Introduction to Methods of Applied Mathematics
Prof. Vivek Aggarwal & Prof. Mani Mehra
Department of Mathematics
Indian Institute of Technology — Delhi

Lecture — 19
Fourier series (cond...)

So welcome back to this course. So today we will extend the concept of Fourier series. Today we
will going to start with the lecture 19.
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So, in the last class, I have discussed about that is when the function fx is a periodic function
having a period from - 1 to I, then this can be written as a Fourier series a 0 + summation n from
1 to infinity a n cos n pi X by 1 + b n sin n pi x by 1 where x belongs to - I to 1 and this function is
a periodic function with x + 2 1 = fx. Now, will today I will discuss that what are the
convergence of Fourier series so, what are the conditions so, in this case, so, let my f x be piece

wise continuous on - [ to .

And so, what is the meaning of piece wise that is the f x is defined and continuous for all value
of x belongs to open interval - 1 to | except at finite number of points. So, the function is
continuous except at the finite number of points
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Then the second one is that at any point x 0 belongs to the interval - 1 to | because this is an
interior point I am talking about where f x is not continuous both the one sided limit that is the
limit x tends to x 0 negative f x and limit x x 0 positive fx should exist and are finite okay.

(Refer Slide Time: 03:59)

- A
4"-:fu.‘r£
I , L, Y
-r‘l,..‘j T, ort e .L”! - /Lm .Ftn_) }M ) YEF gad H‘,
g K-—f-i_" 2 n—t.L 'F‘!‘WL
/‘N
w0l e |
- |
o 3
-1 4

9

MPTE

So, and the third one is that the one sided limit that is limit x tends to 1 positive fx and limit x
tends to | negative exists and so from here because I my interval is from - 1 to I. So, it is - 1 and
this is + 1 exists and are finite, it means that suppose I have any function so, let my take a
function fx which is of this form. So, this is my x axis, this is my y axis and suppose my function
is so this is - | and this is + 1. So, suppose from here my function is like this to this and then from

here my function is this one and then from here I have a function that is this one.



So, what I say that from this condition that this function a piece wise continuous function it is
continuous from here to here from here to here from here to here, and it said that at any point x 0
between these the function is not continuous both so, like this point. So, both the one sided limit
so, from here the if I take the left hand limit for this function and right hand limit for this
function left hand limit for this function at this point and right hand limit at this point should

exist and should be finite.

So, from here you can see that this has a jump discontinuity, you have a jump discontinuity and
also that the one sided limit of this function. So, here from right hand side I want to go and from
here I should go from by the from the left hand side. So, this limit should exist only then will say
that this is the condition it is called a piece wise continuous function. So now suppose this
function there now.
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If so, this is a statement of the theorem, I am going to use now that let fx and f dash x be piece
wise continuous on the interval - 1 to 1 then the Fourier series of the function fx on this interval

converges to the function fx at a point of continuity. Now what about the point of discontinuity.
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The Fourier series converges to the average. The function f at x +. So because this is a point of
discontinuity at x. So what will do I will find out the left hand limit right hand limit and then
taking the average, so in that case the function the Fourier series will converge to this value. So,
this is the statement of the Fourier series or the convergence of the Fourier series. So, now, at

this moment, we are not going to do the proof of this one, but this statement.

We just take as a statement for the converges of the Fourier series. Now we want to put some
remarks. So remarks is that the first one is that at the end points, so at the end points in the
interval the Fourier series converges to half f - 1 +. So, this will be the both the end points and the
second one is that now I have the Fourier series. So my Fourier series is fx = a 0 + summation a
ncos n pi x by 1+ b n sinn pi x by L. So, in this case, if you see that if I put x = - I, so what will

get fequal to - 1 and from 1 to infinity a n cos - 1 will be cos 1.

So it will be n pi 1 by x n pi I by L. So this will cancel out this will cancel out. So from here I will
get a 0 + a n cos n pi so, because this 1 this 1 will cancel out and this is sin n pi and so for any
value of n this value will be 0. So left with this only this value and similarly, if [ want to find the
value at 1, then if you will see this one will get the same value a 0 + summation a n cos n pi.
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So in that case, I can say that so from here, I can say that. So this may remark number 2 that the

series converges to the same number at x = - | and + 1. Okay, so it means the series converges to
the same number because I am putting | = - x equal - 1 and + 1, I am getting the same value of the
function. So this is the observation, now so once I am able to find the Fourier series, and then if

the function is satisfying the conditions, then I can say that my series is convergent.

So let us go further and use some properties of the function to find out the Fourier series. So now
I have my Fourier series a 0 + this one cos n pi x by 1 + b n sin n pi x by 1. Now so this is I just
take one now the condition, so now suppose I have a function fx for the x belongs to - 1 to 1. So
the case one is that, I found that my function fx is an odd function, odd function means I am

getting that f of - x becomes so this is an odd function.

So in that case, if I somebody asked me to find out the Fourier series for this function, that
function is odd function, then there is no need to find all the coefficients, and then we found that
the this is a Fourier series, just before starting with the Fourier series we can say that if my
function fx is an odd function. Then you know that my a 0 is a function of has a value from this
to this. So this is an odd function and I am integrating the odd function from - 1 to 1. So I know
that this value will be 0.
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By the properties of the Integral that I am odd functions means this type function like whatever
the function I have on the left hand side suppose this in my 1 and this is L. So, suppose I have a
function of this type. So, on other side I also have the function on this type. So, this area and this

area will cancel out and we get the value 0. My a n will be cos n pi x by | dx and from here also

you can say that my function odd function cos function I know that is the even function.

So periodic will be the odd function and in that case also this value will be 0. So, from for the
odd function my a 0 and a n will be 0 and my b n will be 1 over | from -1 to 1 fx sin n pi x by 1
dx. Now, I have a odd function fx is odd function sin is an odd function and odd function to
multiple of odd function is an even function. So, in this case, this is an even function and then I
apply the properties of the even function that is 2 by 1 from 0 to I it will be fx sin n pi x by 1 dx.
So, I am only left with b n which is not equal to 0.
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So, from here, if [ want to write the Fourier series function which is the odd function, then you
will see that I will come up with only and from 1 to infinity that is my b n sin n pi x by 1. So, this
is my Fourier series, because this is the odd function and on the right hand side also sine function
in the odd function. So, I know that the equality the left and the right should we have same type
so this is odd function then it should also be, for so this is the corresponding Fourier series for

the odd function, similarly I can go with the function fx is a even function.

So, whenever the even function, this is my even function. And if you see the picture of the even
function, that suppose this is - 1 this is + | suppose I have a function from here it is of this type
then even means on the other side it is just the reflection about the y axis. So, in this case, you
will see that this area and this area if | integrate this area and that cannot be 0. So this is my even

function. So, now in that case, I want to write the Fourier series.

So, left hand side is the even function that means from my knowledge that I can find that on the
right hand side which should be always even. So, you can see from here that in that case might b
n will be 0, so a n will be remain like that one because a nis a 0 is 2 by 1. So, this part will be
always I will use a property of even function. So it is from 0 to | fx dx. So, this will be the value

of a 0 similarly my a n will be dx fx into cos n pi x by 1 dx.



So, this is an even function that is an even function and then I use the property of the even
function to find out the integration. So this will be able to find out this one and you will see that
my b n in that case will be 0. So, in that case I left with only the values the coefficient of cos
terms. So, from here I can find the Fourier series my fx will be a 0 + summation a n cos n pi x by

1, where my a n and b n is like this one.

So this is that if I have some function, and I have knowledge about that function that whether this
function is even function or odd function, then I can apply this formula directly.
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So from this one, I will going to start with the cosine series and the sine series. So let us start
with the new way of doing the series is Fourier half range series. So what is this Fourier half
range series? Actually, when started with the Fourier series, we know that I have a function fx
and my x belongs from - 1 to 1. The only thing is that suppose I do not know the function, I have
a function whose value the x the value of the function is given to me only between 0 to 1. So

instead of this function of this form, now I have a function fx. So that x belongs to 0 to 1.

Well, actually, if you see in general cases, always whenever we define a function, the function is
given to us when the x lying from 0 to some finite value. So in that interval, we have the value of

the function. So this in this case, I do not know what is the value of the function from - 1 to 0? So



now somebody asked me to find out the Fourier series, then I know the value of the function

only in the interval from 0 to 1 and I have no knowledge about the function from - I to 0.

So if I want to find the Fourier series, I am unable to do that because in the Fourier series we
have started with the function is a periodic function, and it has a period from 21 and defining
from - 1to 1. So what will do in this case, so in this case, we will take the help of that the case one
I will take so, in this case I have the function fx this is given to me therefore the value of x

between 0 to 1. So this is given to me the function is well defined for the x belonging to 0 to 1.

Now I take the case one and I assume that the function fx is an odd function so this is the
assumption I am making that I am assuming that my function is the odd function and from here, I
can define my function. So, suppose my function is given to me. So, this is my 0 and this is 1. So,
let my fx is given to me some function of this type. So, this function is given to me. Now, I

assume that this function is an odd function.

So, from there to there — 1 I will extend this function from - 1 to 0 and I now I assume that my
function, so this is my fx. So, now I assume that my function becomes fx when x belongs to 0 to
1. And this is - of fx, when x belongs to - 1 to 0, this is I have extended this function and making
this function of the odd function. Now, I know that if I have an odd function then in that case.
Now I am able to find the Fourier series. So my Fourier series is in this case will be so, this is my

function now I call it gx.

So, this function now, I am able to write the Fourier series. So, this is my gx and odd function we
know that a 0 and a n all will be 0. So I will left with only and from 1 to infinity b n sin n pi x by
1 where my b n =1 over | fx sin n pi x by 1 dx. So, this is I have now this function is given to me.

(Refer Slide Time: 25:18)
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So, I know the property of the odd function and this integral become 0 to | fx sin n pi x by 1 dx.

So now you can see that in this case, I have the value of the function from 0 to 1 only. And I
know the value of the function from only from 0 to 1. This is my assumption that I am making
this odd function. So, now in this case, if [ am taking this one then my if I take the x line between

0 to | in that case my function gx is the fx. So, in that case my Fourier series become this one.

So, this is called the Fourier sine series. So, now it becomes the Fourier sine series. So, for a
Fourier sine series, when that series has contained the only sign terms and this is possible when
my function is an odd function. So, this is the Fourier sine series. Similarly the case 2, I can take
when my function fx is given to me for x belongs to 0 to 1 and I am considering assuming that

that my function fx is an even function.

So, in that case I have my f of - x = fx and from here I can do the same way I can go and then I
can write my function fx = a 0 + summation a n cos n pi x by | where my anis 2 by 1, 0 to 1 fx
cos n pi x by 1 dx. So based on this one, I am able to write my a n and the function fx. So based
on this one I am we are able to write the So, this is called the cosine series are the sine series and
we also call it the Fourier half range series because in this case half range is given to us. So, let
us do one example.

(Refer Slide Time: 28:14)
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So, this is a interesting example | want to do suppose I have a function fx and this function is
given to me as sin X and x belong to 0 to pi. So, this is a sine function is there now from here, but
the question is that expand this one expand fx as Fourier cosine series. So, the function is a sin,
but I want to expand this one as a Fourier cosine series it means now what I am need to do I have
a function so, this function is given to me. So from this is my sine function, it is given to me pi
and I want to find the Fourier cosine series means I have to assume that that my function fx is

even function.

So, what is going to happen in this case that [ am assuming that my function is look like this
one? So, this is my only then this function is the even function. So, from here I can say that we
are assuming that the function fx = sin x where x belongs to 0 to pi is extended as an even
function from - pi to 0, only then I am able to find the Fourier cosine series.

(Refer Slide Time: 30:18)
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So, after doing this one, now I have my cosine series. So my fx will be a 0 + summation and
from 1 to infinity a n cos n pi X by 1. But in this case I am taking 1 = pi. So, this will be pi it will
cancel out. And from here I can write my a 0 + summation and from 1 to infinity cos n X, this is
already given to us. Now I want to find my a 0. So a 0 will be 1 over 2 pi and now what I am
going to do is I it is a half range series so, I know that this written in 2 times 0 to pi and fx is

given to me sin x dx. So, this is given to me.

So, from here I can write this is a pi and this is - cos x 0 to pi because the integration of sin X is -
cos X, it would be cos pi - cos 0. So, what is the cos piisa- 1 so - 1 -1. So, it will be 2 by pi, my
an it will be 2 over pi from 0 to pi fx is sin x and then this cos n x dx. So in that case now if it is
from - pi to pi in that case I know that this function using the property of orthogonality this
integral was going to be 0. But now in this case we are not taking the integration from - pi 2 pi
we are taking the integration from 0 to pi.

(Refer Slide Time: 32:34)
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So, if I solve this one, so I can solve this integral from 0 to pi and then if I apply the formula
here, so you can apply the formula or I can use as a first function of the second function. So I
what I do is that I will use this formula 2 sin A cos B=sina + b + sin A - B. So, from here I can
write that this is 2 times this one. So I can write directly from here 0 to pi sin n + 1 X + sin so sin

A sin B, A sin x and B sin x so A - B so x - 1 x and then dx. So this one I can do that integration.

So this 2 will cancel out because we have already used this formula and then it will be 1 over pi
and then doing the integration. So it will be - cos n + 1 x divided by n + 1 doing the integration
from putting the limit from 0 to pi + again it will be - cos 1 - n x divided by 1 - n disintegration.
So from here I can write from that 1 over pi so this is a pi again put here. So minus 1 over n + 1
cosn+ 1 pi-cos 001 itwill be 0 and from here I can write again minus 1 over 1 -ncos 1 - n pi
- 1. So this value I am able to find So, everything depends upon that what is the value of n.

(Refer Slide Time: 35:33)



fle Edt View Inset Acions Tools Help

_ﬁ. Jo@ -S4 M-

P i gl \ﬁ“j .
_ L ,cﬂ@,dﬂ ‘;"‘f"”"“)"‘i ! 2l lafl
— .’TI T { { e . \ 3
L Q"\fb : L I Jo \/'JI = ‘gﬂiﬁ4ﬂj 'J"J;n{ﬂ-_ﬂj
=il - N -
?')'"—"fflﬂ’m'n—i\—f fa] Yl Lali-n)1
i Sl A e ) ‘
- = =¢o(n)n
= _I":II -l fa el ) : S@ \‘\2"/3 £ ’_]
n+| o em i 4 f
i e L= nealiy. )‘ =% [—3 mazyvy.o |
Pl
o r ) n=l 9 1
= ._| ‘/J.jﬁ el -Ei l‘“l _-|
"‘\Lﬂ +.2 hn;./_ -‘: nli'?(-.'-_iﬂ(f 'ﬁ"fm,,
3l - ’/L & ,__.1‘ J=ni
e
_MPTHEL

So, I can take my So, this will become 1 over pi - 1 over n + 1. Now, depending upon what is the
value of n if I take n = 1 here, it will be cos 2 pi cos 2 pi is 1. If I take n = 2 it will cos 3 pi so its
value will be minus 1. So depending on this value, if it is 1, then it will be 0. If it is minus 1 that
will be minus 2. So depending upon that I can write here that its value will be 0 whennis 1, 3, 5
and so on. And otherwise value will be minus 2, when n is an even number 2, 4 and this - 1 by 1

- n and again this type of value.

So it if I put n = 1 here, so this will be cos 0, and cos 0 is 1, so it will be 0, when n = 2 here It
will be cos 5 it will be minus 1. So again, I can write that this is 0, when n is 1, 3, 5 and so on.
Because if I put cos 1 - n and same as cos n - pi, it does not matter, right. So when n = 1 its value
1s 0. When n = 3 it will be 2 pi 0 and otherwise it value will be minus 2 when n = 2, 4, 6 and so

on. So based on this one, I can write the value 1 over pi. So this is so [ am now going this one.

So its value will be 0 when n = 1, 3, 5 and so on otherwise value will be so minus minus. So it
will be 2 by n + 1. And this minus will be plus 2 by 1 - n and when n is 2, 4, 6 and so. So, after
finding this value. Now, from here, 1 just make it a little bit simpler, then when n = odd, but
when n = even its value be this 1. So instead of n I can put the m here or I can write down. So
this is equal to 1 over pi 1 - n square, this one I can take 2, I can take a common. So thisis 1 -n +
1 +n, when n is even so it will be 2 by pi this will cancel out, certainly 2 pi 1 - n square. So it is

4 by pi 1 - n square.
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Or - 4 by pi n square - 1 when n is even. So from here, I am able to write the Fourier cosine
series. So I can write sin x 1s equal to my a 0 was 2 by pi. So it is 2 by pi + summation n = 1 to
infinity. Now I am taking n = even, so in that case, it would be - 1 by 4 - 4 by pi n square - 1 cos
n X, but [ am choosing only n = even. So n =2, 4, 6 all this well we come up and this is we call it

the Fourier cosine series for the function sin x.

So, that is a obviously a new thing that on the left hand side we have a sine function, but on the
right hand side we have a cos function. So, this is the approximation of the function sin x in
terms of the Fourier cosine series so, that is a way we can do assuming that the function on the
left hand side extended to the function on the left hand side as an even function. So, after doing
this one So, this is the way we have started that for a given function, any function well, when the
function is well defined from 0 to 1. Then we can write the Fourier half sine series or half cosine
series. Now, we start with the next thing is that [ have my Fourier series.

(Refer Slide Time: 41:02)



Fle Edt View Wset Actions Tools Help
AL AT
L .
- ; € = Gt 4 Sinv_
= Lkr"{:hy !Cew- g% FCW\‘CF -EJE‘S\M..;'

s Lax = &S00
)z %0t Z 4, G ﬂ“‘-_‘_'bﬂ din “a} . b
M= i e Yoy 2 gl i
S }h.’itl—-&:ﬂﬁ [ o s e
:qaﬁ-?q“[e e {J'I'r'bﬁnfl'i'. —iwnlad
——— s LA |
i =t
24

So, I just want to write the complex form of Fourier series, so, now I have my series fx as a 0 +
summation 1 to infinity now, I have a n n pi x by Il it is given to me. I will use this formula ix so
this 1s [ know that this is equal to cos x + 1 sin x now from here and also I know that the cos x can
be written as e to the power ix + ¢ - ix by 2 because if I take the - ix - 1 will come here and also I
know that the sin x can be written as e to the power ix - of e to the power - ix by 2i. So, in this

case I have 2i. So, I will use this property here.

So, it is denote that + summation a n and this one I can write as e to the power 1 so instead of x. I
have n pi x by | for this is there, cos x + e to the power - i n pi x by 1 by 2 + b n now will write it
as e to the power i n pi x by | - of - 1 by 21, so from here I can collect the terms so, I would collect
the terms correspond to this one. So, it becomes anby 2 +bn by 2 ie to the powerin pi x by |
+anby2-bnby2ie tothe power - i n pi X by 1 and then this is the constants we can take this
constant. So, from here what I do that if you see clearly that this is just the conjugate of this one.

(Refer Slide Time: 44:33)
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So, from here I will write this function as a 0 summation and from 1 to infinity. So, I call it as ¢ n
e to the power i n pi x by | + I will call it ¢ - n because instead of n I am putting - n I will get the
same value. So, this is n pi x by 1, where I am choosing my ¢ n is equal to So, ¢ n we are
choosing half a n - i b n. So, this I am choosing I will multiply by 1 i here and then this will be
again this will be 1 1 here. So, this will be - and this will be + so, I am taking ¢ n will be like this

one and ¢ - n will be like this one. So, from here if you see from here I can write this out.

So, this a 0 also call it a ¢. So, I can write this one as a new one summation n pi X by 1 because
from here if you see that when I take n = 1 it will be — 1 and my 2 it will be ¢ - 2. So, it means
the coefficient when I take n from 1 to infinity this coefficient is going from - 1 to - infinity. So,
it is - 1 to - infinity this will be there at 0 this a 0 is there and after n equal to infinity this is there.

So, I can write this series as in the one form that is called their complex form in this way.

So, this function becomes a now, summation and from - infinity to infinity ¢ n this one and
where my ¢ n is half a n - 1 b n and that will be 1 over to 2 I. So, a n I already know. So, a n is
there fx cos n pi x by L, So, I can write - 1 integration. So, it is from I to 1 fx sin n pi x by 1 dx. So,
this is also dx. So, if I combine these together then from here will you see that it becomes - 1 to 1

and this becomes fx e raise to power - i n pi x by | dx.



So, from here I can write my coefficient ¢ n will be 1 over 2 1 because 2 is coming from here - |
to 1 it will be fx e raise to the power - i n pi x by 1 dx. So, this is the coefficient of the complex
Fourier series. So, this expression is called a Fourier cosine Fourier complex form and this is the
corresponding coefficient. So, the advantage in this case is now, that whenever the function
there, I can write the function in this form and only the all the coefficients because earlier we

used to find a 0 a n and b n separately.

But now, I can find the value of ¢ n together in just one go and based on this one we are able to
write the Fourier series. So, in this way we can write the Fourier series in the complex form. So,
this is a we will stop here. So, this is all about that how we can extend Fourier series into the half
range series and then we are able to write the Fourier series in the complex form. So, in the next
class will you go further and study more about the Fourier series. So, thanks for watching thank

you.



