Introduction to Methods of Applied Mathematics
Prof. Vivek Aggarwal & Prof. Mani Mehra
Department of Mathematics
Indian Institute of Technology — Delhi/DTU

Lecture — 14
Laplace Transformation
Welcome viewers, welcome back to this course. So, today we are going to start with a new
topic because in the previous classes we have all developed the technique to solve the
differential equations. Basically, till now, we have solved the second order linear differential
equation, homogeneous and non-homogeneous with initial condition or the boundary
condition. So, today we are going to start with a new topic and that topic we also use to solve
the differential equation. So, today we are going to start with lecture 14.
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So now, as I told you, we know that I have a differential equation, it may be initial value
problem or the boundary value problem, and on the other side, I have an algebraic equation,
this is the algebraic equation and I ask that which one is easier to solve. If you have a
differential equation on the one side on the one hand and algebraic equation on the other hand
and you want to solve, which one is easier to solve? So, obviously, the answer will be that

algebraic equation will be easier to solve.

So, today in the topic, we are going to transfer this differential equation, generally the initial
value problem, into the algebraic equation, and then we will solve that one. I have a

differential equation and I am converting this differential equation into the algebraic equation



using some transformation. So, obviously, that transformation should contain the sign of

integral because the anti differentiation is integration.

From here, I will start with a new topic and that is the Laplace transformation. So, for the
Laplace transformation, I define that let I take a function f t., so now we are defining the
function in terms of t, that let f t be a function well defined on the interval 0 to infinity, then I
take the Laplace L of f't by taking the integration from 0 to infinity. Here, I am taking a new
variable e raised to power — s t and then multiply by ftd t.

So, this is the integration we are going to take. Now, if this integration finite, the integration
this one is finite value, then we say that this integration exists, and in that sense, I will say
that the function f t has the Laplace transformation. And if you see from here that we are

doing the integration with respect to t and then putting the limit.

So, after doing all this calculation you will see that I will get the function on the right hand
side in the form of s. So, I call this one as a function of s, and then I am taking the Laplace of
small f't, then we generally represent this one by S. So, F is a function of s and from here I
can say that this f'is a Laplace transformation of this f't.
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So, let us take few examples to understand more how this integration happens. So, suppose I
start with a very simple example. So, take some examples. Let us take a function, my ft =

some constant function 1, this is the simplest function I can define. So, ft= 1 and t belongs



to 0 to infinity. Now, I want to take the Laplace of this one. So, the Laplace of my f't in this

case will be integration from 0 to infinity e —s tinto 1 d t.

So, from here I can solve this integration and the integration of exponential will be e — s t
divided by — s and now putting the limit from 0 to infinity. So, this one I can define as, so 1
over — s | can take common, then I put the limit t tends to infinity e raised to power —s t —,

and putting t = 0 so it will be easier.

So, from here, I can define that this is — 1 over s and now this limit I want to find out. So, in
this case if you see exponential is a — SD. So, T is my always positive value starting from 0
to infinity. So, in this case if you see exponential e is — s t. So, t is always positive value,

starting from O till infinity. So, in this case it depends on what is my s.

So, if you see that if I take, so this one I will just define, now limit t tends to infinity e —s t, it
will be — 1. So, now I take for s, if [ take s less than 0, so in that case I am choosing my s to
be negative. So, if s is negative, then you can see from here, if s is negative, then this will be
a positive value. And in that case, if [ put the limit t tends to infinity, then in that case I will
say that my Laplace of f t = 1 will be infinity or even I am taking s = 0 also. So, this is the

casc.

Now, what about if I take s positive. So, if I take s positive, for the limit if s is positive, then
this one I can write as — 1 over a limit t tends to infinity. I can put thisone as 1 overest—1,
and then this is positive value, the s is positive and t is positive and this is going to be infinity,
and from here if you see, then this will be — 1 over s and this value will be 0 — 1. So, from
here this value will be 1 over s.
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So, from here I can write that the Laplace of ft=1. This will be 1 over s if s is greater than 0
and it is infinity when s is less than or equal to 0. So, that is the Laplace transformation for
function ft = 1. So, the same example I can take. So, let us take another example. I take

another example. Now I choose f't is equal to some polynomial t.

So, what will happen in this case? I want to define the Laplace of ft=t. So, this one I can
write as F s. So, it is my O to infinity e raised to power —s tinto t d t. So, here I have to take
the by parts rule to find out the integration because in the Laplace transformation always you

will get the function of this type and then you have to apply the integration by parts.

So, in this case, what I will do, I will take t as the first function integration of, and then
putting the limit — 0 to infinity. And here I will take the derivative t that is 1, so it will be e
raised to power — s t d t by — s, so integration of the second function. Now, from here I will
get — 1 by s I will take common, and here I will put the limit t tends to infinity t e raised to
power — s t — and I am putting 0, so it will be 0, and this — s I can take outside, so this will be

+ 1 by s 0 to infinity e raised to power — st d t.

And you know that this is the Laplace transformation of the function 1. So, this one we have
just done, finished this one. So, this is the Laplace transformation of this one and that value
is 1 by s. So, from here, I just define 1 by s and then solving this limit. So, I will take the

same, two cases.



So, let us take the case when s is positive, s is greater than 0. So, in that case, this will be
limit t tends to infinity, t by e raised to power s t +, so here 1 by s and this will become 1 by s,
so I can take it as s square, okay, because I am choosing that s is positive, s is greater than 0.
So, in that case, what will happen?
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I will get infinity by infinity form and then by the L’Hospital rule I will get the limit t tends to
infinity 1 over s e s t, the derivative, + 1 by s square, and then I am putting the limit t tends to
infinity becomes infinity and then 1 by infinity will be 0. So, from here I will get my s square
when s is positive. Similarly, if I take s negative, then its value will be infinity. So, this will

be equal to 0.

So, from here, I can say that my F s will be of this type, infinity when s is less than 0. So,
this 1s the Laplace transformation of the function ft. And if I take the Laplace transformation
of t square and doing the same thing again what we will get, I am getting, from the by parts
integration, from this place I will get t into e raised to the power — s t and that is the Laplace
of the t just we have done. So, the same way we can do.

(Refer Slide Time: 13:47)
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Now, suppose, I take the Laplace of f t =t square. So, the same thing will work here. So,
now my Laplace of t square will be 0 to infinity t square e raised to power — s t d t, just now
we do that. So, it is a t square e raised to power — s t by — s, 0 to infinity. So, this will be
becoming 0, —, then I will take the integration and it will be 2 t, and then e raised to power — s

tover—sdt.

So, this part will be 0 again by putting the limit for s positive, and in that case I can say that
this is going to be 0 and this will be, so we are getting here 0 this value, and — and — + sign
will be here and 2 will be taken common. So, it will be 2 by s and then inside I will get
infinity t e raised to power — s t d t. This is the Laplace of the function t that we have just

found as 1 over s square.

So, from here I will say that the value of this will be s cube when s is positive and infinite
when s is negative. So, from here, I can define my Laplace for the general function. So,
now, if [ have ft =t raised to power n, then I can define from here that the Laplace of ft =t

raised to power n. So, here, [ am getting 2.

If I take the t cube, so I will get taking the derivative, so that will be 3 t square and then this
value. So, again the same thing, so 3 will come. So, here it is 2 by s cube. There it will
come 3 into 2 to 6. So, from here I can say that it will be s and + 1, because when I am taking

t square the s cube is coming. So, n + 1, t square 2. So, from here I can say that n factorial.



So, 2 is 2 factorial and then it will be multiplied by 3 so it will be 6, so 3 factorial and so on.
So, from here I can define my Laplace for any polynomial of degree n and its Laplace
transformation will be n factorial by s, n + 1. So, this is the simplest function we have taken,
the Laplace transformation, then I can define the Laplace transformation for any other
function.
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File [t View Iment Actom Toos Help

FATAL 2T Rl

B s &Y tefn) - ."J[,yaﬁ'-gf
Lle28)= P 585,25 Jp = f ~eﬁa-‘gta{‘; = = |
J ~ (4] |
- - i o
= <Ll fy 5897 o= =tfo-]e
-0 | = U e
@ —i/ A=t e P AP A

(!
-~
[

1
-~
~

So, let us take another example, and I take the function f t is equal to some exponential
function, e raised to power a t. So, this function we are defining and this function is well
defined for t belongs to 0 to infinity. And then in that case, if | want to define the Laplace of

e at, soit will be 0 to infinity e —s t, e a t, d t where a is a real number.

So, from here, I can define from this, e raised to power —s —a t d t and this will be —s — a't
over — s — a and then putting the limit O to infinity. So, from here I can say that, I just take
the common s — a and then putting the limit. So, it is the limit t tends to infinity e raised to

power —s — a t and then putting the value 0 here.

So, — it will be e 0. Now, the same case will happen, so now I will choose that my s — a is
positive value. So, in that case, I can say that this will be 1 over s — a, and if I am choosing
my s — a is a positive value, then this will become 0. So, this will be 0 — 1, and from here I

can write it as s — a.

So, from here, if I say that this is equal to 1 over s —a when s — a is positive, or I can say that

s is greater than a and this will be infinity when s is less than or equal to a. So, from here, I



am able to find the Laplace transformation of any exponential function. So, we are able to
find the Laplace transformation of any polynomial or the exponential.
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Now, I want to define one property of the Laplace transformation. So, if you see that the
Laplace transformation of a function f t where f t is a well defined function in the interval
from 0 to infinity, so this is 0 to infinity e raised to power —s t ft d t. So, from here I give
property 1 of the Laplace transformation that is Laplace transformation is linear. So, what is
the meaning of that?
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The meaning of that is that a transformation is said to be linear if I want to take the Laplace

of C1f1t+C2f2t. So, this is a linear combination of the two functions. So, if this comes



equal to C 1 and the Laplace transformation f't + C 2 the Laplace transformation of f 2 t, then

we say that the Laplace transformation is a linear function.

And now, you know that in the Laplace transformation we are dealing with the integration
and the integration itself is a linear transformation. So, from here, if I just want to find out
what is the Laplace transformation of this linear combination of two functions where C 1 and
C 2 are the constants. So, this will be becoming 0 to infinity and this is e raised to power — s

t. So,C1f1t,C2f2tdt.

So, from here I can write that, just separating the things because this integration I just
separate this one as C 1 I can take outside and then I can apply e raised to power —ftdt+ C
2 0 to infinity. So, this is my f 1 and this will £ 2 t d t, and then from here you can see that

this is the Laplace transformation of f 1 t and this is the Laplace transformation of £ 2 t.

And then I can write this one as C 1 the Laplace transformation of f 1 t + C 2 the Laplace
transformation of f 2 t, and then from here I can say that Laplace transformation is a linear
transformation. Now, one more thing I want to just define. So, we have taken the Laplace
transformation of the function and the exponential. So, now I want to take the Laplace
transformation of any trigonometric function.
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So, I just want to define what is the Laplace of a function ft = cos a t or what is the Laplace
transformation of sin a t. So, this one I want to find. So, now, this one we can define like

this one. So, I just want to find the Laplace of cos a t + iota, iota is the complex number, sin



at. So, this one I want to find. So, just know I told that the Laplace transformation is a linear

transformation.

From here I can define that cos at +1 sin a t, I know that it can be written as e a 1 t, this is the
exponential function, and this one I can just write 0 to infinity e raised to power —st,eaitd
t. And I know that the Laplace transformation of an exponential function of an exponential
function is equal to, so this I already know, that this is equal to 1 over s —a i when s is greater
than a 1, so it is 0 and this is infinity when s is less than or equal to 0, because a 1 is just the
imaginary number.
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So, from here I can write down the Laplace of cos at + 1 sin a t is equal to, so this one I will
separate this complex number into the real part and the imaginary part. So, I just multiply by
s+ aiand divide by s+ ai. So, from here I can write that s + a 1 and dividing by s + ai. So,

that will give me s square + a square when s is positive.

So, from here, I can write this function in the simplest form and I can separate this one as a
real part, so real part is s over s square + a square. And then I can write iota a over s square +
a square when s is positive. Now, comparing the real part and the imaginary part, so from
here I can say that the Laplace of cos a t is, taking the real part equal, so this will be s over s
square + a square and the Laplace transformation of sin a t will be a over s square + a square.
So, this one we are able to find.
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So, if somebody ask that what is the Laplace transformation of cos 2 t, so this will be s over s
square + 4. What is the Laplace transformation of sin 2 t, so this will be 2 over s square + 4.
Now, if somebody ask that, my F s is 4 by s square + 9, then which function f't we can find
such that the Laplace of that function is equal to this function. So, basically, I want to find
what is this function f't such that this is equal to my f's.

So, in this case, we can just say from here that [ want to define the function f t such that the
Laplace inverse of F s is this one. So, from here, I can say that I can define a Laplace inverse
such that if I take the inverse of F s then I should get the function f t. So, from here, we
define another way of finding the inverse and that we represent by F L inverse. So, from
here, now my F s is 4 by s square + 9 and I know that if I have my Laplace of sin 3 t, then it
should be 3 by s square + 9.

So, from here, I can say that 4 cross 3 divided by 3, and then I will write s square + 9. So,
from here I can write that this is equal to 4 by 3, 3 by s square + 9, and I want to take the
inverse of F s. So, this will be L inverse 4 by 3, 9, and this one I can take common. So, |
want L inverse 3 over s square + 9. So, if I define this one, so this will be equal to 4 by 3 and
then this is Laplace of sin 3 t. So, from here, I get the solution.
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And that solution gives me, so from here I can write that the Laplace transformation of 4 by 3
sin 3 t =4 by s square + 9. So, now we are able to define the Laplace transformation of the
trigonometric function also. So, let us define another function, because till now it seems that
we are able to take the Laplace transformation of any function, it may be a polynomial, it

may be a trigonometric function, it may be an exponential function.

So, let us take the Laplace transformation of the function. So let us take another function f't,
itis 1 by t. So, let us take this function 1 by t. You know that my t belongs to 0 to infinity.
So, at t = 0, this function’s value is infinite, so this function is undefined at the value t = 0.
But we are dealing with the integration, so let us take that and try to find the Laplace of ft =
1 by t.

So, if you take the Laplace transformation of this one I can define this integration from 0 to
infinity, t d t, and in this case, you will see from here that this function if I want to take the
integration and taking this 1 by t as my first function and e raised to power — s t as the second
function that we are doing, then if I take the derivative, so let us do this one, I go by the same
way. So, let us take 1 by t as the first function and e raised to power — s t over — s as the

second function 0 to infinity.

So, what is the differentiation of 1 by t, so it will be — 1 by t square, and then it will be — s t
over —s d t. So, this will keep increasing like this one. Next will be — 1, 2 over t cube and so

on, and here also I am dividing by t. So, if I take that as we are taking s is positive, so if I just



take the integration of this function, for infinity it is okay but when I take t = 0 then it
becomes infinity.

(Refer Slide Time: 32:27)

Fe Eci Yiew Inert Aciom Tools Help
_L- J@-Sg -
(1] {
L)z £+ 4e(c0 ) =
=3¢ = ) L(_*#L'f«-— t)= P & Je

4
G ghonst F loflas Trueforrwbn -
. : ; Lo
@ He) o Pleewi Gordinwng wo e stk L84)

LT
" Mar

So, in that case, I can say that for this type of function this Laplace transformation does not
exist or I can take another function f't = e raised to power e t or | just take another function e
raised to power t. So, like this function, if I just take the Laplace transformation, you can say
that the Laplace transformation does not exist. So, for this one we just want to find out which
functions we are able to take the Laplace transformation and then we get into the existence of

the Laplace transformation.

So, before going to the existence of the Laplace transformation we want to define two terms.
The first terms we want to define, and that we already know in fact, is that what do you mean
by a function f't is piecewise continuous in the interval 0 to infinity. So, what do you mean
by the piecewise continuous in the interval 0 to infinity? It means that my function, so let us
define one function, so this function means that this function is continuous but in the pieces
in the whole interval from 0 to infinity.
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Like suppose I have some function, this is my t x and this is my ft. So, I define a function,
so from 0 its value is this one, this value here. So, this is t 1 I say, and after that the value of
the function is this one and then this I call it as t 2, and after that the value of the function is

like this one for all value of't.

So, in this case, | know that my value of the function at t = 0 is this value, because we are
discussing here that my function is a continuous function, but in the pieces. So, if the
function is continuous it means its value is well defined at any value of the T. So, att= 10, so

this 1s my t = 0, the value the function is this one.

So, let at t = 1 the value of the function is this one, and starting from this, then at t = 2 the
value of the function is, let us take this value as a function of the value, and then this one. So,
from here, | can say that my function f't is this function, so I call it as f 1 t when t is defining

Ototl. So,att1 also I am taking this value. So, let us take equal to sign here.

Then, I will take my function f2t. So, f2 tis, so t is greater than t 1 and less than or equal to
t 2 because t 2 value is this one, and then I have taken f 3 t. So, t is greater than t 2 up to
infinity. So, in this case, my function f't is in the pieces but this is continuous function and in
fact, if you see from here, it has discontinuity at the point this one which we generally take as

a jump discontinuity.

So, we can say that my function f't in this case is a piece wise function with finite number of

jump discontinuity. Now, you know that in the Laplace transformation we are dealing with



the integration and for the integration even the function has a jump discontinuity, we are able
to take the integration.
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So, suppose I want to take a Laplace transformation of this function f t, so it will be 0 to
infinity e raised to power —s t ft d t. So, because of the properties of the integration, I can
extend, split this integration from 0 to t 1. So, this will be e raised to power —stfltdt+t1

tot2,itwill f2tdt+t2to infinity, it willbe f3 td t.

So, in fact, I am able to define the Laplace transformation for any piecewise continuous
function which has the jump discontinuity that is finite in numbers. So, this is the one of the
properties that is there. And, the second one I will define, the term I will define and that is
called the function f't is of exponential order and that exponential order alpha. So, what is the

meaning of this?

So, if I am able to write my function f't, so this is my function f't, suppose the value of this is
always less than some constant M e raised to power alpha t for all t infinity, or sometimes we
are unable to take this, so my alpha you can say that M and alpha are real numbers and

positive.

So, in this case, I can say that this function has a bound, that bound is by M e raised to power
alpha t and t is we are defining this one. So, sometimes we are also able to write this for t
greater than or equal to T because it may happen like, for example, so let my f't is there, now

exponential, so let us take alpha =1, so e raised to power t. So, at t =0 its value should be 1.



So, suppose this in my exponential function e raised to power t and I have my f't of this type,
so add this value, its value is like this one, then this one, then this one, then after some time
its value is always less than e t. So, in that case, this is the point. So, I just derive this
function again. So, my function is like this one, and then after this value, so from here I just

choose the value of this one and this one I call it T.

So, from here you can see that my function is always below the function e raised to the power
t. So, from here for this function I can say that my function f't is less than or equal to, M I
just take 1 and alpha I will take 1, so it is always less than t for t is greater than or equal to T.
So, sometimes we are able to find this T also. So, what is the meaning of this?
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It means that whatever the function I have and if I take the positive value, the modulus value
of that function, so that is always less than or equal to some number M e raised to power
alpha t, means e raised to power alpha t is an exponential function, so my function should lie

below this exponential function.

Suppose I take my ft =1, so in this case I can say my 1 is always less than, just I take 1, M is
1 and alpha is 1. So, I can take e t. And I also know that my function is 1 here, this is my f't
and the exponential function is like this one. So, for all values of t my function f't is always
below the exponential function.
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So, this function ft =1 is of exponential order 1 or I can take my ft =t. So, in that case, |
have the function that is this one and this function is always below the exponential e t or I can
choose my function sin t cos t and its value is always 1, maximum value is 1, so it is always

less than this one.

So, from here, I can say that my exponential function is like this one and the maximum value
is 1 and my exponential function is going from here. So, this is my e raised to power t and
this is my function sin t. Similarly, I can take cos t. So, this function is always less than this
one. So, I can say that my function sin t is of exponential order 1.

(Refer Slide Time: 43:58)
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So, now I will define that word existence. So, in this case, [ will say that if my function f't is

piece wise continuous and of exponential order alpha, then its Laplace transformation exists



for all s, sufficiently large as we have seen that in the Laplace transformation we have taken

the different different value of s. When s was positive the Laplace transformation was valid.

When s was less than or equal to 0 it was infinity. So, that is the value of s we are talking
about. And specifically if f't is, so from here I can say that if f t is piecewise continuous and
exponential order, then f t will be M e raised to power alpha t for t, then Laplace
transformation exists. So, if my function f t is piecewise continuous and of the exponential

order alpha, then its Laplace transformation exists for all s sufficiently large.

So, this one. So, I just want to take the proof that function or that existence theorem, you can
just say that this is existence theorem. So, for the proof, now if you see that here exponential
order function means that the modulus of the function should be bounded by this factor M e
raised to power alpha t. So, now, I will take the help of, because here we are dealing with the
Laplace transformation and that is the integration, and integration you can say that this is the

extension of the summation.

And as we were doing in the case of series solution and we know that the absolute
convergence of the series is equal to the convergence of the series. So, from here, I know one
thing is that my integration from 0 to infinity e raised to power — s t f t d t, this is always less
than or equal to f t d t modulus value because if my exponential function is always positive

and if my function f't is also positive, so in that case, I will get this equal sign.

If it is a negative then it is less than. And from here, I know that this can be written as 0 to
infinity, it is always positive. So, I can write from here. I am just taking the modulus value
inside the integral and this value I can write down as, so this is less than this one and this is
given to me that this is equal to 0 to infinity e raised to power — s t and this value is given to

me that function is exponential order.

So, my modulus is value of f't is less than or equal to M e raised to power alpha t. So, I can
take M outside here, and this will be e alpha t d t. So, from here, I will get the value M e
raised to power e —s —alpha t d t. So, from here, I know that this is equal to 1 over s — alpha
when s is greater than alpha and infinite when s is less than or equal to alpha.

(Refer Slide Time: 49:006)
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So, from here, I can say that the Laplace transformation of the function f t which is either a
piecewise continuous function or the exponential order, exists and this is equal to 1 over s —
alpha when s is greater than alpha and infinite when s is less than or equal to alpha. So, that

is the existence of the Laplace transformation of the function f't.

And from this one I can say that, one thing also I can observe from here, that if I choose, so
this is equal to F s and s is greater than alpha, alpha is any positive number. So, in that case
my s is always greater than the positive number. So, what will happen if I take limit s tends

to infinity F s in this case, because this we have done for any general function.

So, what will happen if we take the limit s tends to infinity F s. So, from here you can see
that alpha is some real number, so from here, I just take limit s tends to infinity, it means we
are dealing with this value of the function, so this is s — alpha and from here I can say this
one. So, from here, I can write down another property of the Laplace transformation is that if

I take s tends to infinity limit putting on the F s, that value is always equal to g.

So, this is another observation we should keep in mind about the Laplace transformation. So,
in this class, we have started with the Laplace transformation and then we have discussed the
existence of the Laplace transformation. In the next class we are going further from this one.

So, thanks for watching.



