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Lecture - 53
Numerical Differentiation: Primitive Finite Difference Formulae

Hi, in this class we will start a new topic. This is on numerical differentiation. We will learn how
to develop numerical formulas for approximating derivatives of a given function. These are called
finite difference formulas.
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Numerical Differentiation: Approximations of First Derivative
Forward Difference Formula

From the definition of derivative

= . f(x+h) = (>
e b it =)
h-0 h
The approximating formula can therefore be taken as
)~ f(x+ h) - f(x)
h
for a sufficiently small value of h > 0

The formula D} f(x) is called the
derivative of f at the point x.

Let us start with a very basic idea. We all know the definition of the first derivative of a given

function. We can recall it from the calculus course. It is given by f'(x) = ;lirré M You

TOZTC o i W These are the three ways that we can

can also define it as lim
h—0 h—-0

define the derivative of a given function.

Let us take this form of the definition. The idea behind getting a formula for approximating the
first derivative of a given function, is to just forget this limit argument and simply take this
expression as the approximation to the first derivative of the function. Well, you can see that if
you choose your parameter h to be very small then the value that you obtain from this formula will

be almost the same as the derivative of the function at the point x, that is very clear.



And in fact, you take h more and more closer to 0, you tend to get more and more accurate value
for your derivative f' at the point x using this formula. And therefore, we can propose this as an
approximation formula for the first derivative of the function f. We will use the notation
D} f(x) and it is called the forward difference formula for the first derivative of the function f at
the point x.
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Approximations of First Derivative: Forward Difference Formula

Let f€ C%a,b]. The mathematical error in forward difference formula is
jven b + h |
i f(x) - D, f(x) = —Ef'(u).

for some 1) € (x, x+ h).

By Taylor's theorem, we have
f(x+ h) = f(x) + hf(x)
A

for some 1) € (x.x+ h)

Now the question is, what is the error involved in this formula. You can derive an expression for

the mathematical error involved in the forward difference formula for approximating f'(x) and it
is given by this expression — gf”(n). For some 1 lying between the point x and x + h. How will

you derive this expression for the mathematical error? Well, it is not very difficult, you take the

Taylor’s formula for f(x + h). It can be written as f(x) + hf'(x) + h;f”(n).

Where 1 lies between the points x and x + h. You can see that this is the remainder term that we

have taken. And we are approximating the value of the function f(x + h) by the Taylor

polynomial of degree 1. Now recall what is the formula for D; f (x). It is nothing but w

You can see that you have f(x + h) here, you can bring f(x) to the left hand side and write

f(x + h) — f(x), that is what is there in the numerator of the forward difference formula D;.



Now divided by h therefore you divide both sides by h. Thereby it will get cancelled with the h in
the second term. And also, it gets cancelled with h? and it will leave h in the remainder term.
(Refer Slide Time: 05:00)

Approximations of First Derivative: Forward Difference Formula

Theorem
Let fe C*[a,b]. The mathematical error in forwarg difference formula is given by
f'(x) - Dy f(x) = -Ef"(q).

for some 1 € (x, x+ h).

Proof

A 5 , K.
f(x+ h) = f(x) + hf (x) 4 ~f'(n)

- Diffy a’%ﬂ'x)»hf’f’x>-f§ () f(x)} 0+
M P4 | .

This completes the proof

So, that is what you will get. What | am doing is, f + h is written as M

. f(x+ h) is just
replaced by this expression here —f(x) divided by % So, this is what | am writing precisely the
formula for the forward difference operator. And now you can see that this simplifies to f'(x) that

is coming from here + %f”(n). That is what precisely you want to show here.

So, this is the expression for mathematical error you can observe that it cannot be explicitly
computed. Why? because this 1 is just an unknown.
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Approximations of First Derivative: Forward Difference Formula

Remark: We have

() - D} F(X) = ~=F'(n)

Let g(h) = F(x) = D; f(x). then we see that

Let M > 0 be such that |f"(x)| < M for all x € [a, b]. Then we see that

N M
mh) <52 g=0(h)ash-0

We say that D f(x) is of order 1 (order of accuracy)

Let us see what is the order of accuracy or order of convergence of the mathematical error. You
just go back to our first chapter where we are discussing the big O and small o notations and then
you can come back and continue this lecture. So, that you will understand what | am talking about.
| am interested to know how fast the mathematical error converges to 0 as h tends to 0. So, that is

what our interest is.

For that we will use this mathematical error expression. What we will do is, we will take the left
hand side as the function of h. Of course it is a function of h, you can see that it is given by this
expression. Therefore, there is nothing wrong in considering the left hand side, that is the

mathematical error, as a function of h. Let us denote this function by g(h) just for the clarity and

]

now we will look for | ”

o

h
o) -
h

You can see from this expression that is nothing but — %f”(n). Now we will take modulus on

both sides and thereby you get | %lf”(n)l. Now we have assumed f is a C? function. It

means f'' exists and it is a continuous function. And we will restrict ourselves to a closed and
bounded interval. Therefore ' will be a bounded function in the closed and bounded interval
[a, b].



It means, what we can find a constant M > 0 such that |f"'(x)| < M,V x € [a, b]. Now we will

try to replace "' (n) in this expression by M. To do this, you have to make this sign as less than or

Q)

equal to, because you are replacing this by M. Therefore, we will get | -

<%

Well, we got this inequality. Now, what it means, if you recall in our first chapter when we were
introducing big O and small o for functions, we have seen that suppose you have two functions f
and g and you want to see whether f(x) = 0(g(x)) as x - x,, we have to check that there exist
a constant C such that |f(x)| < Clg(x)|, for all x in a small neighbourhood of x,, say it is
(xg — h,xo + h).

[f ()|
<
lgC)l — C.If

|g(x)| # 0 then this inequality can also be viewed like this. Now just compare this inequality in

So, this is what we have defined for the big O notation this can also be viewed as

the definition of big O with what you have in hand. Now you can see that in the numerator you
have the mathematical error. That is something like you are having f and in the denominator you

have h.

So, now you can say that g = O(h) as h — 0. You just compare it with the definition of big O,
you can see that this inequality precisely means g = 0(h) as h — 0. In such situations we say that
the forward difference formula is of order 1. Suppose if it happens to be h? then you will say that
that formula is of order 2 and so on. Here since the h is appearing with power 1, we are saying that

this formula is of order 1.

It is also sometimes referred as order of accuracy or even order of convergence. So, when we give
a finite difference formula and ask you to find the order of accuracy or order of convergence, what
you have to do is, you find the expression for its mathematical error. Somehow you have to find
it, mostly you have to use the Taylor’s formula for obtaining the expression for the mathematical

error involved in a finite difference formula.

And then consider that mathematical error as a function of h and you can then do an analysis like

this to see what is the order of accuracy of the method. In fact, once you are familiar with this idea



you can in fact see from here itself. Whatever the power appears here, that is going to be the order
of convergence. Here the mathematical error expression involves h with power 1, if it was
involving h with power 2 then it is order 2 and so on. This is the idea behind finding order of
accuracy of a finite difference formula.
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Approximations of First Derivative: Forward Difference Formula

Example:
Let f(x) = sin(x). Then f'(x) = cos(x)
Take x = 0.5, and note cos(0.5) ~ 0.8775825619.

Using the forward difference formula, we get

d . sin(x+h)-sin(x)

Py sin(x) = P
Take h = 0.5, then (using 10-digit rounding arithmetic)

d . ... sin(l)=sn(05) 08414709848 — 0.4794255386
sin(0.5) & = . -
dx 05 05

0.8775825619 — 0.7240908924
4 AL . Al B ————————— 1L A -4
EADgs{sin0.3)) 08775825610 Lire

2 (,7240908924

Let us see an example. Let us consider a function f(x) = sin(x). Therefore, we know what is
f'(x). Itis given by cos x. Now our interest is to find the value of f'(x) at the point x = 0.5. That
is, we want to find the value of cos 0.5 generally in our course when we give just x like this it
means it is considered in radians and its value is given by 0.8775 and so on. | am just taking it with

10-digit rounding.

Now let us use the forward difference formula and see what the forward difference formula gives

as the value of f'(x) at the point x = 0.5. Remember the forward difference formula is w

Here you have to take f(x) as sin x, therefore the forward difference formula is given by

SIn+h) =S And that has to be taken as an approximate value of the derivative of the sin function

at the point x.

Remember we want to take x as 0.5 therefore you have to put x = 0.5 in the formula. Now we also
need to know what is h. Let us take h also equal to 0.5, just for an example. Generally it is better

if you take h as a very small number then the approximation is good. Now let us compute the value



of the right hand side which is the finite difference formula. Well, now when you take x = 0.5 and

h = 0.5, you get this expression and now you can use a calculator with radians.

And you can find the values of all these terms sin 1 and sin 0.5 and then you can see finally the
forward difference formula gives the value something like 0.724090 and so on, to 10 decimal
places | am taking. Let us see what is the relative error involved in the forward difference formula
in evaluating the derivative of the sin function at the point x = 0.5. This is the exact value minus
this is the value given by the forward difference formula divided by the exact value.

This is precisely the relative error and that happens to be something like 0.1749. It means the
forward difference formula in this particular example has around 17.5 percent error when
compared to the exact value of the derivative of the function f. So, that is pretty bad. But it is also
expected because you have taken a relatively bigger value for h, that is why you got such a poor

approximation.

Perhaps if you would have taken h to be 10 to the power of - 1 or - 2 or - 3 like that it may be that
your approximation may be better. But at the end of the class, we will also see that you cannot go
on taking h smaller and smaller. Your arithmetic error will also start playing an important role
when you go on taking h smaller and smaller. We will see that later but at least in this case a poor
approximation is because you have taken h to be a bit larger value.
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Approximations of First Derivative: Backward Difference Formula

The derivative of a function fis also given by

114 = i f(x) - f(x~ h)

Therefore, the approximating formula for the first derivative of f can also
be taken as

_ f(x) = f(x=h)
h

f(x)

The formula D, f(x) is called the for the
derivative of f at the point x.

Next, let us see how we can get backward difference formula for the first derivative of a function

f. Again, go back to the definition of the first derivative now with backward difference form. It is

fx)—f(x=h)
h

given by f'(x) = ;ling . Again, to obtain a finite difference formula what you have to

h

do is, you simply forget this limit concept here and consider as an approximation

formula for the first derivative of the function f.

And that is what we call as the backward difference formula and it is denoted by Dy f(x). Again,
you can derive the mathematical error involved in the backward difference formula. From the
expression of the mathematical error, you can also try to see what is the order of accuracy of this
formula. | leave it to you to see all this, it is a very easy exercise.
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Approximations of First Derivative: Central Difference Formula

The derivative of a function fis also given by

; f(x+ h) = f(x~h
F(x) = lim i ) A=)
h0 2']

Therefore, the approximating formula for the first derivative of f can also

be taken as
f(x+h) - f(x=h
(x) (k) = fx=1)
2h
for a sufficiently small value of h > 0.
The formula D‘,’,f(x] is called the cent for the
derivative of f at the point x.

Let us pass on to one more type of finite difference formula, called central difference formula.
Again, recall from our calculus course that the definition of the first derivative of a function f can

f(x+h)—f(x—h)
2h

also be taken as ;lin(l) . From here, again you forget this limit part and then consider

this expression as an approximation to the first derivative of the function f and that is called the

central difference formula.

And we use the notation D f(x) to denote the central difference formula for approximating the
first derivative of a function f at a point x.
(Refer Slide Time: 19:30)

Approximations of First Derivative: Central Difference Formula

Theorem
Let f& C'[a, b] The mathematical error in the central difference formula

is gIv
By

2
(- 1) = ")

where 1) € (x = h, x4 h).




Let us try to derive the mathematic error formula for this central difference approximation. The

mathematical error by definition is the exact value minus the approximate value. And you can
2
show that that is equal to —%f”’(n). Remember in order to get this expression for the

mathematical error, you have to assume that f is a €2 function that is "'’ exist in the interval [a, b]

and it is a continuous function.

That is what we mean by saying that f is a C3 function in the interval [a, b]. Remember, again this
is not something that can be explicitly computed because we have an unknown parameter
involved in this expression, and that 1 is some number lying between x — h and x + h. We will
see how this nj comes. It will come again from the remainder term of the Taylor's formula. And
also, we will see how to derive this expression for the mathematical error.

(Refer Slide Time: 20:54)

Approximations of First Derivative: Central Difference Formula

Proof:

Using Taylor's theorem, we have

where 1), € (x.x+ h) and

f(x~ h)
M

where 1) € (x = h.x).

Using the Taylor theorem, we can see that f(x + h) can be written as f(x) + hf'(x) +
’;—Tf”(x) + Z—Tf”’(n). I am writing the third degree part as the remainder and thereby it involves

an unknown 1. We will denote this n by n, and it lies between x and x + h. Similarly, you can also
obtain the Taylor's formula for f(x — h) and that again involves an unknown n_ lying between
the points x - h and x.
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Approximations of First Derivative: Central Difference Formula
Proof:

f(x£ h) = f(x) £ hf'(x) + %f'{x) { %f“’(:/.]

Therefore, we have

Flox+ ) = f(x— h) = 24F (x) 4

Since f"'(x) is continuous, by intermediate value theorem applied to ",
we have
() + ()
)

Check: The central difference formula is of order 2

(). for some 1 € (x — h.x+ h).

Here we will assume that h is positive. Now, if you recall the central difference formula is nothing

but f(x+h)—f(x—h)

-~ . Therefore, let us see how this term, that is the numerator part of the central

difference formula, will look like. You can now substitute the Taylor’s formula for f(x + h) and
the Taylor's formula for f(x — h). And you can see that when you subtract these two, then the first
term gets cancelled. The second term survives, again the third term gets cancelled and the fourth

term survives.

So, that is how we are getting this expression. Now you see if you divide this by 2h, that is precisely
what is the central difference formula. Therefore, the mathematical error, which is f'(x) —
DY f(x), can be represented in terms of the remainder terms. That is what we are seeing from this
derivation. For that you have to divide both sides by 2h. So, when you divide by 2h on both sides

this goes off and you will have h? surviving here in the remainder term.

And that will come as the expression for the mathematical error. So, that is what we will be having
and further you can also use the intermediate value theorem to show that there exists an n in the
interval (x — h, x + h) such that this term can be written as "' (). How can you use this? Well,

you go back to our lecture number 7; we have discussed certain tutorial problems in that video.

In that you take the second problem. You will see that such a formula is derived using intermediate

value theorem. We are using that formula to write this expression in a rather nice way like this



with some 1 lying in this interval. Now once you use this expression you can see that the
mathematical error can be written like this. Now the question is, what is the order of accuracy of

the central difference formula.

Well, you can directly look at this mathematical error expression and see what is the order of
accuracy of this formula, it is 2. So, I leave it to you to write it rigorously like how we did it with
the forward difference formula. So, if you want to write it more rigorously in the mathematical
language, you can just follow these steps. So, you can follow the steps and show that the central
difference formula is of order 2. That is the central difference formula is 0(h?), that is what you
can show.

(Refer Slide Time: 25:27)

First Derivative: Three Primitive Difference Formulae
Example:
To find the value of the derivative of the function given by

f(x) = sinx at x = 1 with h = 0,003906

fix—h) = £(0.996004) = 0.839354, f(x) = f(1) = 0.841471
flx+h) = f(1.003906) = 0.843575

f(x) = f(x~h)

® Backward difference: D; f(x) 0.541935.

® Central Difference; D°f(x) —' 0.540303.
1

/ (4 f(x
® Forward Difference: D; f(x) = ————— = 0.538670.
)
Note that the exact value is f/(1) = cos1 = 0.540302

Let us take an example, again we will consider the function f(x) = sin(x). | am interested in
finding the derivative of the sin function, at the point x = 1, with the step size h = 0.003906. | want
to use all the three formulas that we have derived that is the forward difference formula, backward
difference formula and central difference formula. These three formulas are generally called as

primitive difference formulas.

So, for these formulas we need the value of the sin function at x — h, x and x + h. We know what
is X, we know what is h. Therefore, you can find the values of the sin function at these three points

and they are given like this. Once you have this you can just plug into the formulas and get the



approximate value of the first derivative of the sin function, using these three primitive difference

formulas.

For instance, the backward difference formula gives us the value 0.541935 and so on. | am only
giving you some approximate value right to six decimal places. Therefore, there is some rounding
error involved in this also. Similarly, the central difference formula gives us this value and the
forward difference formula gives this value. What is the exact value? Well, the exact value is
something like 0.5403.

You can see that the central difference formula gave a better approximation when compared to the
backward difference formula and the forward difference formula. In general, one may say that if
the order of accuracy is higher, the approximation quality will be better. That is what in a rough
sense you can infer. You can see that the central difference formula is of order 2 whereas backward

difference and forward difference formulas are of order 1.

Therefore, for a given h you may generally expect that the central difference formula will give a
bit better accuracy than the other two. It may not be always true but mostly this can happen.
(Refer Slide Time: 27:57)

Methods based on Interpolation

Using the polynomial interpolation we can obtain formula for derivatives
of any order for a given function

For instance, to calculate f'(x) at some point x, we use the approximate
formula

f(x) = py(x).

where p,(x) denotes the interpolating polynomial for f(x)

Many formulas can be obtained by varying n and by varying the

X, relative to the point x or interest

This is what we have derived, using directly the definition of the first derivative. However, using
this idea to obtain formulas for higher derivatives is little difficult. Therefore, we can go for an



alternate idea. That is, you are given a function f, you can first obtain a polynomial interpolation
for that function at some given nodes and then differentiate that polynomial and consider the

resulting expression as an approximation to the derivative of your function f, that is the idea.

If you adopt this idea in fact, you can find the approximation formula for any order derivative of a
given function, not only for the first order derivatives. Let us just try to understand this idea through
approximating the first derivative of the function itself. What you will do is, for a given n and for
a given set of nodes, first you will find the corresponding interpolating polynomial and then you

differentiate this interpolating polynomial.

And consider that expression as an approximation to the exact value of the derivative of the
function at the point x. So that is the idea, you can see that once you understand this idea, you can

nr

in fact derive many formulas for f'. Similarly, for f", f""" and so on. Not just a central difference,

forward difference and backward difference formulas that we have derived in the previous slides.

You can in fact, derive many more formulas by supplying some value for n and also choosing the
corresponding nodes, as you want you can generate different formulas.
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Methods based on Interpolation

Let us take n =1
The linear interpolating polynomial is given by

P = f(x) + flo,x(x - o)
Hence, we have the formula
F(x) ~ py(x) = Fxo, ]

In particular, for a small value of h > 0
e o=xand x; = x+h = forward difference formula D; f(x).

¢ xp=x-hand x; =x = backward difference formula D} (x)

¢ p=x—hand x; = x+h => central difference formula D}f(x)

— Mimmeic of {1 dnsnat it cm

So, that is the idea. Let us just illustrate this by taking n = 1. Then you can write the interpolating

polynomial for the function f. | am taking the Newton's form of the interpolating polynomial. And



now you differentiate p, (x) and that gives you the first order divided difference. If you recall, this
is the first order divided difference. And that is precisely the approximation for the function f" at

the point x.

Now you see choosing different values for x, and x;, will lead to different formulas for f’. For
instance, if you take x, = x and x; = x + h, you can see that this idea also leads to the forward
difference formula that we have derived directly from the definition. Similarly, if you take x, =
x — h and x; = x then it will lead to the backward difference formula and similarly if you take

Xo = x —hand x; = x + h, that will lead to the central difference formula.

Now you can also approximate the function f by quadratic polynomial. You can differentiate that
quadratic polynomial and thereby also you can get different formulas for f'. Similarly, you can
also get different formulas for f also. For f'"’, well you have to at least go for the cubic
interpolating polynomial and so on.

(Refer Slide Time: 31:47)

Methods based on Interpolation

Example:

Let x), X, and x; be the given nodes.

Then, the Newton's form of interpolating polynomial for fis given by
pa(x) = f{xa) + flxo, ) (x = %) + flxo, % xg](.r(}
e~

Therefore, we take the first derivative of f as

(%0 + x)x+ xx)

F'(x) = py(x) = fxo, x1) + Flxo, 1, x) (2% = %0 = x1)

f'(x) = p5(x) = 2f[xo, 31, xa).
Nt N

i

Let us take another example where we are interested in obtaining a finite difference formula using
quadratic polynomial interpolation. Well, if you recall the quadratic polynomial interpolation for
a function using Newton's form, is given like this. And now our interest is, to obtain an
approximation formula that is a finite difference formula by differentiating the quadratic

polynomial interpolating the function f.



Thereby you will have this expression as the approximation for the first derivative of the function
f. Similarly, if you take the second derivative of the quadratic interpolating polynomial, you can
take that as the approximation to the second derivative of the function f, that is '’ and that is given
by 2 into second order divided difference formula.
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Methods based on Interpolation
Note that if the nodes are equally spaced with step size h, then

f(x) = f(x)
h

flo.i] 21

. f[Xﬂ. X1, )(_1]

Thus the formula

F(x) = ps(x) = flxo, 2] + Flxo, xi.)(2% = %0 = 1)

takes the form

2 / flx) = flxo)  Flxo) = 2(x) + f(x
f(x) = ph(x) = _(.l%(.,_) ) ;(h"')g[x )[g(x %) - h).

Now we will see how these formulas will look like by choosing different positions for the nodes
Xo, %, and x,. Recall, the divided difference formula of order 1 is given by this and the divided

difference formula of order 2 is given like this.

Therefore, if you want to obtain an approximation formula for f' using the quadratic interpolating
polynomial which is given like this, then it will look like this. | am just putting this expression into
the first order divided difference. And similarly, the definition of second order divided difference
in the second term and then you can write this expression in this form.
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Methods based on Interpolation

Let us use the formula

/ , fixi) = flxa)  flxo) = 2f(x) + f(x)
{ ~ DX = 1

WAL h "
with

(2(x - x) = h)

h
N

for any given x € [a, b]
Then the above formula gives

f) = flx—h)  Flx—h)=20(x) + Flx+ h)
h : 2h

\"—\/""\/

So, therefore this is the formula for the derivative of the function f at the point x. Let us see how

f(x) = py(x)

this formula looks like by choosing different positions for x,, x; and x,. For instance, if you take
Xo = x — h,x; = x and x, = x +h, generally if you choose the nodes like this, that is called the
central difference formula. Previously what we obtained is the central difference formula using

p1(x), now we are trying to obtain the central difference formula for f' using p, (x).

And that is given by this expression and that can be further simplified to this expression and this
is the central difference formula for f'(x), when we use the quadratic interpolating polynomial
approximation.
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Methods based on Interpolation

Let us use the formula

)=o) Foo) - 2A(n) + Fle)
f(x)~ pox) = = . -
)~ P h 2

with o>

h and x X+ 2h

for any given x € [a, b], we obtain the difference formula
X r\.~.\ /\/\-—\
3f(x) + 4f(x+ h) = f(x+ 2h) ¥

2h

f(x) = w
with mathematical error as

/
F(x) = pa{x) = 1"(€), for some £ € (x,x-+2h)




Now let us take x, = x,x; = x + h and x, = x + 2h and that is called the forward difference
nodes. And let us see how the formula for £’ using this forward difference nodes in the quadratic
interpolating polynomial looks like, and it looks like. This, well, if you want to find the
mathematical error involved in it, what you have to do is, you have to write the Taylor’s formula
for this. Similarly, find the Taylor’s formula for this and then substitute the Taylor's formula into

these expressions.

And then choosing appropriately the remainder term, you can see that the mathematical error
involved in this formula is given by this. That shows that the order of accuracy of this formula in
approximating the first derivative of the function f at a point x is of order 2. Similarly, you can
obtain the divided difference formula for backward nodes in that case you have to take x, = x —

2h,x; = x —hand x, = x.

That will lead to backward difference formula for ' using the quadratic interpolating polynomial.
You can also find the mathematical error, from where you can see what is the order of accuracy. |
will leave it to you this, as an exercise. With this we will finish this lecture, thank you for your

attention.



