y) from X»n to Xn+1. So, if, just for simplicity I am considering, let us say this

is positive. So, if I choose the sample point at the left hand like this then the approximation of
this integration will be this (x n+l — Xp }f n, so which is basically hfn so it means it is a

forward Euler method and if I choose a sample point here at the right hand which you.
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Let me show you, in that case
backward Euler method. Why am I saying sample point? Because that is the way how you
approximate numerical integral by Riemann sum, by choosing the sample point and if I
choose the sample point at the average of both in that case this will become this or this which

is basically a Trapezoidal method.

So, we have seen, like if this is a function we are integrating from Xn to Xn+1 sometimes
we are approximating the area under this curve with the help of this rectangle and sometimes
we are approximating this with the area of this rectangle. So, we are overshooting the real

area, in the previous case we are underestimating the real area, sometime we are choosing



with the help of Trapezoidal because this is the area of also trapezoid that is why it is called

Trapezoidal method.

So, that is how you can also see how these methods can be derived otherwise with the help of
numerical Quadrature method. So, though we have seen only a few special cases like forward
Euler, backward Euler, Trapezoidal method, let me see one more case of implicit method
which is the second order Adams Moulton method because we have already seen the

difference equation of that method in the last lecture.
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So, again I am writing differential equation V = S(X, ¥), ¥Y(X0) = Y0 let me integrate
it, this time I am integrating from Xn+l to Xn+2So basically, if we do this and we
approximate this function with Newton's interpolating polynomial which you remember from

the previous part of this course, then you must have derived the interpolating polynomials.
X — X,

fat (=72 )A

So, this will be h

right hand side will be this.

, so the left hand side will become this and the

X = X,
— =1u
So, let me substitute h So in that case the limit of u will become this and this

3
fn + E(fnﬂ - fﬂ)

will become hdu, so this will become

(Refer Slide Time: 11:13)
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So, the scheme will be this 2 so this is

the scheme we observed in the second order Adam Bashforth method because just this starts

h
Ynel = Vn = Elgfn _fn—ll

lecture, you must have seen in the following form that it does not matter because n can be

from n+2 so this is recursive I can write . In the last

here. I am replacing n with n-1 so we can get the following terms.

So, I have also shown you how to derive these difference schemes with the help of numerical
Quadrature which you have already seen in the previous part of this course. So, basically we
have derived forward Euler, backward Euler, Trapezoidal method as well as we have also
developed the difference scheme for a second order Adam Bashforth formulae which was not

specified by this special name but the differences scheme was the following.

And it was explicit anyway Adam Bashforth methods are explicit moreover, the specific
point about this scheme was that it is a two step method because there are terms involving

n-1, n and n+1 that is why it was called two step method.

Similarly, as I was saying that, we can develop trapezoidal method also in the following way
but in that case I have to integrate if you, because last time what I have done I have chosen

the sample point at the average of 2 so that was through the, if you look at the definition of



the Riemann sum as an approximation of a numerical integration but more formally if you do
the following way and then you interpolate this function with fn this, you will get the same

difference equation which we got in Trapezoidal method.

But now one specific thing about this and the previous case was that in previous case I was

integrating from *n+1 to Xn+2 and inside this interpolating polynomial I was keeping the

term which was involving only points at X = X but in this case I am integrating from Xn

into Xn+1 but still inside this I am keeping the same terms. So, why?

Because we know accordingly we will get, Trapezoidal method is just a single step method,
they involve terms with n and n+1, while in case of a this two step method terms were

involved n+1 and n+2 from here, n-1, n and n+1 here so that is why we have not started

integration from *n+1 to *n+2. So, it all depends how you want to manipulate and what
are the terms you want to keep in your difference equation accordingly you will get to a

difference equation.

So, this is the alternative way of driving the formulas for numerical solutions to ODE.
Similarly, you can also go for higher order. You can take one third Simpson rule to
approximate numerical integration 3/8 Simpson's rule so there are a lot of rules for that, so
accordingly you will get different types of formulas or difference equations. Now, just let me

open the slides, yes.
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Linear Multistep Methods (LMMs)

The Euler's method, trapezoidal method and the Adams Bashforth method are »
the examples of LMMs. LMMs are the generalizations of Taylor series and it .’j_//.
relates the values of y and y’(x) at several different points.

For the time being we shall be concerned only with two-step LMMs, such as
Adams Bashforth of order 2, that involve the three levels x,, X1, X,42. For
these, we need to find the coefficients g, a1, o, 51 and 2 so that

y(x 4+ 2h) + cay(x + h) + aoy(x)

= h(Bay’(x + 2h) + Bry' (x + h) + Boy’(x)) + O(hPTY),
where p might be specified in some cases or we might try to make p as large as
possible in others. we have taken a, = 1 as a normalising condition (the

coefficient of y(x + 2h)). Using y’ = f(x, y), and dropping the O(hP*1)
rernﬁjier term, we arrive at the general two-step LMM

[%

NPTEL

An LMM is said to be explicit if 3> = 0 and implicit if 3, # 0. For example,

Ynt2 + 01Ynt1 + QoY = h(B2foso + Prfata + Pofa)- (1)




So, let me mention you Linear Multistep methods, Linear Multistep methods because so far
we have seen single step method or two step method. In fact, we have seen only one variant
of a two step method which was the second order Adam Bashforth method, the Euler method,
Trapezoidal method and the Adam Bashforth methods are example of Linear Multistep

method, single step, two step all the, both category comes under multistep.

So, Linear Multistep methods are the generalisation of Taylor series. Why is it a
generalisation of a Taylor series? Because you will see that when we were looking at the
Taylor series methods the term involving second order derivatives and higher order
derivatives were kept as such. While in other cases, which we have seen so far the terms

involving were having only y and the value of its derivative so that is what I am saying here

!
also and it relates the value of y and V' at several points.

'
So, basically it relates the value of y and Y Atseveral points, that is the difference in Linear

N
Multistep method and Taylor series methods. In Taylor series methods terms also involve ¥

I ’
, value of V , while in Taylor series methods we are relating only the value of y and Y at

several different points so I will be explaining this in detail also.

For the time being we shall be concerned only with two step Linear Multistep methods. Of
course, what I am explaining here can be generalised to more than two step but right now our

concern is just to drive two step Linear Multistep method in general like Adam Bashforth
method of order 2 which we have already seen that involves the three level Xn, Xn+l,

Xn+2 for this we need to find the coefficients @0» @1 fo, .ﬁ 15 P2 5o that we are writing

(x4 2h) + @y y0x + h) + aoy(x) = h(B2y (x +2h) + fry/ (x + h) + foy' (x)) + O(W™*")
So, where p might be specified in some cases means I wanted to, if I wanted to drive a first
order method, I have to specify p and or sometimes depending on the template, we wanted to
choose p means what are the points we wanted to keep in the difference equation accordingly

we have to choose p.

So, sometimes we want, we might to try to make p as large as possible so in this case we have

taken alpha two which are suppose to become here, as a normalising condition, we have

chosen @2 = 0 the coefficient of y(x+2h) that is what you can observe from here.



. A o . E'+]
And using ¥V = S(x,y) and dropping the term O(h ) that term so once we started
dropping this term, this is some equation but once we start dropping the truncation error it

will be a difference equations we arrive at general two step linear multi step method

Vot2 + @1 Yugp1 + oYy = h(Pa fus2 + B fas1r + Bofn). and LMM s the

abbreviation for Linear Multistep method which we will be seeing now onwards.

So, now, this is your difference equation for the two step Linear Multistep method. So, if you

observe this difference equation carefully, if I say f2 =0 in that case this will be called

explicit method, the method corresponds to this difference equation will be called explicit

method if T choose P2 = 0 but if I choose because then there is no term which will be
involving Yn+2 in the right hand side so that is the definition which we have already seen in

the last lecture corresponds to explicit and implicit methods. I do not need to repeat that

definition again.

While if T say B2 = 0 it is explicit, it 2 F O it is implicit Linear Multistep methods. So,
for example, in case of Euler methods when we got this difference equation earlier so
basically it is an example of a explicit 1 step Linear Multistep method while the Trapezoidal
rule is a example of a implicit 1 step methods, you know some people call it as a method,
some people call it as a rule, some people call it as a formula these are just synonyms of the

same thing.

(Refer Slide Time: 22:38)
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The Euler's method, trapezoidal method and the Adams Bashforth method are s
the examples of LMMs. LMMs are the generalizations of Taylor series and it ¢,
relates the values of y and y/(x i t points.

For the time being we shall be concerned only with two-step LMMs, such as
Adams Bashforth of order 2, that involve the three levels x,, X,+1, Xn42. For
these, we need to find the coefficients g, 1, Bo, 51 and 2 so that

Oy(x + 2h) + aqy(x + h) + aoy(x)

—_—

h(Bay'(x + 2h) + Bry'(x + h) + Boy’(x)) 4

where p might be specified in some cases or we might try to make p as largg
possible in others. we have taken «» = 1 as a normalising condition (the

'I/“ .
An!«‘@\/\ is said to be exphei+ 3> = 0 and implicit if 5, # 0. For example,
EuleffsLmethod (s an example of an explicit one-step LMM while
the trapezoidal rule is an example of an implicit one-step method.

Now, in order to streamline the process of determining the coefficient of this Linear

Multistep method, we introduce the notion of a linear difference operator because difference

equation is here it is clear to you but how to choose this coefficient of course, we cannot

randomly say that X1 is 0 X0 is 0, P2 is something else and b1 is something else, we have

to choose according to some process so what is that process that I am going to explain to you.
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tuler's method ({ni1 — Yn + Nfy) JS an example of an explicit one-step LIVIVI while
the trapezoidal rule is an example of an implicit one-step method.

Consistency
In order to streamline the process of determining the coefficients in the LMM (1),
we introduce the notion of linear difference operator.
Definition
The linear difference operator .%} associated with the LMM (1) is defined for an
arbitrary continuously differentiable function y(x) by
Zhy(x) = y(x +2h) + aay(x + h) + aogy(x)—
h(Bay'(x + 2h) + Bry/(x + h) + Boy'(x)) -

,,V?—‘
De{i‘* n

A liar difference operator .%}, is said to be consistent of order p if

The linear difference operator La associated with the LMM is defined for an arbitrary

continuously differentiable function y(x) by the following definition so here this is the

definition of a linear difference operator which we are introducing right now, Ly y (I} So,

what are we doing?

(Refer Slide Time: 23:34)
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For the time being we shall be concerned only with two-step LMMs, such as
Adams Bashforth of order 2, that involve the three levels x,, x,:1, X,12. For
these, we need to find the coefficients g, 1, 3o, 31 and 32 so that

Oy(x +2h) + ary(x + h) + coy(x)
= h(Bay'(x +2h) + Bry/(x + h) + oy’ (x)) +

where p might be specified in some cases or we might try to make p as largg
possible in others. we have taken a, = 1 as a normalising condition (the

’-—___—- 0
An LMM is said to be exphei+.J> = 0 and implicit if 5, # 0. For example,
Euler's method (s an example of an explicit one-step LMM while
the trapezoidal rule is an example of an implicit one-step method.
=umﬁnl methods for Ordinary Differential Equations 15/36

NPTEL
Consistency

We are taking the difference of the left hand side and right hand side term if you observe this
carefully.
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Definition
The linear difference operator %}, associated with the LMM (1) is defined for an
arbitrary continuously differentiable function y(x) by

Zhy(x) = y(x + 2h) + aqy(x + h) + agy(x)—
h(B2y'(x + 2h) + Bry’(x + h) + Boy'(x)) .

Definition "

2

A linear difference operator .Z), is said to be consistent of order p if

Pt
Lhy(x) = O(F*) 9—”‘}—‘-‘17"-**‘1&"’—
i

with P> 0 for every smooth function Y.

An LMM whose difference operator is consistent of order p for some p > 0 is said

umerical methods for Ordinary Differential Equations 16/36

Example

So, what is, what should be our expectation from any difference equation? Our expectation of

any difference equation should be that a linear difference operator should be of O(h a )
where P > 0 for every smooth function p because if p > 0 only then I can say that truncation
error will tends to 0 as # — 0 because only in that case difference equation will
approximate that differential equation if truncation error is not tending to 0 it will not

converge that is what we have seen in the last lecture also.

So, to define this truncation error concept in an alternative way, what we are writing, a linear

o p+1
difference operator Ly is said to be consistent of order p, if Lyy(x) = O(h ) with p
> 0 for every smooth function y. So, you can observe that consistency is necessary for the

convergence.

If you look at this more carefully of course consistency is necessary condition for the
convergence because basically this is a truncation error which should tends to 0 because
when I proved the theorem in the last lecture corresponds to forward Euler method also then
also I was able to prove the convergence because truncation error was tending to 0 as
h — 0 and of course every time why we are calling as a linear difference operator because

this 1s a linear operator which you can check.



Because what is the definition of linear operator

Ly(ay) + py2) = alpyyr + fLpy2 o you can check that is why we are calling it

as a linear difference operator so an LMM whose difference operator is consistent of order p

for some p > 0 is said to be consistent that is what I have already said.

(Refer Slide Time: 26:04)
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consistent. J
Example

Show that Euler's method is consistent.
The linear difference operator for Euler's method is

- /()d’+ h!!y + —y (x) @7}0{5 — hy’#%) (by taylor expansid;

= Ey '(x) + O(h*).
S T
So .Zny(x) = O(h?), hence the method is consistent of order 1 (p = 1).

Exatoie
(%

Cher hether the scheme y, .1 = y, + 2hy,, is consistent or not.
NPTEL

Zhy(x) = y(x +h) — y(x) — 2hy'(x)

So, now though we already know that Euler method is consistent because in fact we have
gone one step ahead for that method, we have proved the convergence also of that method but
still by this way also we can start proving the same thing the linear difference operator of

Fuler method will be this.

So, again this y(x+h) and that is how we can define it, so now, I will be writing a Taylor

series corresponds to this up to this term and this is the truncation error and then, this I am

retaining as such so this can be cancelled out with this and this is here so basically Ly y (x)

is O(h*)

So, this is just the same way to look at truncation error in alternate way because this way
helps you if some difference equation is also given to you, you can prove whether it is
consistent or it is not consistent that is one thing, another thing is you can drive the method
according to fixing the template, template means, what points you wanted to keep in the

method x, x+h, x+2h, while in Taylor series that is not very easy task because you have to

e
(

" i
approximate Y (X)s ¥ (X) the order is also fixed, you can keep it.



So, hence the method is consistent of order p so that is the advantage of looking this way, if
difference equation is given to you, you can prove whether it is consistent or not consistent
similarly, sometimes you want, you are very particular that only I am wanted to construct a
two step implicit method so I should fix the points at x, x+h and x+2h only so in those cases

it helps.

(Refer Slide Time: 28:26)
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e
So Zy(x) = O(h?), hence the method is consistent of order 1 (p = 1). J

Example
Check whether the schems consi#tent ok not. rp?
.;—_'M”)ﬁ Ry ¢ o)
Zhy(x) = y(x + h) — yj£) — 2hy'(x)
: e
So .Zhy(x) = O(h), hence the method is not consistent.

umerical methods for Ordinary Differential Equations 17/3

Example

Wha_t__is the order of consistency of the following LMM scheme:

74
Yot2 + 4Yni1 — 5¥n = h(8y,,1 + 2y5)
NPTEL

Dy (x) = y(x +2h) + 4y(x + h) — 5y(x) — h(4y'(x + h) + 2y’ (x)).

Now, let me give you one example because most of the time if you drive a difference

equation through Taylor series, we end up with a consistent difference equation because we

.
leave the truncation error which is always O(h”) but if suppose some difference equation is

given to you like this example.

Now, our job is to prove whether it is consistent or not so for this let me define linear

difference operator again which will be LaY(X) = Y(x + h) — y(x) — 2hy' (X) This

is the definition of a linear difference operator which we have seen earlier, so again if I write

-
the Taylor series of this points then y(x + h) = y(x) + hyf(x) + O(h-)

So, this is the term I will be getting after rearranging term because this will be get cancelled
' h : " 3
Lyy(x) = —=hy (x)+ ER4 (x)+ O(h”)

here so so hence the method is not

consistent because basically p is here, p is not greater than 0.
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Definition
The linear difference operator .%}, associated with the LMM (1) is defined for an
arbitrary continuously differentiable function y(x) by

Zhy(x) = y(x +2h) + ary(x + h) + aoy(x)—
h(Bay'(x + 2h) + Bry/(x + h) + Boy'(x)) -

v

Definition =
A linear difference operator .%}, is said to be consistent of order p if
' Llﬂ. k3'\ ag F 1 L) l;"L
Sat=00r) Y = aTnontt
= Cobq i 28
with p > 0 for every smooth function y.

An LMM whose difference operator is consistent of order p for some p > 0 is said

lumerical methods for Ordinary Differential Equations 16/36

Example

Because we have said in the definition that p should be greater than 0.

(Refer Slide Time: 30:01)

9:44 AM Wed 30 Sep = T 60% -

Done

2 T TT78 0 0=
—

So Zhy(x) = O(h?), hence the method is consistent of order 1 (p = 1).

Example
Check whether the schemg s cong#tent on not. 2
g oy 4 e (BT)
Zyy(x) = y(x + h) — yjx) — 2hy'(x)

So .Zhy(x) = O(h), hence the method is not consistent. J

umerical methods for Ordinary Differential Equations 17/36

Example

Wha;is the order of consistency of the following LMM scheme:

(%
yn>2+4yml 75}’/7 = /7(4}/,/,+1+2)’:,)
NPTEL

Zhy(x) = y(x+2h) + 4y(x + h) — 5y(x) — h(4y’(x + h) + 2y/(x)).

So, this is the example of an inconsistent difference equation, which is very rare to see once
we drive the difference equation with the help of a Taylor series because most of the time we
end up with the consistent difference scheme. So, now in these two examples, we have seen

how we can prove that our method is consistent or not consistent.
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Lry(x) = y(x +,2h) + 4y(x 4-h) — 5y(x) — h(4y'(x 5 h) + 2y'(x)).
Using Taylor

pansions

4 2
y(x +2h) = ‘ )+ §h3y"'(x) + §h4y””(x) + O(h°),

1 1 1
y(x + h) = y()rhy (x) + 50" (x) + Shy" () + 574" (x) + O(F°),

T s, 1
Y (x+) = Y/ (¥) + hy"(x) + Sy (x) + Shy" (x) + O(),

After substituting the values we find

Ly =01+ 5@; h2+ 4 — (44 2\ (2 + 2 4
"0 4 T 1 2 1 1
£ : < o = &= b 0 W (5 |
\\;9+h(3+4x6 4><2h(3+4><24 4% 2)y""(x) + O(h

[9:46 AM Wed 30 Sep 0 60% m
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1 1 1
hy'(x) + 5%y (x) + ZBy" (x) + 576°y"" (x) + O(F°),

1 2
y(x+h) = Y/ (x)+ hy"(x) + SHy"(x) + gy (x) + qhs)-
2 S
After substituting the values we find ‘g{—t £

~° =z = - =S
Zy(x)=(1+4 5@4h(2x4 (4|2)/%(242 4

e 4 T 1 2 1 1
WY T pCraxc—axz RS +4x — —4x2)y"(x)+O(h
3 3 (3+ Xz X 5 (3+A><24 gs)y (x)+o(m]

- !
umerical methods for Ordinary Differential Equations 18/36

Charateristic Polynomials

For the general two-step LMM given by equation (1) the associated linear
diffEgence operator is

.Z’Mév;g@ = y(x + 2h) + aay(x + h) + aoy(x) — h(Bay’(x + 2h) + Bry’(x + h) + Boxp
= (l + g + r\1)y(x) + h(2 + oy — (.fg + 61 + 10))y/(x) + O(hz).

Now, in the next example, our aim is to find out what is the order of consistency of the
following Linear Multistep method or difference scheme so the scheme is given to us this so

now if [ wanted to determine the order again I have to follow the same procedure.

Let me define linear difference operator, which is this using Taylor series expansion for this

function and for this function as well as for these functions and after rearranging some terms,

'
you can see this is the term corresponds to y(x), this is the term corresponds to V (x}, this is

Frr

rr
the term corresponding to ¥ (X), Y7 (X) we will keep adding that term till we get

non-ze<ro.



So, because this is also if you look at 2/3 this what is the calculation here %5+1/6 -2/3 and here

3 4
also so what, if this is O(h ), if this term is non-zero this will be O(h ) if this term is

3
non-zero this will be O(h ), because this is 0, let us do it this is also 0, this is also 0, so and

here we have to see so this is 4/3+%4-2 so this will again be 0, this we have to see so this will

4
be %+%-% so this is the non-zero term so this will be O(h }

So, the order of difference scheme will be 3 in that case, if Lpy(x) = O(h4) the order of
consistency will be 3 that is what we have already seen, so this way you can also determine
the order of any difference scheme which is given to you, if it is consistency, consistent
difference scheme you can determine the order, in fact you can also prove whether it is

consistent at all or not that is what we have seen in the previous example.

(Refer Slide Time: 33:20)
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For the general two-step LIVIVI given by equation (1) the associated hnear
difference operator is

Lhy(x) = y(x + 2h) + ary(x + h) + aoy(x) — h(B2y'(x + 2h) + Bry'(x + h) + Bo
— (1 + ao + aa)y(x) + h(2 + a1 — (B2 + B1 + Bo))y'(x) + O(H?).

Now for the method to be consistent we must_have iy
¢ \) Pyo
Lhy(x) * -olh

and, therefore, consistency of order 1, if the coefficients are chosen so that

l+ap+a; =0, g?f Y= O

24 o B + B1 + Bo.

Definition y' (7):l 2f + ‘1 Je e
The first and second characteristic polynomials of the LMM™ A 5o

Yn+2 + Q1Ynt1 + aoyn = h(B2fosa + Bifata + Bofn).

2

ydgfined to belo(r) = r? + aar + g\ lo(r) = Bor® + Bir + Bo | respectively.

umerical methods for Ordingry Differential Equations 19/36

So, now generally as we have already seen that consistency is necessary for the convergence
so let us formalise those concepts of consistency in a more formal way with the help of
characteristic polynomials that is what we are going to do right now. For the general two step
Linear Multistep method given by the equation 1 which we have seen earlier, the associated

linear difference operator is this. So, now the method to be consistent, we must have

— 2
Lpy(x) = O(h") that is what we have already seen that it should be A”*! where p
should be greater than 0.



So, for any difference scheme to be consistent, we have to put that this and this is O if that is

not the case you will not end up with the consistent difference scheme so

L+ap+a; =0,2+a =2+ b1 + Po soweare formalising these two necessary
conditions for the consistency or you can say for the convergence in the form of a

characteristic polynomial.

The first and second characteristic polynomial of the Linear Multistep method is given by the
following formula: this is called first characteristic polynomial and this is called second
characteristic polynomial. Why are we calling it as a first characteristic polynomial and
second characteristic polynomial? Because we want it to redefine this condition in terms of

characteristic polynomials which are easy to remember and doing some analysis.

So, the first condition corresponds to this becomes (1) =0 and second condition will

become ﬂF“) = o(1) pecause J—'JF(F} =2r+ay gngo(l)=F+ i + o s

that is how we could get the second condition in the form of characteristic polynomials.

(Refer Slide Time: 35:59)
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The two-step LMM

Yotz + C1¥ni1 + CoYn = h(B2fos2 + Prfas1 + Bofa)

. . . \—’ . .
is consistent with the ODE y'(x) = f(x, y(x)) if, and only if,

7o) =0 Y 7(1) — (1)

Theorem

A convergent LMM is consistent.

Proof
Suppose the LMM (1) is convergent. Then definition of convergence implies that
Yni2 = ¥(x* + 2h), yni1 = y(x* + h) and y, — y(x*) as h — 0 when x, = x*
Sinc/e_,x,, 12, Xp+1 —> x*, taking the limit on both sides of

5
NPTEL

leads to

Ynt2 + C1Ynt1 + QoYn = h(B2fny2 + Pifai + Bofn)

So, basically what we have already said we are writing in the form of a theorem, the two step
Linear Multistep method which is given by this is consistent with the ODE which we are
going to solve with the help of this Linear Multistep method two step because the term is n,
n+1, n+2 if and only if following conditions will be satisfied that is what we have already

derived here.



So, the two step Linear Multistep method is said to be consistent with the ODE if and only if
these two conditions are satisfied so basically you write either in the form of a characteristic
polynomial or you write in the following way both are equivalent ways of saying the same

thing.
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Leuren

The two-step LMM

Yotz + 1Yni1 + CoYn = h(Bafora + Prfatr + Bofy)

e ———
is consistent with the ODE y'(x) = f(x.y(x)) if, and only if,

70— 0 Yen (1) = (1))

T

Theorem

A convergent LMM is consistent.

Proof
Suppose the LMM (1) is convergent. Then definition of convergence implies that
Yotz = Y(x* + 2h), yop1 — y(x* + h) and y, — y(x*) as h — 0 when x, = x*
Sinc/q__x,,‘,z, Xp+1 — x*, taking the limit on both sides of
¥
NPTEL
leads to

Ynt2 + Q1Ynt1 + QoY = h(Bofora + Brfars + Bofy)

And now, let me prove one theorem which says that a convergence Linear Multistep method
is consistent so it means consistency is a necessary condition for the convergence. Suppose
that the Linear Multistep method is convergent and the Linear Multistep method corresponds

to one which we have already seen earlier.

(Refer Slide Time: 37:36)
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relates the values ofﬂy_ﬁ(ﬁﬂ_ﬁﬁiﬂ[&dﬂﬁmﬂ_@s.

For the time being we shall be concerned only with two-step LMMs, such as
Adams Bashforth of order 2, that involve the three levels x,, X1, X,42. For
these, we need to find the coefficients g, a1, o, 41 and J2 so that

Oy(x +2h) + aay(x + h) + aoy(x)
= h(B2y'(x + 2h) + Bry'(x + h) + Poy’(x)) 4

————
An LMM is said to be explick+.3> = 0 and implicit if 52 # 0. For example,
Euler's method (s an example of an explicit one-step LMM while
the,"f ezoidal rule is an example of an implicit one-step method.

umerical methods for Ordinary Differential Equations 15/36

Concictancy

This is this.
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(7) =0 g /(1) = o (1)) J
R — e —

A convergent LMM is consistent.

Theorem

Proof

Suppose the LMM (1) is convergent. Then definition of convergence implies that

*—) y(x* +2h), yor1 — y(x* + h) and y, — y(x*) as h — 0 when x, = x*.

iMCe X, 2, Xp+1 — X, taking the limit on both sides of '
gdlailiclin s THRE

Yn~3< 0‘1yn1\f ”e{h(r*zfnlz + Brfas1 + Bofa)

leads to \
y(x*) + aqy(X¥) + apy(Xx) = 0,

pr%";c?ﬁiL (cont.)

The definition of convergence implies that Yn+2 will, which is a solution of a difference
equation at Xn+2 will converge to this so here basically x* is Xn Similarly, using the

definition of convergence we can say this also similarly, we can say this also as h — 0 this
is the definition of a convergence we have seen earlier also. Since, these points will also
converge to Xn as h—0 taking the limit on both the sides so we are taking the limit of
means, if this tends to Xn it means A — 0 so once we put the limit h — 0 the right hand

side will be 0. We will end up with this, this and this.
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But y(x*) £ 0, in general, and so p(1) = 0, the first of the consistency condition.
For the second consistency condition we consider

Yni2 + Q1yYni1 = @oyn
h

= Baforz + Bifasr1 + bofa

Using yni2 — y(x* +2h), yny1 — y(x* + h) and y, — y(x*) together with )
’ : \
L'Hospital rule we conclude that f19m2 FTa Nl .,.-ﬂoh

T Yni2 + Q1Yni1 + oY
h—0 h

(2 + ()1)y/(x')4

Hence we have
2+a1—(Bo+ 5+ B))y(x)=0

—— er\(‘):

oy = Bo + B1 + Po.

umerical methods for Ordinary Differential Equations 21/36

And then, if we write in the form of a first characteristics polynomial this will become this in

general this cannot be 0, in general non trivial solution so 15'(1) =0 the first of the
consistency conditions so this is the first consistency condition which we always get with the

help of convergent Linear Multistep method or a difference equation which is convergent.
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(y,,.2> > y(x* + 2h), yni1 — y(x* + h) and y, — y(x*) as h — 0 when x,, = x*
i€ Xn12, Xn;1 > X, taking the limit on both sides of e
i alag s SEad

Vi ;2\#’”1_}/”%”&(/7(;;2{[1»2 + Brfpr1 + Bofn) ‘.._—_'_7

leads to \(\
y(x*) + a1y (%) + aoy(x) = 0,

proof (cont.)

' §g1)y(x*) 0. )

But y(x*) # 0, in general, and so p(1) = 0, the first of the consistency condition.
For,* second consistency condition we consider
K

Yni2 + QaYni1 + Qoyn
h

NPTEL = Bafasa + Bifas1 + Bofa

For that second consistency condition we are rewriting the same difference equation in an

alternative way.

(Refer Slide Time: 39:36)
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Ky(x) —o.

But y(x*) # 0, in general, and so p(1) = 0, the first of the consistency condition.
For the second consistency condition we consider

2 + o F1+
a— U;:‘l S0 = Byt Bifay1 + Bk

Using yni2 — y(x* +2h), yas1 — y(x* + h) and y, — y(x*) together with )
L'Hospital rule we conclude that -2 ‘bﬂ\n 48l + Poim

o Yni2 + Q1Ypi1 + QoY

1 ’ *
lim b 2+ a1)y'(x*).

Hence we have
2+ a1 — (Bo+ B1+ B2))y' (x*)

0
i e f‘(”: o

i.e #5
7
A
% Fay = Bo+ B+ Ba
Rl “"-’S
lumerical methods for Ordinary Differential Equations 21/36

We are dividing with h so this becomes this now, if we apply the limits, left hand side

becomes this and right hand side is basically this so right hand side is basically

ﬁﬁy:f+2 + ﬁly:;+| + ﬁ{}y{!

So, if left hand side will become this 2+ aj g0 all the things will if you use the definition of

a convergence we can rearrange the terms in the following way and we end up with this
o . . . . . (1
which is again the second consistency condition because 24 ap s basically P (1) so

f — . . . . ., .
p (1) =0(l) which is this second consistency condition. So, we have proved that
convergent Linear Multistep method is consistent because both the condition should be
satisfied which is this or this, one is that first consistency condition, this is called second

consistency condition.
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1
Example [%) 1By 9
Determine the coefficients in the 1-step LMM g_—
2.
Yn+1 + Qoyn = h(Brfaia A Bofn) — L (h
. thal,‘)&) -
so that the resulting method has order 1. % i

Zny(x) = y(x ¥h) + aoy(x) — h(Bry’(x £h) + Bov'(x)
T =+ (D) (- Br+ )Y (

For the consistency the coefficient of y and y(x) and hy’(x) should vanishl ie
1+a00=0 and o=~
Hence the resulting LMM WilT Be y,+1 = v + h{Bifar1 + @ — Bi)h)
@ if By = 0 then y, 4 = y, + hf,, hence the scheme will be forward Euler.
osf 1 = 1 then y, 1 = y, + hf,,1, hence the scheme will be Backward Euler.
4P = 1 then By = § and the scheme will be

i * L
NPTEL

h
+t1=Yn+ ;(fnvl + £3)

So, now we have seen the proof of the theorem now let us take one example again: determine
the coefficient in one step Linear Multistep methods. So, if you remember so far most of the
time whatever examples we have done to prove the consistency there coefficients were given
to us and we were proving whether it is consistent or not or in one case in fact we have
determined the order of the consistency but this is the first example, where we are trying to

find out the coefficient of the difference equation.

Determine the coefficient in the one step Linear Multistep method and we are fixing the order
that resulted as order 1. So, with the help of this example, you will also learn how to
determine the coefficient of course, this time just for simplicity I have kept only 1 step
method so we define the linear difference operator according to the definition which we have

seen in the just now this way and then, we will collect the terms of y(x), we will collect the

r
terms of ¥ (X) after expanding the Taylor series for this and this. So, here I have skipped a
few steps which you can do very easily just by writing a Taylor series and recollecting the

terms.

f
So, for the consistency, the coefficient of ¥n should vanish that is what we have already seen

-
because if it is consistent at least O(h ) should be there and in fact, in this case, we have set
resulting method as order 1 so like truncation error determines the order of the method

similarly, consistency determines the, because consistency is just the alternate way of looking

in the truncation error 1 + @ = 0 and this is the second condition we are getting.



Hence, the resulting Linear Multistep method will be this because from this equation, you can

get @ = —1 5o this is 0 so @ = —1 which you can keep here and then we get this

fo + B = 1 which 1 am keeping here.

So, if you want that resulting method as order 1 it has given us some flexibility to choose P ,
so if I am choosing P =0 So in that case we ended up with an explicit method and which
is the same as the difference equation which we got in case of a forward Euler method if

F1 = 1 in that case of course, this should be, this 1 should be here, this is just a little typo.

So, Yn+1 = ¥Yn + hfns hence, the scheme will be same as backward Euler which we got
]

| = =
and if I choose 2 the scheme will be this which is Trapezoidal method and

r
fortunately, you will see if you expand this series and collect the terms of ¥ (-’C}, one term
2

¥ (x)

will come from here so this will be 2 and one term will come from here

hphy" (x).

1

1 ==
So, if you substitute 2 both the terms can be obtained, both the terms will be
cancelled. So, that is why the resulting method will be of second order accurate which we

already know in case of a Trapezoidal method so fortunately our aim was to resulting method

1

1 ==

as order 1 but when we choose 2 it corresponds to the trapezoidal method and

which we already know that it is a second order accurate method so the order, so Ly y (x)

3
in that case will be O(h ) So, clear to everyone?

So, this is the first example, where we have learned how to find out a coefficient of a
difference equation by keeping the template fixed. What do you mean by template? Template
means | wanted to retain only the points which use n and n+1 similarly, and it is not my aim

that whether I end up with the explicit method or implicit method anything is fine that is why

we have kept the term Jnt1 as well as f n, if our aim is to drive explicit methods then, we



would have kept this term with pr =0 o basically it means that we would have not kept
this term at all. So, with this I am closing now, thank you very much for your attention and I

hope everything is clear to you. Thank you.



