Scientific Computing using Matlab
Professor Vivek Aggarwal
Department of Mathematics
Indian Institute of Technology, Delhi
Professor Mani Mehra
Delhi Technological University
Lecture 59
Method of Undetermined Coefficients

Hello viewers, welcome back to the course on Scientific Computing using Matlab. So, in the last
lecture we have started with the Method of Undetermined Coefficients, so we will continue with

that one.
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So, today we are going to discuss the method of Undetermined Coefficients. So, in this case we
have discussed in the last lecture also, so when nodal values, or nodes I can say that, when the
nodes are known, that nodes are this one x0, x1,...,xn, the value of this one. So, when the nodes
are known then the corresponding method is called Newton-Codes method. But when the nodes

are also to be determined, then the method is called Gaussian integration methods.

So, in this case this value, when the values of the nodes are known to us, then we will call it in
the Newton-cotes methods otherwise it is called the Gaussian integration methods. So, let us do
one example, how we can deal with the method of undetermined coefficients. So, let us take

example 1. Determine the coefficient a, b, ¢ and the error for, so this is the formula given to us,



h
/ Sf(xX)dx =af(—h)+ bf(0)+cf(h)
—h

. So, in this case if you see we have some
domain, so this domain is my 0, this is my -h and this is h. So, I want to do the integration, some
function is defined to mean this case. So, in this case I want to do the integration, so what I do is,

it is given to me that this is the coefficient a, b, c, that is not known to me here.

And this is multiplying the value of the function f at -h, value the function at 0, and the value of
the function at h, so in this case we want to find the value of a, b, ¢c. Now, I do not know what is
the value of function here, but I need it, so here we need to find 3 coefficients that are a, b, and c.
So, this is the method of undetermined coefficients we do not know what is the value of a, b, ¢

and we want to find out. So, this, I take it as equation number 1.
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Now, I need to find 3 coefficients, so whenever I need to find 3 coefficients we consider that the
method gives an exact solution for all the functions, all the polynomials I should write, of degree
less than equal to 2. So, in this case I will consider that my f(x) is constant so that I could call it

1, then it is x, then it is x square. So, in this case I have the polynomial degree that is 0, 1 and 2.



Let us start doing that how we can find out. So for now in this we are considering, now we

— T _
consider the function f (x)=x", r=0,1, 2. So, that we have already discussed. Now,

from minus h to h I take r is equal to, so 4 is equal to 0. The first one I take. So, this will be

h h
(x" = Ddx = / dx =2h = af(—h)+ bf(0) + cf(h)

—h h . Now, what is
the meaning of f(-h)? So, let us discuss this one, what is the f(-h)? But I know that the value the

function f(x) is just 1 for any value of x so it means that this is equal to 1 also, f(0)=1, f(h)=1.

So, from here I can write that atb+c=2h. So, I call it equation number 2. Then for r=1, my
function f(x)=x. Now from the left hand side -h to h x dx, so it is an odd function, and I am

multiplying from -h to h so I know that this value would be 0. So, it is just this value.

And on the right hand side I will get a, what will be the value of f(-h). It means I am putting
x=-h, so the value of the function will be -h, f(0)=0, f(h)=h. So, from here I can write that this is
equal to a(-h)+b*0+c*h=-ah+ch=0.

So, this value is and that is equal to 0, so this is equal to 0. So, from here I can write that this is

my next equation. Now for r=2, f(x) becomes x square, then if I multiply by putting the value of

h 3k 21"'13

A X
xX“dx = —
_h 3

x square dx, then in that case I will get, -[I: 3

. So, this is the value

[ am getting after solving the integration.
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Now, on the right hand side I will get, now af(-h)+bf(0)+cf(h), so this one I need to find out.

2 2 2 _ 2
Now, from here a(_h )"+ b(ﬂ') +ch” = (ﬂ + C)h . Now from here I can write that

3
ah® + ch® = &

this will be equal to 3
So, that is the value, and now this is my equation number 4. Now suppose I have 3 variables this
a, b, ¢ and the three equations that we have now, so from solving equations 2, 3 and 4. So this
one we can solve by the methods we have applied for solving the system of equations. So, this is
basically a linear system equation. So, from here I can get, this is the system I will get, a, b, c.
So, if I get the a, b, ¢ then this value will be 1, 1, 1 here, because the first equation was

a+b+c=2h.

Then the next one was -h 0 and that was h, and that was equal to 0 and the last one is [ call it h

2h
ah® + ch®> = —

square 0 and this is also h square because this is 3 . So, this is equation

number 5. So, this is the system of equations like Ax=b. And we know that we can solve it using

maybe Gauss-elimination method and then we can find out the solution.
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So, if we solve this one using the Gauss-elimination of any method I have discussed then from
here I will get the value of a=c= h/3 and b= 4h/3 , so that is the value we got. So, if we calculate

this wvalue then, after calculating this value my integral will be equal to,

& h 4h h
f S(x)dx gf(—h)+?f(0)+§f(h)

h

h_ .
= /(=) +410) + f(h)] _
3 . And if you see from here then
this is coming the same as Simpson one third rule. So, this is coming the same as a Simpson one

third rule. Because in that case also we have the value of the function 3 points and we are able to

find. So, this is similar as a Simpson one third rule. Now the error we want to find.

Now the error will be from minus h to h, so this is, because it is coming similar to Simpson one

/(x+h)( )f ©

if I remember from the Simpson one third rule then I know that this value is going to be 0

third rule so I know that the error will be ) Now,

because we know that the Simpson one third rule is also giving exact roots, results for the cubic

polynomial.

So, this will be equal to 0. So in that case we have to take the error from



h (iv)
E = / (x + h)x (x—h)f (6}

h 24 . So, this one we can calculate and now how
we can calculate this one, there is a first thing is that we can do the integration and we are able to

find the result.
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The other one we can do is that we can find that the error will be of course, it will be

Cfi&)
24 , so this C I want to find. So, this C we can find because I know that this is

E =

giving me the exact result for up to cubic, so if I do the, take the function x raised to power 4 dx,

so it is not a cubic, it is a fourth derivative, fourth degree polynomial, so I know that then I can

h
C = / x*dx = (af(=h)+ f(0)+ cf(h)

find the error. So, this will be h , the

formula.

And I know the value of a, b, ¢ so from here I can write



h Jth
h 2
c:/ Mdx— 2t o+ =2 —Zp

h 3 S—h 3
20 2 1 1 —4h3
= P =2 (=-—-)=
5 3 (3 5) 15

So, this I am getting. So, from here my error will be, so C is this one, so it is

_4h5 (i) hS )
= O 1 diog

15 24 90 . So that is the error and it is the same as the

Simpson one third rule. So in this case we have, alternately we found the error by taking the
difference and then we are able to find the error that is the same as the Simpson one third rule.

So this is the example we have solved.
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Similarly we can define another example, so let us take another example, example number 2. I

|
/ fx)dx = Ao fo+ A1+ A fr

have the integration , so this is given to me.
Now, from here this is my -1 and this is 1. And my function is defined like this one and I want to

find this integration, so this value.



Now, in this case I do not know that I should choose nodal values somewhere or I should choose

any other nodal value, because the nodal value is also no-defined. So, in this case this is basically

equal to ’L[lf(xﬂ) + fll f(xl ) + ’12 f(xl}. So, here we do not know the values of x0,

x1 and x2.

So, in this case we do not know the value of the nodal points, so once we are able to find the
nodal values then this method will give you the same result as a Newton-cotes method but we do
not know the value of this x0, x1, x2. So, this is a basically, if you see this is a Gauss, example of

a Gauss-Legendre’s integration method. So, in this case I have 6 values to find out, so we need to

find values of x0, x1, x2 and the coefficient Ao, Ay , and Az,

So, 6 coefficients we need to find. So, we will assume that the method gives exact results for

polynomials of degree less than equal to 5, so that we will consider. So in this case let us take
— r —

that for, so my r will be in this case, it will be f{x) =x, r=012,...,5 So, for

=0, so if I take r=0 then do the constant, so from here I can write that this will become -1 to 1,

f(x) will be 1.
l

/a'x=2=iu+i|+z13
So, this will be just a function + —1 . So that is the first equation

|
/ xdx
I will get. So, this is the equation I am going to get. Then for r=1, I will get J/ —1 and this

is an odd function so its value comes 0. So, in this case, so this will be
Aoxo + A1X1 + A2x2 = 0 g0 that is my another equation, third equation.
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the other equation we are going to get. So, this is my equation number 4. Similarly we can define

, so this is

|
/ Xdx =0= Anxa + Alx? + Agx%
r=3, this will be J -1

. So this is equation number

5, this is 4, this is 5. Then for r=4, this will be

I
2
f xtdx = 3 = Agxg + Alx‘;’ + Agxg
~1

, this is equation number 6.

/ Xdx =0= inxg + Ale -+ Agxg
And the last one for r=5, this is J/ —1 . So that is

the last equation, so this is the seventh one. So we have 6 equations and 6 unknowns, so the

unknowns I can take as Ao, Ar, j-2, x0, x1, x2.

So, this is my vector with the 6 values, so we have 6 equations and 6 unknowns which can be
solved using Gauss-elimination or other iterative methods because Gauss-elimination is a direct

method, it is not a iterative method, using Gauss-elimination or iterative methods, not others, or



iterative methods. So, this one we can do with the, the way we solve the system of question and

suppose so we solve.
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If we solve this one then the answer we are getting, that we are getting ,

3 5 8 5
x1 =0 and \/; The value of ! 9 , ! 9 and ~ 9 . So from here

we are able to find the value of all those 6 coefficients or the unknowns, so from here I can write

: 5 3 8 5 3
_[lf(l’)dx=§f V3 +5/O+5/ 3

this

onc.

And this under root 3 by 5 is lying between minus and ml. So that is the Gauss-Legendre
integration formula for this function. So, using this one we are able to find that what is the nodal
values because nodal values are not fixed in this case and then the corresponding coefficient we
are able to find, so that is the way we can find out that how the nodal value can also be chosen

with, so this is the way we can define undetermined coefficients.



So, from here if I want to find the error then the error associated this one, because from here I am

able to find that this method is giving exact result up to the polynomial of degree 5 so the error

(6)
Error = Cf—f(g), —1<£<1

term in this case will be, 6! ~ that I know. So this C I

want to find, so C will be what, so it is

1
5 3\ 8 5
C = Sdx — [ =f | =+/= )+ =fO)+ = =
L d={g/ 5) T/ O+g/
2 (5 3\ Lol 3(AY )28
7 9 5 9 5 175
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So from here I can say that the error corresponding to this will be



(vi)
8 xf @, -1 <&L]

175 6! i . So this is giving me the exact result up

Error =

to the fifth degree polynomial and that is the error introduced. So, this is the way we can find the

errors and the method of undetermined coefficients. So, let me stop here today.

So, today we have discussed how we can apply the method of undetermined coefficients to find
out the nodal value as well as the coefficients of that one and we also found that how the errors
can be found out with the alternative methods. So that brings the end of this numerical
integration. In the next lecture we will go for the Matlab codes, how the Matlab codes can be
made for the methods we have studied in the numerical integration. So thanks for watching,

thanks very much.



