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D−α
[
D−βf

]
= D−(β+α)f = D−β[D−αf ]

Example 1:
If f(t) = tβ

D−αtβ = L−1
[
P (β+1)
Sα+β+1

]
; β > −1

=
P (β + 1)

P (α + β + 1)
tα+β

In particular:
α = 1/2, β(= n)

D−1/2tn =
P (n+ 1)

P (n+ 1
2

+ 1)
tn+1/2



Example 2:
D−αeat

Solution:

L[D−αeat] =
1

Sα(s− a)
a>0

D−αeαt = L−1
[

1

sα+1

{
1 +

a

s− a

}]
=

tα

P (α + 1)
+ aE(t, α + 1, a)

where:

E(t, α, a) =
1

P (α)

∫ t

0

ξα−1ea(t−ξ)dξ

In particular:

α = 1/2 D−1/2eat = L−1
[

1√
s

1
(s−a)

]
=
{

1√
at

+ eat
}

= eat√
a

erf [
√
at]
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Example 3: {
D−α sinαt

}
Example 4: [

D−α cos at
]

Solution: Example 3:
a

sα (s2 + a2)

α>0→L−1 [. . .]

Example 4:
s

s2 (s2 + a2)
→ L−1[· · · ]

Example 5:

L
[
D−α

[
eattβ−1

]]
=

P (β)

sα(s− a)β
→α>0

β>0
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lim
α→0

D−αf(t) = f(t)

L
[
D−α|Df(t)

]
= s−αL[Df(t)]

= s−α [sf(s)− f(0)] ;α > 0

Consider LT of Derivative of fractional

L
[
D
(
D−αf

)]
=
{
L
[
D−αDf(t)

]
+ f(0)L

[
tα−1

tα

]

= s−α
[
sf̄(s)− f(0)

+sαf(0)

]
= s1−αf(s);α > 0
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Example 1: Consider solution of Integral Equation:

D−αφ(t) = f(t) → (A)
given by φ(t) = D∗f(t)→ (B)

Solution: LT to B:
φ(s) = sαf̄(s)
φ(t) = Dαf(t) = L−1

[
sαf̄(s)

]
=

1

P (x)

∫ t

0

(t− x)−(x+1)f(x)dx

Example 2:
If f(t) = tβ

Solution:

Dαtβ = L−1
[
P (β + 1)

Sβ−α+1

]
=

P (β + 1)

P (β − α + 1)
tβ−α

In particular:
α = 1/2, β = n

D
1
2 tn =

P (n+ 1)

P (n+ 1
2
)
tn−1/2, n ≥ −1

Example 3:

D1/2
(
eat
)

= L−1
[
s1/2

1

s− a

]
= L−1

[
1√
s

+
a√

s(s− a)

]
=

1√
πt

+
√
aeat erf[

√
at]
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