Scientific Computing Using Matlab
Professor. Vivek Aggarwal & Professor. Mani Mehra
Department of Mathematics
Indian Institute of Technology, Delhi
Lecture No. 32
Gershgorin Circle Theorem for Estimating Eigenvalues of a Matrix

So, hello viewers and welcome back to the course on Scientific Computing using Matlab,
so today we will go for the lecture number 32 and we continue from the previous lecture

that is Gershgorin theorem.
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So, in the previous lecture we have discussed about the, the Gershgorin theorem and

based on that one we found that if I have a matrix n cross n matrix, then the maximum

7
|‘:|~max| E m?,}{ Z |aij|
Eigenvalue of this matrix, J=1 So, I am taking the rows so in

this case I am taking the sum of the magnitudes of the elements in the row and then [ am

taking the maximum over the all rows.



So that is, I think we should change this one to j because then this will be i1 because this

mfﬁﬂﬂn | + lai2| + ... + |ain ]|} "

2

will be equal to, first I will take this one,
it will move from all the rows and then I will take the maximum. So, this is. So, from
here you can see from here that now the question is since matrix A and its transpose have

the same set of Eigenvalues, so that we already know.
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So, from here I can write that the Amax is also less than the largest column sum in
modulus, so I can also write the column sum. So, from here I can write that this max will

be always less than summation, so this is, so I can write

n
Hmax| < max Zlﬂul =m"flx(|ﬂlj|+---+ |ﬂnj|)

! i=1 ! that is the
column vector we are taking and then we finding the maximum of all these so that is the
largest column and if we know from here from the norms, matrix norm so from the
concept of matrix norm we know that the, this sum, the largest row sum, this sum is equal
to 1. So, it is equal to infinity, so that is basically infinity now and this is the maximum

column sum and this can be written as 1.



So from here, I can say that for any matrix I will get a maxis less than and also less than
1. So this is, we have done from the Gershgorin theorem. Now we want to do a corollary,
so let us, this is the application of the Gershgorin theorem. So, now from here that we
know that from Gershgorin theorem we know that we have written like this one,

X1r Xnr X
+ . + H” + .- —+_ a;n_ — Jﬂ,j'_

Xir Xir X[r . So this is what we have, from

aj

the previous lecture we have seen that we can write this one as here. Now in this case,

this is true for all rows.
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Now from here what do we do? We choose, choose the row with largest component, so
that is xIr so we regard, we just take the row that corresponds to the xIr, like in the
suppose for example, I have this vector 1, -2, 3 so in this case [ am choosing the third row
because third row has the largest element. So, I am choosing that row which has the

largest element that is xIr.

So, from here I can write that, equation number I can write 1, so equation 1 can be

X1r Xnr
an +...+ay+ ...+ a = A,

written as, Xir Xir . So from here I will get

this equation, so that equation I just take the 2.



Now take the modulus value, so I just take the modulus of this, now from 2, we can write
that modulus of r is less than equal to all, al2 or maybe I can take from here, so before
taking the modulus value I just take, so just taking before the modulus value I will take
this component on the right hand side. So take a 1l on the right hand, on the right hand

side.

So I will take this, so I will get a, so I can write from here, I can write that this part I can

write
x]_r x!‘—],r x!‘+],r x”r
Ar—ay = an + ...t ap- + a1 +...+a,
Xir Xir Xir Xir
, so this we will get.
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Now after doing this one and then I take the modulus value and from here I will take this

modulus  value  then  this modulus  value will be  written as,

Ay —an| < lan |+ lap|+ ...+ a1 | + lags | + .o+ lagm|

SO

from here I will get this value. So, now you can see from here that this is again the sum of



the modulus of the ith row except that a I, so that is equal to the sum, so this can be

H
|A, —ay] < Z la;i |

written as, now from here I can write that the i=1,i#l

So, except this value so this can be written from here this value and this is true for all
Eigenvalues, because I have chosen that only that row which has the largest value, so
similarly we can choose for the other Eigenvalues and then we will find out this. So, this

is true for all Eigenvalues.
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So, now from here we will get one another theorem that is called Brauer’s Theorem, so
Brauer theorem says that if Pl that is equal to the sum of moduli of elements and along
the 1th row excluding the diagonal element that is all of matrix A, then every Eigenvalue

of A, that matrix A that is n cross n matrix will lie inside or on the boundary of at least

one of the circle or disc I can say | A—ay | < |P{ |

So now for this, this is whatever we have done from here so I just call it the equation

number 1, 2 and this is 3. So, proof our statement thus is this one, so as from equation 3



H
|4, —ay| < E la; |

we can say that i=1,i#l . So, this is from the equation, so I call it
4.

Now, this is true for all Eigenvalues because I have taken a one Eigenvalue that is the rth
Eigen value and that rth Eigenvalues satisfy this relation, so I will choose another
Eigenvalue I will get the another relation, I choose another Eigenvalue then I get the
another relation, so this is true for all Eigenvalues from here. So, using this one we can
find the bounds for all the Eigenvalues of a given matrix and using this matrix we can

give the estimation of @ that where the & is lying.
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So let us give one example of what the meaning of this one is. So, for example, let us take
the same matrix that we have taken, this is my matrix A so, 0, 11, -5, -2, 17, -7, -4, 26,
-10. So, the question is find, find all Gershgorin circles or bounds for Eigenvalues. So,
from here if you see so, I choose the diagonal element so this is my diagonal elements

this, this and this.

So, from here I can write that for the first circle I can write

M- _{—]l <11+ | - 5| = ]E". So, that is from row 1, now from the second row I



will getl'l - 17| < | - 2' + | - 7| = 9, so this is from the second row and

from the third row I will get |"1 - 1UI < | - 4' + 26 = 3Uand that is 30. Now,

from here I can see that, from here I will get the bounds, so this will give me, it gives the

Al < 16

Now what I do is that I try to plot in the complex plane, so I am plotting this one in the

complex plane. So, this is the real part and this is the imaginary part, now I take the

Eigenvalue, first is that the A is less than equal to 16, so I take a circle with the radius

16. so it is a very big circle we have to draw so let u take suppose, this is my, this one, so

that circle I take and with the center is 0 in this case, so this is my, so A is less than

equal to 16 so that becomes the disk, so this is the part, given disk we have to take.

Now, from the second one is that | A—17 Iis less than 9. So, this is going up to 16, so
this is 16, now I have to choose 17 so suppose this is 17 so I will take this as a center now
and I will take a circle of radius 9 so, let us take a circle of radius 9 so, 17 and it will go
up to 9, so it is 26. So, suppose I take this as a, this place I choose as a 26 and 17 minus 9
is 8, so suppose this is my 8. So, from here I will find a circle, write a circle, drawing a

circle with the center this point.

So, this is my circle with lambda minus 17 less than equal to 9. So, now it is less than

equal to so it becomes a disk, so this is my another disk and from the third one I choose,

so I choose the lambda plus 10 so it means the A minus 10, so it is 16 it is also going up
to 16 so suppose it is somewhere minus 10 and then I have to choose a radius of 30. So,
30 means I have to go up to 40 and -10+30 is 20, so suppose this is my 20, so I have to

choose a very big circle like this one and this is my other disc.

So, from here it says that, from here that all, all Eigenvalues of matrix A will lie in the
union of this circle or all the Eigenvalues in the matrix A will lie in any of the circle or I

can take the union. So, from here we can take that, that I can find all the Eigenvalues of
the matrix A into the |'4'| <1l6uU |’t - l?l <9vu M‘ + 1U| <30 So, from

here I will get, this is the, the bounds for all the Eigenvalues of the matrix, given matrix.



(Refer Slide Time: 21:19)

I Note1 - Windows Journal -l

File Edit View Insert Actions Tools Help

3 EEEEEEE ] ) IRV S TIE

et

ore €V

ik Lo how

Le
Sk A edgen value
VA WUV TN | Gwﬁc'«aofin Iy pousts

1213PM
09-Mey-20

Now, from here I can draw one conclusion is that, so from here I can draw one
conclusion that if if we have isolated disc or circle, then then exactly one Eigenvalue lies
there because we have seen from here that in this case this was the first disc that is also
intersecting with the second disc and I have taken the third disc that is also intersecting

with all these two.

So, this is completely inside this one and this is also intersecting, so in this case there is
no isolated disc so that is why we say that all the Eigenvalues will lie in the union of this
one, but what will happen if I have this type of disc? Suppose I get one disc like this one,
another disc I will get like this one and another disc I am getting like this one, so in this

case and suppose I have a 3 by 3 matrix.

So, in the 3 by 3 matrix I will get three discs, so one disc will be there so in that case the
one Eigenvalue will lie here definitely and the two Eigenvalues will lie in the union of
this and this. So, that is the meaning of isolate value, so one Eigenvalue lies here and two

Eigenvalues lie here. So, that is the bounds we can find.

So, let us take one more example, I have a matrix Aso4, 1,0, 1,2, 1and 0, 1, 5. So, this
I have chosen, then the question is, estimate the Eigenvalues of the matrix, using

Gershgorin bound.
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So now, we have this matrix, so let us start doing this one. So, now in this case I know

that from the Gershgorin theorem we know that, that I will apply this formula that
|’]'| < ”A”l or [ will get the H’l < ”A“N

So, one norm is the maximum column and infinity norm is the maximum row. So, first is
this one, so case one, so in this I will find out all the bounds whatever is possible there, so
let us take this one, so this is the maximum largest column sum and this is equal to the
largest row sum. So, from here I can say that lambda, so I choose the largest column sum,
so this is the, I want to find the maximum of first column sum, so that is 4 +1, 5, 2+1, 3

+1, 4 and this 6, so that is equal to 6.

Now, from here I will get, now from here I will get A i1s maximum overall row sum, so
Iﬂ'l < max{ 5,4, 6}. Now from here I will also get |A| < 6, from here I will get

my magnitude of /1 is less than equal to 6. So, this is the first bound I will get, case 1.
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Now case 2, I will apply the Gershgorin, so in that case |-'1 - 4' < 1, |,{ - 2' <2

and| A— 5' < l, so that is the Gershgorin disc we are getting for this matrix. Now
from here, if you see this one so this is case number 2 and I will take case 3 since, A and
A transpose have the same set of Eigenvalues, so what do we do in this case? Instead of
finding the rows I can take the column, so in that case I will get my matrix, so that is the

matrix [ will get. So, I get the matrix A transpose, so this A transpose will be 4, 1, 0, 1, 2,
10,1,5.

Now, I can apply the Gershgorin theorem here, so from here I can write| A— 4' < 1,

|’1 - 2' <2 and |’1 - Sl < ]- So, in this case if you see I am getting the same

value because 4 this 1, 2, this is a symmetric matrix so no problem.

So, I can say that since, A is symmetric which implies that A is equal to A transpose, so I
get the same bounds. So, from here I can say that, from this I can call it 1 and then 2 and

then 3 so, 2 and 3 are the same.
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So, from 1 I will getl j’l <6 , that gives me that the lambda is lying from -6 to 6, so that

is the one of the bound, from the second bound I will get from equation number 2, so

|4']L - 4| <l that implies that A= 4is lying from -1 to 1 and that gives me /1 is less
than equal to I am adding 4 here, so 4 it will go 4-1 it will be 3 and this is 5.

So, that is the corresponding range of A, H - 2' <2 so that gives me
-2 < A<2 andifl add, so it will be /:L from 0 up to 4, so that is the another bounds

and the third bound is |-”1 - Sl <l that implies that -5 < A £ 1 5o that implies
that the lambda will lie from, adding 5 here so it will be 4 and it will be 6.

So, based on this one, so this bounds we have calculated independently, this bounds were

calculated independently so if I want to find that the minimum bound, so for or I can say

the stick bound I will take the intersection, so intersection gives me that my /1 1s moving

from -6 to 6 in this case but it is moving from 3 to 5, 0 to 4 and 4 to 6. So, if | take the
intersection of all these I will get my ;L will lie -6, 3, 0, 4 so let us take this one, this is

suppose I take 6 it is go -6, here I am going 3 so 5 and the i is moving from 0 to 4, and
this 4 to 6.



So, if I get from here, widely I can say that my intersection is here 4, so if I take 4 and
then from here I get 6, so I get this intersection point from 0 to 4, 4 to 6 and 3 to 6, what
if suppose 1 want to take the left bound so left one minus 6, 3, 0, 4 so if I take the
intersection in this case and then from right hand side, no from here I will get this 0 and

from right hand side I will get 6.

So, that is the maximum all the bound we will get, so you will see from here that from
here I can say that all the Eigenvalues will lie within this range 0 to 6. So that we, all
about the Eigenvalues. So, we stop here. So, today we have discussed the application of
the Gershgorin theorem and then we have discussed another theorem that is the Brauer’s
that is also the application of the Gershgorin theorem and then we have discussed two

examples based on this one.

So, in the next lecture we will continue from this one, so I hope you enjoyed this lecture,

thanks for watching, thanks very much.



