Scientific Computing Using Matlab
Professor. Vivek Aggarwal & Professor. Mani Mehra
Department of Mathematics
Indian Institute of Technology, Delhi
Lecture No. 29
Power Method for Solving Eigenvalues of a Matrix

Hello viewers. Welcome back to the course on scientific computing in Matlab. So,
today we will discuss another method that is called how we can find the eigenvalues,
because in the previous lecture we have seen that the eigenvalues play a very

important role in the convergence of the iterative method. So, now the next question is

how we can find the eigenvalue using the numerical computation?
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So, now from the previous one we found that the iterative method like Gauss Jacobi
or Gauss Seidel or other method, they are dependent on the eigenvalues. The rate of
convergence involves spectral radius. So, the question comes: how to find the
eigenvalues of the matrix? So, let us the next topic is how to find the eigenvalues of a
square matrix that is A, that is n cross n because we are involved with solving the
system Ax is equal to b and then we have to find what is the eigenvalue of this n

corrosion system.

We know that the eigenvalues can be found analytically as AXx = AX where X # 0

. Then in that case we say that this 11 is an eigenvalue of matrix A and this x is called

corresponding Eigenvector. Now I want to find first what is the eigenvalue and then



the Eigenvector and then we know how we can find this one. Now, if A is 3 cross 3,

then we can find eigenvalues analytically. Analytically means that with the pen or

paper.
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I can find the Cartesian equation and then we can solve this one. Maybe for 4 cross 4
it is quite difficult and then A 5 cross 5 and so on. So, I can say that it is very hard or
even impossible. So, now to find out this one we take the help of numerical
computation. So, to deal with this one, how to find the eigenvalue of the matrix there
is a method called power method. So, the power method is an iterative method. So,

this is an iterative method. So, how can we deal with this one?

Suppose I have a matrix A that is n cross n matrix. Now, what I do because this is
iterative methods, so I start with the initial X(). So initial X0Omeans this is my initial
guess. So, that is my initial guess X0. Now what do I do? I will take Axp. So, I will

get another vector and that other vector I call it maybe Yo.

So, in this case what I do is that, this Y0is a vector. So, now I reduce this vector into
the normalized form, normalized vector. So, whatever the vector Y0 I am getting, 1
will call it a normalized vector. So, what is the meaning of a normalized vector?
Suppose | have a matrix like 1, 2, -1, 0, suppose this is my matrix and I start with the

process 1 1, then I will get the value, this will multiply and this will add.



So, this is 3 and this will be 1 and this will be -1. So, now in this case this is the
element with the highest magnitude. So, in this case what I will do, I will take 3
common from this. So, this will be 1 and this is -1 by 3. Now the highest value,
highest component in this vector is 1. So, this vector is called a normalized vector.
Does not matter what is the sign because we want the highest in terms of numerical

value or in magnitude value. So, that this vector becomes the normalized vector.

So, what do you do? We make it X0. So, this X0, this YO, what do I do? In the naught
I will take this element common and then I will make this x1 and that I will call it c1.
So, what am I doing here? Now from this vector I have taken this element, the highest
element common. So, I call it c1 now and then the remaining vector becomes x1. So,

x1 is my normalized vector.

1
X1 = —)
So, from here I can say that my €l . So, that is my normalized vector in

this case. Now from here, what do I do? Now I will take the next step. I will put AX

So in this case what will happen? 1 will put the AX1, from here T will get V1. Now
with the help of y1 I will reduce this one into c¢2 x2. So, I will keep doing that. Then

from here I can say that after k steps because after 1 step, I will get Axg = c1x,

So, from here I will get AX1in the after 2 step I will get Axy So, after k step I will

get AXy—1 = € Xk So, from here I can write this one, where this is that you have

to keep in mind that this is a normalized vector. This is also a normalized vector.
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So, now from here you can see that [ am getting this type of algorithm that is ck xk.
Now, if you just compare with this Ax = AX, now you can see from here that if as
k — cothat after many iterations if Xk—1land Xk are the same, same means they

will take that difference between these L2 norm and that norm is less than the

required tolerance is almost same which implies that the limit k tends to infinity ck

will tends to ;L .

So, this will tend to lland then my xk tends to the corresponding Eigenvector. So,
that is the process of the power series method. Now before that one so there is one
more term we want to define that dominant Eigen. So, what is the dominant
eigenvalue? Dominant eigenvalue means suppose I have a matrix, n cross n matrix
and now from the linear algebra we know that if we have a n cross n matrix, then we

have a n number of eigenvalues.

So, suppose I write Aty Az, o, Ay , this is the n eigenvalues corresponding to this

matrix. These eigenvalues may be complex and also do not matter. Now, if we choose
L
14 8

, I can call it k among all 1’s then this is called the dominant eigenvalue. So, we call it

/:L , any /1 ith value taking the magnitude, that is maximum maximum among al

in terms of magnitude maximum all lambda 1’s in terms of magnitude.



Then the eigenvector that is xk corresponding to Ak is called the dominant
Eigenvector. So, that is called the dominant Eigenvector. So, now we are ready to

apply that power method. So, this is the power method we are going to define now.

(Refer Slide Time: 12:32)

'] Note1 - Windows Journal -ER

file Edit View Insert Actions Tocls Help

£ ENEENEE | hal VIV VAL AT Al
Poow ok ® P b e 00t B e - bkt g v
S ke dee 0 J_;“.J.) fy.J«.pu(Jro:) eigen e

o MW s Wl
- - ™

~ . ¥e

o

‘ — o LE el v
* he

> s
s W (W l)\[>lh.\ [
U Yo U5 Chasnm At e Al S
@
Yo 2 VK poyy - o gmonted reOteinh 02
e " ey
o

He
A¥e= Yo

1211PM
07-May-20

Power method, so assuming that the matrix A that is n cross n matrix having n distinct
eigenvalues. So, that is the condition. We are dealing with n distinct eigenvalues
because we know that the eigenvalue may be repeating also. So, that we are not
keeping in mind we are having the n distinct eigenvalues. Now we know that if we
have n distinct eigenvalues then which implies that we have n linearly independent

Eigenvectors.

So, we have now Aty A2, ...y An. These are n distinct eigenvalues and I take it v1,
v2, vn or we can take this as x1, x2, xn. So, these are n linearly independent. So, this
is LI. I can write it as LI Eigenvectors. So, these are there. Now, I know that this is the
linearly independent Eigenvector. So, let us choose without loss of generality that A1

is the highest one.

So, I can call it Uﬂ | > |-'1*2 | soer > M'n |because they are n distinct eigenvalues.
So, we could call it. Now if, X0is chosen appropriately, then the sequence xk, so this

is XkI am writing in terms of a vector because this will be a vector definitely. So, this



k ok _
is X1*Xn where k is 0 1 2 and so on and ck generated recursively as Axg = Y
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Which implies my Ck+1  where where the' K1 J . Suppose |
xi = max |xf|

take that I<i<n . I already told you that it should be the maximum value

and that maximum I will take k common that is my ck as we have discussed here. So,

this is basically my ck and that is the maximum value.

Then the sequence will converge to the dominant eigenvalue that is Aland eigen

) ) ) lim X — X lim Ci — A]
vector that is x1 respectively. So, that is the k—oo and k—oo0

So, this is my statement. I have already explained for a given problem how we can

implement this power method. So, that is the statement.
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Now we can do the proof of this one. So, proof is quite easy. Now given that x1, x2
up to xn are linearly independent vectors. Now from here I can say that if I choose
any vector X0Othat can be written as a linear combination so
xg =a1xl +axx2 + ...+ a,X,;. So, T can write these as a linear combination

because these are the n vectors linearly in one vector.

So, any vector which is dimension n can be written as a linear combination of this
one. So, that is my equation number 1. So, where X0is initial guess. So, that is the
initial guess we are going to start with. Now I apply the matrix. So, pre-multiply
equation 1 with the a matrix and the corrosion matrix whatever the matrix I am taken.
So,

Axg = Alaix1 + ... +a,x,)=a Axy + a2 Ax> + ... + a,Ax,
Now the x1 is the eigenvector corresponding to the eigenvalue’ll . So, from here I can
write that this should be equal to @1 Aixp+axdrxz + ...+ apx,, So, this one

we can write from here. So, from here I can write this one as now this is my ax2. Now

from here I know that this AX0 = Yo.

Now I know that in the yO0 I will take the factor ck common. So, what can [ write from

I ﬂ]ilX[ aninxrr
_.}}D _— + LR + -
here? This one I can write as €l Cl Cn (Refer

Slide Time: 21:47)
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From here this I know that becomes x1 because we already know that this becomes x

1. So, from here I can write that x1 can be written as now I can write this as so from

what I am doing now, I will just take the common A1 over cl from all. Now I will get

A2
a|x) +axx, —
from inside I will get ’1[ . I will get this value and so on in the end

An

Hn -
Twill get 41 .

So, this one I so c1 I just take common and I will take A1 also common from all this.
Now I will get from here, so this is again I can apply for this one. Now I will again so
I can write it as a 2. Now again apply multiply so again multiply pre multiply with

respect to A. So, [ will get

A Ar An
Ax| = 2L ajAxy +ar—Ax> + ... +a,— Ax,
C ,1| /:L]

Now from here I know that this AX1is again the41. This is42. This is41 X1. This is
A2X2 . This is4nXn. So from here I can write this as
Al

Ax; = — |laj A1 x; +ag—2A3x3 4+ o ay— A, X,
(] ;11 A.|



Now again I can take this lambda 1 common and from here I can get a x1 will be

what? That would be y1 and y1 I take the common factor. So, this will be equal to c2

x2. So, now from here I can write that my x2 will be A1and again A1l am taking the
common square and it will be clc2 because this factor is I have taken this as a

common.

This is the highest value we are taking to make this vector as a normalized vector and

from here I can write this as a again

A2 A A
! axj +.¢7.'1(—2 )2x3+ ...+a,,(—” )zx,,
C1C2 zl| A]

X2 =

and so on. So, if we keep doing after k iterations, so the first iteration I will get x1, in

the second iteration I will get x2. So after k iteration I will get x k.

So, it will be

A A A,
.?Cg:—l a) X +ﬂ2(—2}k13+...+ﬂn(—}kl‘ﬂ
C1C2 ... Ck Ay A . So, this

is what we are finding.
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Now from here now if K — OOthen let us see what will happen. Then in this case

you know that so all these factors if you see then this factor if you see Az A 1, if you

see this is very less than 1 in magnitude. So, I can take the value of this one.

A
(=) <1
Similarly, Ay . From here I can see that now if | chose;{l, this is the

condition we have taken that in magnitude it is value is 1. It may happen. So, let us

see what will happen. Suppose I takeAl = =8 and A2is suppose 4 and A3 s
suppose -2. Then what will happen?

So, in magnitude this is the highest value. So, I will take AzoverAl, So, it is 4 over
-8. This is -1 by 2. Now lambda 3 by/"ll, so it is -2 by -8, so itis 1 by 4. So, thatis a
value less than 1. This is also less than 1 in magnitude. So, this value is in magnitude
less than 1 and this value is in magnitude less than 1.

_lk

k
Now what will happen if I 2 ? So, in this case this will be (=1 and then

2" NowifI k = 00 then I know that this is going to be 0. So, from here I can
say that this factor in magnitude is also going to be 0. So, if I put this k tends to
infinity from here I can say that limit k tends to infinity xk and then I put the limit
again. I take the limit on both sides. So, this will be

1k
. . ‘A'] A"l k An k
lim x; = lim ———— a1 x; +a(— )" x2+ ...+ a,(—)" x,
k=00 k—o0 €1Cy ... Ck Ay A1

and now we also assumed that these matrices are distinct. These eigenvalues are
distinct and real also but if it is not real then we have to take the magnitude. So, in

that case we can take the magnitude of this one when the eigenvalues are complex.



lim x
Now if you see from here then I can write from here that the k—oco  and on the

right hand side this tends to 0. All these terms tend to 0. So from here I will get this
L
. 1
lim x;, = a)———— x4
will be equal to K= e ... Ck

Now from here also I know that on the left hand side it is also converging to x1

because we know that whenever we will get Axy = A x only then the method will

converge. So, this is the same eigenvector. So, from here I can say that this implies

Ak
. 1
lim gy ——x;
that as k tends to infinity, this factor K=o  €1€2 ... €k should converge to
x1.
k
. ‘11
lim g ———— =1
So, that implies that k—©0 c1e2 ... €k . Now from here this is my
k=1
. AI
Iim a, =1
condition. Now the same I can write from here, k— oo C1C2 ... Ck—1
because I am just in place of k [ am putting k-1. So, that is it.
(Refer Slide Time: 32:35)
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Now I will get 2. So, I call it 3. I call it 4. So, dividing 3 by 4 will get the limit k tends

) ATC[CE eon Ol
lim a; — = ]
C|£2...(Tk>(ﬂ|j,1_

fe—=co
to infinity. So, I will get . So, this will

cancel out with this and this will cancel out with this.

. Al

lim — =1
So, from here I will get the k—co Ck and from here I can say that the
lim ¢; = A . . . .
k=00 . So, that is my convergence of this one. So, if my vector is

converging to x1, then that x1 is the dominant eigenvector then the eigenvalue ck will

converge to the A,

So, that is the proof of this power series theorem. So, let us stop today here. So, today
we have started with the power series method. Then to find the dominant eigenvalues
and the dominant eigenvector. So, I hope you have enjoyed this lecture. Will continue

from the next lecture. So, thanks for watching this. Thanks very much.



