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Lecture — 17
Fuzzy Sets Arithmetic and Logic

Welcome students to the 17th lecture of the MOOCs course on Introduction to Fuzzy Sets,
Arithmetic and Logic.

In today's class we shall be doing solving of fuzzy equations as you can well understand that
solution of equations is very important particularly when we are designing system that needs us to
handle fuzzy mathematics to a significant extent.
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In particular we shall look at two different types of equations

1. Linear EquationA+ X =B

2. Multiplicative A- X = B
where A and B are fuzzy numbers and X is also expected to be a fuzzy number
Why | am saying expected?
Because sometimes there may be a trivial solution where X is only one real number.
We shall see that later.
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So let us first start with
1) A+X=B8B
Now if A and B are reals we get straightforward solution X = B — A
Does it work for fuzzy numbers?
The answer is NO.
Why?
The reason is very simple.
(Refer Slide Time: 03:34)

Let us illustrate using interval arithmetic.

Suppose support of A = [a,, a,] and support of B = [b, b, ]



Because you know, we have already done these things that it will be most negative the value will
be b; — a, and most positive value that it can have is b, — a,

ThenB — A = [b; — a,, b, — a4]

Therefore, A+ (B — A) = [b; — a, + a4, b, — a; + ay] # [by, b, ]

So this shows that we cannot get a solution by simply subtracting A from B.
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However, we can easily see that one possible solution is [b; — a,, b, — a,]
It is obvious that [a,, a,]+[b; — aq, b, — a,] = [by, by]

But it is not so simple.

There is a catch!

[b, — ay, b, — a,] need not be a valid interval.
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Example: Consider A =[-3 1 9]and B = [-1 2 3]
Therefore, support of A = [-3, 9], supportof B = [—1, 3]
Therefore, [b; —ay, b, —a,] =[—-1—-(-3) ,3—-9] =[2,-6]
And we see that this is not a valid interval.
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However, if the given equation is

[-312]+X=[-16 8]
then [b; —ay, b, —a,] = [—1+ 3,8 — 2] = [2,6] which is a valid interval.
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But the catch is that this validity should hold for all a-cuts.
Because we know *A + *X = “B
So consider again A =[—-3 1 2]and B = [-1 6 8]
Therefore, *A = [-3 + 4a,2 — a]and *B = [3a + 2,6 — a]
Therefore, we get by subtracting *4 from “B

X =[3a+2,6—al
(Refer Slide Time: 12:14)

Since *X = [3a + 2,6 — a] we can obtain the fuzzy number X and



px(x) =

Therefore, in this case we get a solution.

Thus the conclusion is that all the time you may not get a solution for A + X = B when A and B
are fuzzy numbers, we have to check the validity and then only we can be sure that the fuzzy
equation can be solved.
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Let us now look at solution for
2) A-X = B where A and B are fuzzy numbers.
As before we go by interval arithmetic.
Let the support of A = [a4, a,] and support of B = [by, b, ]
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Now there are three possibilities for A and B

i. OSa]_Saz i. 0Sb1£b2
ii. a]_SOSaz il. b1S0Sb2
iii. a, < a, <0 iii. b1 < bz <0

Now, for A, any of the 3 situations can be a possibility. Similarly, for B, any of the 3 situations
may be a possibility.

Therefore, the equation A - X = B may have 9 different possibilities with respect to the support of
A and B.

Therefore, whether a solution actually exists or not, in order to find that we have to look at the
particular situation of the given problem and then we have to see whether a solution is possible or
not because we shall see that in all of the 9 cases solutions may not be possible.
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So let us look at Case 1
When0<a, <a,and0 < b, <b,

We can observe that

by b
[as, @] * |22, 22

] will give the interval [b;, b,]

Therefore, one may think that [%Z—Z] may be the support for the unknown quantity X.
1 2
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So let us consider examples, and we are in the interval arithmetic mode and the equation to be

solved suppose is
[27 3] * [xler] = [SI 9]



Therefore, by the above observation X = Ez] = [2.5, 3]

And this is accepted because this is a valid interval.
Example 2:
[2,3] * [x1,x2] = [4,5]

ba _ 5
az

Therefore, % = 2 and
1

Thus, X can be [22] which is not a valid interval.
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Thus, in the second case we do not have a solution.

Therefore, the condition that when both 4, B € R* then solution exists if
b _bs
a; a

As before this should hold for all a-cuts.
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Hence the conditions for existence of solution for A - X = B when A, B belongs to R* are:
(@) =2 < foralla € (0,1]
aq ap
This is needed so that validity of the solution is ensured
by Ifa<p

“b, Bbl Bbz “b,
@q, ~ Pa; = PBa, ~ “%a,
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That is if *A = [ %a,, *a,] and *B = [ %b,, *b,]

Then, the above inequalities should hold for all @ < B because this will ensure that £ X € *X
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Now let us look at Case 2
0<a,<a,andb; <0< b,
Now if X is the solution, let support of X be [x4, x,]
Therefore, we can have three situations:
1. 0<x;<1x,
Support of A -X = [a,x,, a,x,]. Both are positive.
2. x1 <0< x,
Support of A -X = [a,x, ayx,] = [—ve, +ve]
3. x1<x, 50
Support of A -X = [a,x,, ayx,]. Both are negative.
As b; < 0 < b,, this simple observation suggests that if there is a solution then x; < 0 < x, is
the case.
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Therefore, if a solution exists then [a,x;, ayx,] = [by, b, ]

by bz]

az’ ap

Therefore, [x;,x,] =

Therefore, in this case we shall always get a solution.
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Let us now consider Case 3,

0<a,<a,andb, <b, <0

Therefore, to obtain a solution, we must have x; < x, <0

Because A is completely positive B is the completely negative therefore, unless X is all negative

we cannot get a solution in this case.



Therefore, [ay, a;] * [x4, x,] = [by, b, ]
= [ayx1,a,x,] = [by, b, ]

b b
Orx1=a—1andx2=a—2
2

1
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Therefore, like Case 1 solution will exist if

b b
_13_2
a, aq
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So let us take examples,



(a) [4! 9] * [x1!x2] = [—5, _3]

o 5 0.55 dbz— 3 _ 0.75
“a, 9 7 an a, 4

Therefore, this is not a valid interval. Therefore, no solution exists
(b) [2,6] * [xpxz] = [—4,-1]
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Therefore, the interval is [— § —% which is a valid interval. Therefore, solution will exist.

(Refer Slide Time: 38:27)




In a symmetric way one can deal with the three situations pertainingtoa; < a, <0
So | leave it as an exercise to see when solution will exist and when it will not.
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So our focusisnowon a; <0 < a,
(Refer Slide Time: 39:43)

So Case 1:

0<b,<h,

As before we have three cases:
1. 0<x:<x,

Lower bound a;x; < 0. .. Rejected



2. x,20<5x,
a;x, will be < 0 . Rejected
3. 1 <x, 50
The upper bound = a,x, < 0.
Therefore, ifa; < 0 < a, but 0 < b; < b, there does not exist any solution.
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In a similar way we can show that a; < 0 < a, and b; < b, < 0 do not have any solution.
(Refer Slide Time: 42:54)

Therefore, the most complicated situation iswhena; <0 <a, and b; <0 < b,



So we have to look at the following quantities:

by .
—: Positive
a,
by .
—: Negative
a,
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b

2 oy
—: Positive

: Negative

Therefore, we shall have to look at which alternative can give us the support.

Let us give an example

Therefore,

bh_4__,
a, —2
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[alt aZ] = [_3; 2]
[blt b2] = [_4; 9]



Therefore, we check the following intervals for possibility of [x,, x,]:
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So if the solution exists any one of them should give us the answer.
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As before here we are looking at only the interval arithmetic but these has to be valid for all a-cuts
a € (0,1]

So how to find it for all a-cuts?

I give you a trick.

Consider the situation whena; < 0<a, and b; <0< b,
(Refer Slide Time: 49:14)

We draw the following diagram.

So like that wherever the lines are crossing the y —axis we have to split it into different zones with

respect to each zone we get the conditions and the way we have solved earlier we have to see if



for this zone solution exists or not like that after analyzing all the cases we can ascertain if we can

get a solution for the given multiplicative fuzzy equation.

Okay students | stop here today, if you want | can upload a small document where it will analyze
all cases and will give you clues to in which situation one can find a solution.

Okay thank you so much. With this | complete my lectures on fuzzy arithmetic in the next class |
shall start with fuzzy relations. Thank You.



