Introduction to Methods of Applied Mathematics
Prof. Vivek Aggarwal & Prof. Mani Mehra
Department of Mathematics
Indian Institute of Technology — Delhi/DTU

Lecture — 8
Power Series Solution of General Differential Equation
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Welcome viewers, back to this course. So, today we are going to discuss lecture number
eight. In the last lecture, we have discussed how we can factorise the given second order
linear differential equation with the help of Riccati equation, and then we have discussed the

Euler Cauchy form.

So, today, we are going to discuss the next part and now I just want to move further and I
want to solve the differential equation, a general differential equation, that is linear second
order of the form A 0 x y double dash +a 1 x y dash +a 2 x y = some function f x. And this

equation I just give it a name, 1.

And I know that this can be further written as y double dash+a 1 x overa 0 x y dash+a 2 x
y =some f x over a 0 x provided that my a 0 x, a 1 x, and a 2 x are continuous functions for x
belongs to the interval that interval we are taking is alpha beta. Then, we can further write

this equation as y double dash + some function P x y dash + Q x y = some g x.

So, this equation I know in the standard form. Now, so I know that if I am able to solve, so in

this case, this is also taken that my a 0 x is never equal to be 0. Okay? So, my main purpose



is now to solve the equation a 0 x y double dash+a 1 x y dash +a2 x y=0. So, this is the

homogeneous part [ want to solve.

I know that this homogeneous part that is equation number 2 can be solved using the help of
factorization, and then we reduce it to the Riccati equation and once I know the solution of
the Riccati equation, then we can find out the solution of this equation number 2. But you

know that the Riccati equation is a highly nonlinear equation.

So, sometimes we are unable to find the solution for the Riccati equation. So, if we are
unable to solve the Riccati equation, we cannot solve the given equation number 2 in this
case. And other equation we are able to solve only is the Euler Cauchy form. So, what will
happen if we have a differential equation which is not of this form, either Euler form and
neither I can find out the Euler Cauchy form nor I am able to find the solution for the

corresponding Riccati equation.

So, in that case, how I can solve this differential equation? And if you see that in the starting
we have discussed that a differential equation in this case is a y solution multiplied by some
function of x + the derivative of that function and then multiplied by another function of x

and the second derivative of the function + another function of x.

So, in this case, we are multiplying the solution and all its derivative with some function of x.
So, then, this comes to our mind that, because this happens only if we consider that let we
guess that my y x is a polynomial. So, I just writeitas C 0+ C 1 x + C 2 x square C 3 x cube

and so on.

And in this case, I do not know whether my this polynomial is of finite degree or infinite
degree because, in this case, if it is of finite degree, suppose I take this as a degree of 10, so in
that case what will happen if I take one derivative, its degree will reduce to nine and second
derivative it will reduce to eight. Then a 0 x and a 1 x depending on the values of these
functions we will be able to get the solution for the equation number 2 or not, okay. So, in
this case, we can expect that this polynomial may be of finite degree or it will be infinite.
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So, now, this one can be written as, I can write as n is from 0 to infinity, C n X raised to
power n. So, let my solution is this one, okay, and then I take the derivative of this
polynomial, or the series, we call it series also, y dash x. So, in this case, it will be n C n x
raised to power n — 1. So, in this case, | have the n and n equals to 0 does not contribute

anything in this series.

So, I will take it from 1 to infinity, because when the polynomial, this is a polynomial in x,
and if it has infinite terms, then I can call this as a series also. I will just take further
derivative, second derivative, and in that case I will get n and — 1 C n x raised to power n — 2.
So, in this case, n = 0 does not make any sense, n = 1 does not contribute. So, it will start
from n=2. So, I can write from here that n = two to infinity.
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So, suppose, I substitute all this one in the equation number 2, so on substitution in equation 2
I will get, so from here I will get my a 0 summation n from 2 to infinitynn—-1Cnxn—-2+
a 1 x, summation n from 1 to infinity, n C n x power n — 1 + a 2 x summation C n x n, n from
0 to infinity = 0. Now I do not know what is the function a 0 x, a 1 x, or a 2 x because it may

be the function of x also, it may be the constant also.

So, depending upon what is the value of this a 0, a 1, a 2 x then we further can solve this
differential equation with the help of this series, and then we can find the solution for this
equation. So, let us take one example and try to find out how this series solution can be
useful in finding the solution of the equation. So, I will just take a very simple example.

Suppose I take a differential equation y double dash —2 x y dash —2 y = 0.

So, in this case, this differential equation has constant coefficient here, but here it is function
of x. So, I do not know how to solve this type of differential equation. So, then, we
substitute that, let my y x, because I consider that y may be the solution, may be the

polynomial of infinite degree such that that is a solution of this equation.

So, I will consider that let y x is the solution, n from 0 to infinity ¢ n x n and then I can take
the derivative of this one. So, from here, my equation, this equation I can call it number 3.
So, this can be written as summation n from 2 to infinity nn—1 ¢ n X n — 2 — summation 2 x
ncnxn-—1and from 1 to infinity — 2 summation n from 0 to infinity cn x n=0. So, I just
substituted whatever we got after taking the derivative and then I will go further.
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This x I can take from here. So, this equation becomes n from 2 to infinity n — 2. So, this x
will multiply by this. So, it will reduce in this form. So, I will get n from 1 to infinity and ¢ n
two times x to the power n — summation n from 0 to infinity 2 C n x n = 0. Now, in this case,
if you see that here it is x raised to power n, it is also x raised to power n, but here it is x

raised to power n — 2.

So, first thing is that we have to make the power of x same form in all the terms. So, this is
the first term we want to solve. So, in this case, | want to change this one into this form. So,
what I will do, here I am putting n — 2 = m, m I am putting. So, from here I will get n =m +
2. So, this factor, the first term, this will reduce to, now, if n is starting from 2, m will start

from 0.

So, from here, I can add that m is starting from 0 to infinity n is m, so I can write it as m + 2,
it will become m + 1, C it becomes n + 2 and this becomes x raised to power m. And then,
further, so this is the same thing, same equation, so we can write this as n = 1 to infinity 2 n C
n, n from 0 to infinity 2Cnxn=0.
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Now, this is the m, this is just the indices. So, index we can change as, so this equation after

putting this one, I can change my m to n back and then I can write this equation again in the
form of n. So, I can further make it as n, it becomes n + 2, it becomes n + 1, and this become

Cn + 2 and x raised to power n.



So, now, I have the same power x raised to power n in all the terms of the equation. Now the
only thing is that, so in this case, the first term n is starting from 0, in the second term, n is
starting from 1, and in the third term it is starting from 0. So, I will write the equations

corresponding to n = 0 first.

So, if I put n = 0, I will get from here 1 into 2 C 2 x n. So, 0 here is a constant, n and 0
coming from here also. So, this will be 2 C 0. So, this is the terms corresponding to n = 0.
And then, if I start from n = 1, I can take all the terms together. So, it will become n + 1, n +
2,Cn+ 2 —2n, from here I am writing 2n, C n — 2 C n x raised to power n = 0, okay.
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So, from this one, now, from here, what we do is that, now this whole series = 0, then what
we do, to find out all the coefficients we equate the similar power of x = 0, and then we will
try to find all the coefficients. So, once I equate the first term corresponding to n = 0. So,
that equation we have to equate the first one. So, from here I will get that 2 C2 —2 C 0 and
that is equal to 0.

So, from here I will get my C 2 =C 0. So, I get my coefficient C 2 in the form of C 0. Now,
instead of equating each term what I can do is that I can put or equate the coefficient of x
raised to power n = 0 because here we are able to take collect all the terms corresponding to

the coefficient x raised to power n.

So, what I do is that I will equate the coefficient of x raised to power n = 0 on both side. So,

from here I will getn+1n+2 Cn+2— So, this is my 2 n and this is my 2. So, from here I



can write as — 2 n + 1 C n = 0, which further can be reduced to this. From here I can write
my Cn+2=2n+ 1 and then I can divide by this factorn+2 C n.
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So, from here further I can write it as, so this will cancel out, so I will get C n + 2 = 2 times
divided by n + 2 C n where n is starting from 1. So, that is greater than or equal to 1. So,
from here, I will get this relation in which if I know the value of C n I can find the value of C
n+2.
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So, this type of equation is called the recurrence relation. So, in the recurrence relation if I
know one coefficient, I can write another coefficient in the form of that coefficient. So, I
know that my C 0 = C 2. So, for n =1 I can write my C 3 as 2 over, so this is n = 1, so this

will be 3 C 1. Next, forn=2 I will get C 4 =2 times it is for 4 C 2. But C 2 I know that that



is also is equal to C 0. So, from here I can write as 2 by 4 C0. Then,n=3 I willget C5=2
by 5 C 3.

But C 3 is given to me in the form of C 1. So, from here I can write 2 by 5 multiplied by 2 by
3 C 1. Then, I can find out for n =4, so it will be C 6 will be 2 divided by 6 C 4 and C 4 is
given to in the form of C 0, so from here I can write 2 by 6 into 2 by 4 C 0. So, in this way I
can find all this one, coefficient for odd power I will get the coefficient in terms of C 1 and
for even n we will get all the coefficient in terms of C 0.
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Ju . o Note2 - Windows Joumal - DN

File [dt View insert Actions Tools Melp

A0k w P4 ¢ fiHs-o-9€ -
EEEEEEEE HCEE YELT

7 y s
P Yz GO by 2Ot B entp g

+detro .
Y = c—n(‘l-f-x"_{-?-,.cl'l b, =
© *5:“*ﬂ)+cf(x+;.f+hs
Iy
= /:Lu}—_ Coyilw) + ¢ 9,0 +)

B 0L iy e LT

So, once I am able to write this one, that I am able to find out the solution in this form, then
from here I can write my solution y x. So,yxisC0+ C 1 x+, C 2 is already C 0, so I can
write it as C 0 x square. Then C 3, so C 3 I know in the form of C 1, so I can write it here 2

by 3 C 1 x cube. Then C 4 in terms of C 0, so I can write it as 2 by 4 C 0 x raised to power 4.

Now C 5 is also in terms of C 1. So, I can write it as 4 by 15 C 1 x raised to the power 5, and
then further I can write it as C 6, it will be 4 by 24 C 0 x 6 and so on. Now, from here I can
solve further and I will collect the term corresponding to the coefficient C 0 and C 1. So, if I

collect the terms corresponding to C 0, I will get 1 + x square.

So, this is x square + 2 by 4 x power 4 + 4 by 24 x raised to power 6 and so on, + I then
collecting the terms corresponding to C 1. So, this will be x + 2 by 3 x cube + 4 by 15 x 5
and so on. So, in this case, I will get the solution y x. Y x is the general solution of the

equation.



So, once I know the general solution of the equation, then I can write this as y x =, now C 0
and C 1 are the arbitrary constants, so I can write it as C 0 and then I will consider this as a
function thatisy 1 x + C 1 and that is y 2 x. So, this is the general solution that we know that
contains two arbitrary constants and that constants I can take as C 0 and C 1, and I consider

this y 1 x is one solution and y 2 x is another solution.

So, this one is the general solution. If, the question is that y 1 x and y 2 x are linearly
independent, because here it is just an infinite series and here also it is infinite series and I
want to check whether this infinite series and this infinite series are linearly independent or
not.
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So, how we can verify or check whether these two functions y 1 x and y 2 x are linearly
independent or not, then we go further, go back to that Wronskian and I know that the
corresponding Wronskian corresponding to 'y 1 and y 2 x this can be written as Wx. So, this I
know that I can write y 1 X, y 2 X, and this is y 1 dash x and this is y 2 dash x. So, [ will try to

find the Wronskian for this corresponding solution.

So, from here, I can write this Wronskian as 1 + x square + 2 by 4 x power 4 + 4 by 24 x
power 6 and so on. y 2 is this one, so this I will take as x + 2 by 3 x cube + 4 by 15 x 5 and
so on. Then, I am taking the derivative of this one. So, this will be 2 x +, 4 will cancel out, it

will be 2 x cube +, so 6 will cancel out, so it will be x 5 and so on.



And this will be 1 +, 3 will cancel out, it will be 2 x square, 5 will cancel out, it will be 20 by
15 x power 4 and so on. Now, if [ want to take the determinant of this matrix, then it is very
difficult because if I take the derivative of this one, so this polynomial and this polynomial
will be multiplied — the multiplication of this polynomial. But here, we are going to use the
concept of the Wronskian at one point that we have discussed in the previous lectures.
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So, now, let, I take x 0 = 0 and I try to find the Wronskian at x 0. So, if I take the value x 0 =
0 and try to find the Wronskian here, so it will reduce to 1 0 0 1, just putting x = 0 in the
given polynomial and value would be 1 which is never 0. And we know from the previous
lectures that, so in this case, my Wronskian at x 0 = 0 is 1, and from my previous knowledge

of Wronskian I can say that this Wronskian is never O for all values of x.

So, once if I know that the Wronskian is never 0 for all values of x, so from here I can say
that my solution that y 1 x and y 2 x are linearly independent. So, if they are the linearly
independent solution, then we can say that there is a general solution. So, in this case, you
have seen that the solution y 1 x and y 2 x are the polynomials of not a finite degree. So, this
I can say that, from here, I can say that my infinite series, my yxisCOy 1 x+C 1y 2 x and
this is in a series, infinite series, for that one.
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So, from here, I can start a new concept that a solution of the form of power series. So, this
we call it as a power series solution. So, from here I can say that an infinite series of a
functionyx=C0+C1x—x0+C2x—x0square C3 x—x 0 cube and so on. So, this one
I can write as C n x — x 0 power n, n = from 0 to infinity. This is called the power series of

the function y x about x =x 0.

So, this is the power series of function y x about a point that is x 0. So, this is the power
series of the function y x about the point x = x 0. So, this is the power series of this one and
s0, y xis C 0 + C 1, that is already there. Now, I want to find what is the value of C0, C 1, C
2, C 3, because these are the coefficients and the constants and that we need to find with the
help of y x. So, let us suppose I want to find my C 0. So, what I do is that, I just take it, give

the name 4.

So, suppose I want to find the value of C 0 because this function has a power series, this one
on the right hand side. I will try to find the value of the y at x 0. If you see the value of the x
0, all these terms will become 0, and from here I will get my C 0. Further, if I want to find
the value of C 1, what I do is differentiate equation 4 with respect to x. So, what I will get, I

will y dashx=C 1.

So, from here I will get the C 1 only, and then from here 2 C2x—-x 0+ 3 C 3 x — x 0 square
and so on. Now, what I do is that putting x = x 0, I will get y dash at x 0 = C 1. So, from
here I am able to find the value of C 1. From here I am able to find the value of C 0, and if



you move further, then to find the value of C 2 I will take one more differentiation of this

equation and then I will get the value of C 2, C 3, and so on.

So, from here we see that I can write my equation as y x = summation n from 0 to infinity
and the C n is in this case it is just y x 0, it is y dash x 0. So, from here I can write that it will
be n™ derivative at x 0 divided by n factorial and this will be x — x 0 power n. So, if we take
the help of the function and all its derivative to find the coefficients, then the coefficients will
be this form and in that sense I will say that y x has Taylor series about point x =x 0. So, in
that case, I can say that this power series becomes the Taylor series.
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So, now, there are some properties of power series. The first thing is that I know that
function y x has the power series, thatis C0, C 1 x, C2 x square,and C0+C1x—-x0+C?2
x —x 0 square and so on. So, first thing is that I want to find out how I can check that this is a
convergent or not. So, in that case, I will apply the Cauchy ratio test to find out if the series

is convergent and what will be the radius of convergence of that series.

So, in this case, I will apply the Cauchy ratio test. So, Cauchy ratio test, I will take C. So, if
this series can be written as summation U n, n from 0 to infinity, then I know that with the
help of ratio test it will be U n + 1 over U n. So, from here I can write, it willbe Cn + 1 x —
x 0 and + 1 divided by C n x — x 0 modulus value because we know that the ratio test we can

apply only for the positive values.



So, in this case, I am taking the absolute value. So, that will become C n + 1 over C n. So,
this is the ratio the coefficient and this will become x — x 0 power 1, so this one. So, now,
assume that let limit n tends to infinity C n + 1 over C n becomes lambda. So, this is a
convergent series of coefficient and its value is equal to lambda.
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So, from here, for convergence of the series, in that case my value, this will be lambda x — x 0
less than 1 because I know that if ratio is less than or equal to 1 as n tends to infinity, then it
will be convergent. So, from here I can say that my x — x 0 will be less than 1 over lambda.
So, this factor I call it as R.
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So, I can say that x — x 0 modulus value is less than R. So, this R is called radius of

convergence of this power series and this x — x 0, the whole value is called the interval of



convergence of the power series, and | can say that x in the region x — x 0 is greater than R,
then the series will be divergent. So, this is the radius of convergence we found.
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Then, the next property is that the power series can be differentiated and integrated term by
term and the resultant series have the same interval of convergence because whenever we
take the power series of function then it can be differentiated term by term and it can be

integrated term by term and the resultant series will have the same interval of convergence.
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Next is that the product of two power series, for example, I have two series and from 0 to
infinity C n x — x 0 power n and summation n from 0 to infinity d n x —x 0 power n. So, this
is the two series I am taking, then the product of the two series is again a power series of the

form n from 0 to infinity e n x — x 0 power n.



The enterm wilbe COdn+C1dn—-1andsoon+ CndO0. I wil multiply the
coefficients. So, that will be again the power series. And the next one is that the quotient,
that is, C n x — x 0 to power n divided by d n x — x 0 power n is again a power series provided
d 0 is never equal to 0. So, if I take the ratio of the two power series, then it is again a power
series with d 0 is not equal to 0.
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Next is that, now, after doing this one we will try to give a new concept that is called analytic
functions. So, what is the meaning of analytic function. So, if a function f x can be expanded
as a power series about a point that is x = x 0, so that we can write as my function f x can be
written as summation n from 0 to infinity Cn x — x 0 power n where my C n is the n®

derivative at x 0 divided by n factorial.

Then, the function f x is said to be an analytic function because in this case we know that this
function and all its derivatives exist because we are able to find the coefficient C ns only
when with the help of the derivatives as we have seen that I can find the C 0 by putting the

value of x = x 0 in the equation.

Then C 1 I can put taking the derivative C 2 in the next derivative. So, in this case my
function f x is said to be analytical in another form I can say, that it said to be analytic
function if all its derivative which is at the point x = x 0. So, this is the definition of the
analytic function.

(Refer Slide Time: 46:00)



Fie 3t View lwert Actions Tools Welp
Qe Pl L0 E VR ET A
i/ ASEEEEEN NCEE 9 08¢
)= | T
Flnl= wi Ch@-hj W o, = . ()

Al

T A0) A5 AaM o b am Onalight. onchan,

RO Tk e Wkats e e st ks ol ok
—— r
13«%@-;(*%#*% 400 2 ot B &
&m.d\"" ""‘-‘A + Exigh, 6‘"‘1’“’- gy tmaid ls-b:nﬂ
orbley o 2, v, A Togle <eie) 5 44
Converyt) obvnr to 4m 4y .
ittt |=20) 4R oum)
dhvesy  prom)> R

Moo [ m- o mn

Now, one theorem we want to discuss is that, let the variable, so in this case you can see that
this function is a real-valued function, it is defined on the x and it is a real-valued function.
So, let the variable x assume complex values and let Z 0 be the point close to point x 0 at
which function f x or one of its derivatives fails to exist. Then, what do you do? You just

compute the distance R in the complex number Z 0 and x 0.

Then the corresponding Taylor series of f x converges about x 0 in the interval x — x 0 less
than R and diverges for x — x 0 is great than R. So, in this case, what we have done is that we
have the power series and in that power series suppose that at some value of the x equals x 0
or some complex number the function f x fails or all its derivatives fail, then the given power
series has the convergence in this region and it will diverge for the region x — x 0 greater than
R. Okay?
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So, one more theorem it would be useful for the definition. Let the function a 1 x over a 0 x
and a 2 x over a 0 x have convergent Taylor series expansion about x = x 0 for the region x —
x 0 is less than R, then every solution y x of the differential equation a 0 x y double dash + a
I xydash+a0xa2xy=0is analytic at x = x 0 and radius of convergence of its Taylor

series expansion about x = x 0 is at least R.

So, this theorem says that, because in this case if I divide by a0 x,soifalxa0x and a2 x
divided by a 0 x have the convergent Taylor expansion about x = x 0 and the radius of
convergence is R then every solution of the differential equation y x is analytical at x = x 0

and the radius of convergence will be at least R, so that is lecture number eight.

So, thanks for viewing this. Today in the class we have discussed how, instead of having the
exponential solution how we can have the solution that is infinite series for the given
differential equation. So, in the next class we will go further about the series solution. Thank

you very much.



