Introduction to Methods of Applied Mathematics
Prof.Vivek Aggarwal and Prof. Mani Mehra
Department of Mathematics
Indian Institute of Technology — Delhi

Lecture — 20
Gibbs Phenomenon and Parseval’s Identity

Hello viewers welcome back to this course, so in the last classes on the last lecture we have
started with the Fourier series and then we have done some examples finding the Fourier series
of the function and then we also discussed that the complex Fourier series but for the Fourier
series, we have considered that the function is a periodic function which has a period 2L. Now

today 1 will define some other properties of the Fourier series and this is a very important

phenomenon.
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So today we will discuss with the Gibbs phenomenon so what is this Gibbs phenomenon Gibbs
tells you that because when we deal with the Fourier series if the function is continuous then you
will see that the Fourier series give you the nice approximation for that function but what about
the function, so it say that if the function f x has a discontinuity at any point say x and x belongs
to the interval - I to | because I am considering that my function f x is a periodic function of

period 2 1 defining from - 1 to 1.



So in that case say that then the my Fourier series will converge to the function to this value so
what is this value? It is divided by 2 so this is where the Fourier series will converge and if you
see this one like suppose just define a function so let us take one function here suppose for the
time being I defined a function like - 1 and it is 1 and it is — 1, so suppose it is - 1 and the value
of the function is 1 and I am defining this one for - 1 and this is + 1 see is small 1, so in that case

if we see then the function and discontinuity at x equal to 0.

So in this case my function f x as discontinuity at x = 0, so if I in this case if [ want to find out
the Fourier series of this function from - 1 to 1 you will see that the Fourier series is convergent
for this function at this value and this value but for the from value at x equal to 0 this will
converge to the Fourier series will converge to f x + 1, so this is the right hand limit I am taking
so | am taking the right hand limit is — 1, so in this case it is — 1.
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And f of x - 1 so this is I am basically I am considering this one so that value is 1 and from here
if I see then 1 - 1 divided by 2 so that is value 0, so in this case if I find the Fourier series of this
function then by the Gibbs phenomenon the series will converge to 0 at x = 0, so otherwise the
series is convergent wherever the function is a continuous function so if I want to define the
Fourier series of this function you will see that the Fourier series in this case will look like

something and then this one and then like this type of.



So it depends upon that how many terms you are taking the Fourier series because the Fourier

series you know that it contains the infinite number of terms but whenever we want to find out

the approximation only in that case we know that we are considering only few terms of the series

so it as soon we keep increasing the number of term in the series the our approximation will be

better and better and I am saying that the once we are increasing the number of terms of the

series the approximation will be look like this one. So this is because of the given by the Gibbs.
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Now we define so after that another thing I want to define today is that in the last class we have

discussed the complex form of the Fourier series so in that case we have defined the function so

my function f x is continuous having a finite number of discontinuity and x is defined from - I to

1 then I know that in the complex form we have written the series as ¢ n raise to power i n pi x

by I where my c n is the coefficient and that was we have defined by 1 over 1 - 1to 1 f x raise to

power -1 n pi x by L. So this one we have done in the last class.

(Refer Slide Time: 06:38)



File Edit View Insert Acions Taols Help

WD P | E roeane v VACFEY E3~T 8 )
L/ ENENNEENCNEE e
‘ ¢ - QatAby

-1

r e

-
= :\.I»JWJ Ffa“‘""i 51 HL ’F‘-ln'.g{,lJJJ |

d

i

A

= a0
=

(1]

Y
P

/! D
;:_-%-E ARurdarensd rgilor rep. |

= T e ek QMJ{MJ =) et Specrm
6 ML A

: Wy =
W 107 A
s EE .

. fé 44 25-May 19

So now this to l and n is from 0 + - 1 + - 2 and so on now and I know that my ¢ n in this case is a

n - ibn by 2 and ¢ - n is just the conjugate of this 1 by 2 now in this case what we do we define
we take 2 pi by T and define this one as Omega where T I am just taking the T is the
fundamental period of the function f x so this is a fundamental period I am taking fundamental
period is that I told you at the function if the function has a period f then 2 pi also it is period 3

pi also period then the minimum of that one is the fundamental period.

So I am taking T here so this Omega in that case is called angular frequency and from here like
suppose | have a in my function I have a period 21 so in that case if I have 2 pi by 2 | then it will
be pi by 1 so this is called the angular frequency for we call it fundamental angular frequency for
this function f and in that case so after defining things fundamental frequency my I can plot then

the graph corresponding to an Omega because Omega is fixed here.

So n Omega means [ am taking the value of n 1 2 3 whatever the value we are taking - 1 - 2 and
then I take magnitude of ¢ so magnitude of ¢ n I would if I plot this one then this is called it is
called frequency spectrum of the function f x.
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So then it is called a frequency spectrum and I know that my ¢ n in this case is a n — ibn by 2, so
from here I can define the magnitude of ¢ n so this is a n square + b n square under the root by 2,
so this one is the magnitude of ¢ n, so I know that I can find out the magnitude of this one and
then if I plot this one with respect to n Omega and then whatever the form we get is called the
frequency spectrum the function, so this is called the frequency spectrum now I am also going to

define another very important topic identity and that is called the Parseval’s identity.

So this is the Parseval’s identity, so it is say that my suppose I have a function f x and that is
defined for the interval - 1 to | and in that case I have the Fourier series as a 0 + summation and
from 1 to infinity a n cos and pi x by | + b n sin n pi x by 1, so this in my Fourier series I have
then what I do, so this is the Fourier series I am having and this Fourier series I know it is

converging to the function f x for all value of x in the interval.

And wherever the function has discontinuity then by the Gibbs phenomenon it will converge to
the average value of the left hand or right hand limit at that point so that we already know so now
from here what I do is that I multiply the function f x both side of the equation 1 and then divide
by I and then integrate with respect to x from - 1to | so this is [ am doing so the same thing will
on the right hand side I am dividing by | integrating from - | to | f x dx so this will happen here

plus now I take the summation and from 1 to infinity and integrating.
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So this willbeanbyl-1tolfxcosnpixbyldx+bnbyl-1tolfxsinnpixbyldxso this is
after multiplying by x or f x and then dividing by | and then integrating with respect to x from - 1
to 1 so from here the left hand side I can write 1is 1 - 1 to 1 so f x whole square dx and on the right
hand side I will getaand a0 so-1tolfx dx over 1 by l + cos n pi x by | dx + similarly bn 1
over 1 -1to | fx sin n pi x by | dx so this is we have defined now if you see from here that what is
the value this one this integral so this integral if you know then my a 0 is always equal to 1 over

21 from—-1tolfxdx.

So this is given to me so from here I can say that this integral because this is the integral will be
gives me 2 a naught similarly I know that what is the value this integral so this integral is n and if
you see this one this integral is b n so from here I can write that 1 over 1 - I to | f x square dx that
is equal to go from here it will be comes to a 0 square + summation and from 1 to infinity so this
is given to me so now a n and this is also n so from here I can write this as a a n square + and this

become the b n square so from here I get a 1 equality and that equality is this one.

So this equality is called the Parseval’s identity so this identity basically gives you that the that
on the right hand side we have only the summation corresponding to the coefficients and left side
is the square of the function so this type of identity used for the large number of application so

this identity I will use for that how this can be used
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Let us start with the example so what I do I have an example f x = mod x I am just taking where
x in this case I am taking from - pi to + pi and from here I want to find after calculate this one
find summation 1 + 3 square 5 square 7 square and so on I want to I find the value of the
summation and value of this summation 1 over 3 raise to power 4, 1 over 5 raise to power 4, 1
over 7 raise to power 4 and so on so let us see how the Fourier series is going to help us to find

out the summation of this series.

So now in this case so what I do is that my function is well defined so if you see that this
function is I am taking this in my 0 and suppose this is - pi and this is pi so this is my function so
mod x and then this is this is well defined from - pi to pi and also it is given that the function x +
2 pi =ftx so from here I can say that this function is a periodic function so if you see the periodic
then this function will be can be extended for the whole real line and this will be the

corresponding function.

So in this case you can see that this function is continuous function so in this case if I take the
Fourier series that Fourier series will converge to the function at all the point value of x so from
here and also I want to say that the function f x in this case is an even function because from here

you can say that this is equal to this one because the mod x so it is an even function so with the



help of the even function I know that if I write the Fourier series of this function then it will be

only a 0 + summation and from 1 to infinity a n cos nx now my a 0 if I want to define the a 0.

So my a 0 will be 1 over 2 pi from - pi to pi and f x is mod x dx but it is a even function so I can
write as a 2 pi from 0 to pi and from 0 to pi mod x will be x so it will be dx so this will cancel out
and from here this will be pi square by 2 1 over pi so that gave me only pi by 2.
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So that is the value of a 0 now I want to define the value of n so n is 1 over pi - pi to pi mod x
cos nx dx so this is even function cos nx function from here I can write as 2 over pi 0 to pi it will
be x cos n x dx so to find the integration of this integral I can apply the by parts rule and from
here it will becomes 2 over pi so I can define as x + cos pi x the integration of cos pi x is sin pi X
divided by pi note it is n so it is not a pi it is n putting the limit and then - 0 to pi and this will be

again sin n X by n and dx now if I put the limit for this one.

So I know that the pi will put sin pi 0 sin 0 0, so from here it will be only 2 by pi and then inside
I will get minus so this one end will come out and I have to integrate from 0 to pi sin n x so this
one I can write as a - cos n X by n and then putting the limit because sin n x if [ want to find out
the integration of this one so it will be — cos n x divided by n and putting the limit O to pi so from
here now I can define from here so this n where I can take common so this will give me only 2

over pi n square and inside I will get cos n pi - cos 0 I am putting the limit here.



So from here I will get 2 over pi n square now cos n pi I know that when n = 1 the cos pi is - 1
when n =2 cos 2 pi is 1 so from here this will be always equal to - 1 raise to power n - 1 so now
this 1 = 0 when n is even and this is equal to - 4 by n square pi when n is odd number so that is
the value of the coefficient a n.
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So if I use this coefficient then from here I can write my Fourier series for the mod x, so this will
be a 0, a 0 was pi by 2 so it is pi by 2 + summation n from 1 to infinity and this is so here [ am
taking n as a even because n is not even odd where n is odd and then it will be - 4 over n square
pi cos n x, so that is my series, so from here I can define this series now I can also write this

series as because my n is a odd value so from here I can define mynas2 K- 1.

So where K is 1 2 3 and so on so from here I can define my mod x = pi by 2 + K from 1 to
infinity - 4 instead of n I can put so it is 2 K - 1 square and then it is cos so it is goes to K - 1 x,
so that is the series so this series is that is the Fourier series for the function mode x, so further I
can write as pi by 2. So this one I can take outside 1 over 2 K - 1 square and then itis cos 2 K - 1
x this one
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Now from here so I call it equation number one now what I do is I try to find the value of the

function at so let putting x equal to 0 in the equation number 1, so on the left hand side my
function f x is mod x and that is 0 and on the right hand side if I put the limit in this Fourier
series so that gives me the series gives me pi by 2 - 4 by pi and this is the summation K from 1 to
infinity 2k - 1 whole square and this will be cos 0 because x will be 0 so it will cos 0 and that is
always 1.
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So from here I can say that from the equation number 1 I will get pi by 2 - 4 by pi and that is the
summation K from 1 to infinity 1 over 2k - 1 whole square and what is this I can take this 1 on

the left hand side, so it will be - pi by 2 so it will be - pi by 2 and then dividing by this one, so



from here into - pi by 4 so this will come because I will take this one on the left side and then
dividing by this one, so it will be pi by 4 other side I will get this value so K when K =1 it is

value will be 1 when K will be 2 it will be 3 square 1 over pi square 1 over 7 square.

And so on and this will be so I will cancel out this one so it will be pi square by 8 so thatis 1 + 1
over 3 square + 1 over 5 square + 1 over 7 square and so on so from here I can find out the sum
of this series if you see the series, series is the 1 + 1 over 3 square + 1 over 5 square and 1 over 7
squared so on so with the help of the Fourier series and by the property that it is giving it is
converging for the function wherever the function is continuous by the help of this one I am able

to find the summation of this series.

Luckily in this function in this case the function was continuous and I was able to find the value
of the function directly from there now we have to find the another series so in that case I will
use the Parseval identity so now I know that from the Parseval identity I know that 1 over pi - pi
to pi mod x square dx should be equal to 2 a Osquare + summation K from 1 to infinity and this
will be a n square so that we already know because in this case my b n is 0 so by the Parseval's
identity I should have this value now let us see what will happen.
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So from here just I want to find what is the value of this one so it is 1 over pi and from - pi to pi

and mod x square is X square dx so it is an even function so from here I can write 1 over pi 2



times 0 to pi x square dx so it will give me 2 over pi and then it will be pi cube by 3 so this will
be 2 pi square by 3 pi square by 2 so that is the value of on the left hand side of the Parseval
identity now a 0 we already know was pi by 2 so in that case my a 0 square will be pi square by 4

and now [ want to find what is the value of a n square.

So my a n square is if you see the a n was this value so this is my a n so in that case if | take the
square it will be 4 square n raise to power 4 pi square only these things will change so it will be -
4 n square pi whole square so that will be 16 over n raise to power 4 pi square so by the property
of the Parseval identity now I can write the Parseval identity so this will be 2 pi square by 3 =2
times pi square by 4 + K from 1 to infinity and a n square is this one 16 over n raise to power 4
pi square.
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Now I will use this one this property so from here I just take this one on the left side so it will be
2 pi square over 3 - pi square by 2 and this will be 16 by pi square I can take common and inside
you will get only K from 1 to infinity 1 over so n is basically 2 K - 1 so 2 K - 1 raise to power 4,
so this will get so this also and instead of n I should write to K. So this is basically 2 K - 1 power

4 and then n square.



So from here now from if I do the calculation so this will be 6, so it will be 4 pi square - 3 pi
square so that is basically pi square by 6 = 16 by pi square and summation K from 1 to infinity
power 4.
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Now I will take this term on the left hand side so it will be pi square by 6 multiplied by pi square
by 16 and on the right hand side if you expand this one you will see that I can write this when K
=1itis 1 when K=21itis 2 4 - so it is 3 raise to power 4 then it is 5 raise to power 4 then it is 7
raise to power 4 and so on and on the left hand side you will get pi raise to power 4 by 96 so that
is the summation of this series so this is the question we have asked that how the summation of

this series will look.

So the summation for this series pi raise to power 4 by 96 so these are we are able to find from
this one only when we are applying the Parseval identity so in that case the Parseval identity is
very important to find out the various relation between the Fourier series and that generally is
used to find out the summation of many series now so after this one so using this Parseval
identity.

(Refer Slide Time: 35:21)



- ol

Ak« P

File Edit View Inset Aciions Tools

Help

,..

Wihale!

Page v

= Foune- If\)’fojﬁ“z
—————

VACE R BT 0 4
'y

) Ae Peradic 4l dre

£n)2 5 {
il

N

- 1
i e

(=)

el E—Q 1]

e

xe (s,

o B

o0
.-#":’r): ds + by &5 e, L e miny
! g =t My

Y=

Now we going to the next topic and that is called Fourier integral now we know that the Fourier
series is possible only when the function f x is periodic function periodic in the interval - 1 to 1 so
in this case my function is periodic but what will happen when the function is not periodic
because in generally we do not have my function all the functions are periodic function so in that
case what will do like I have a function suppose I define a function like this one which is 1 when

x belongs to some interval.

Suppose I say 0 to 1 otherwise 0 when so this type of function so this is not a periodic function
or | have an exponential function e raise to power - x that is also not the periodic function in the
finite interval for - 1 to 1 so if I have a function which is not a periodic function in the finite
interval then how I can find the Fourier series so in that case obviously we are unable to find the
Fourier series so if I have a function like this 1 - x then I can say that this function is periodic and

having period infinity.

So that I can say that this function is a periodic function but it is interval of the period is can be
treated as a infinite infinity so in that case whenever the function is not periodic in the finite
domain then generally we treat that function as a periodic function and it has a period infinity so
what will happen whenever I have a because for the finite interval I note that the Fourier's I can
write the Fourier series or the function as this one cos n pi x by 1 + bn sin n pi x by | but what

will happen in this case now my 1 is going to infinity.



And if the 1 is going to infinity then how this will treat and then in that case this summation will,
what is the meaning of the summation in that case whenever 1 is going to be infinity, so that will,
that how we can find out the Fourier series or we can say that the Fourier integral when we
function is not a periodic function and it is period is stated as a infinity so these things we will do
in the next class because it is going to take some time to define that how the Fourier series can be
converted into the Fourier integral. So this we will do in the next class. Thanks watching thank

you very much.



