Numerical Analysis
Prof. S. Baskar
Department of Mathematics
Indian Institute of Technology - Bombay

Lecture - 51
Numerical Integration: Gaussian Quadrature Rule
Hi, we are learning quadrature formulas to obtain an approximation to a given integral on a
bounded interval [a, b] in this today we will learn a commonly used method called Gaussian

quadrature rule. Gaussian quadrature rule generally gives a better approximation to the
f; f(x)dx, when compared to the other quadrature rules, that we have derived so far. Let us

see, how to get this better approximation.
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In general, by fixing the nodes, we can obtain the weights in

/lb f(x)dx = wof (xo) + waf(x1) + -+ + wof(x,)

such that the rule is

exact for polynomials of degree less than or equal to n

It is also possible to derive a quadrature formula such that the formula is
exact for polynomials of degree <2n+1 | 4~

by choosing the n+ 1 nodes and the weights appropriately.

This is the basic idea of Gaussian rules. ¥/

NPTEL

If you recall, the quadrature rules that we have derived so far are of this form where x,, x4, -+, x,,

are given to us. Once we are given the nodes, then the unknowns are only the weights
Wy, Wy, -+, Wy,. In the last class, we have seen that we can use a method called method of
undetermined coefficients to obtain these weights. of course, we can also obtain these weights

by directly integrating the Lagrange polynomials in the interpolating polynomial of the function

f).

But in the method of undetermined coefficients, we have another approach to find these weights
by imposing the condition that this quadrature rule finally gives us the exact value if the
integrand f happens to be a polynomial of degree less than or equal to n. So, this is what the
condition we impose to get the weights. Once you impose this condition this is equivalent to



imposing the same condition on the corresponding monomial basis that is what we did in the

last class.

In fact, it is possible to derive a quadrature formula in such a way that it gives us the exact value
of the integral if the polynomial is of degree less than or equal to 2n + 1. Can you see how we
can achieve this? Just think why we need to impose this condition, that is, why we need to
impose that the quadrature formula gives us the exact result for polynomials of less than or
equal to n? Because in that way you have n + 1 elements in the monomial basis and here also

you have n + 1 unknowns.

So that is how we are matching the number of unknowns with the number of equations in the
system and getting a closed system of equations. now if you understand this logic, then you can
understand how to get this condition on our quadrature formula, that is, we now want our
quadrature formula to be exact for polynomials of degree less than or equal to 2n + 1. How can

we achieve that, why you have to fix the nodes you also consider the nodes to be unknowns.

That is the idea behind getting this condition. So now, we will not fix the nodes but we will also
obtain the nodes as well as the weights in that way how many unknowns are there? Just think
about that. You have n + 1 unknowns coming from the weights. And you have n + 1 unknowns
coming from the set of nodes. In that way you have 2n + 2 unknowns. Therefore, you can impose
the condition that the quadrature formula will be exact for polynomials of degree less than or

equal to 2n + 1.

In that way, the corresponding monomial basis will have 2n + 2 elements in it. They are
1,x,x2,,x2"*1 there are 2n + 2 elements in the basis. And that can lead to a system of
equations having 2n + 2 equations. You have 2n + 2 unknowns, therefore there is a scope to
solve this system to get all these unknowns. So that is the basic idea of this improved version
and that is called the Gaussian quadrature rule.

(Refer Slide Time: 05:09)



To be chosen

® The weights w; and
® the nodes x; (i=0,---,n)

in such a way that this formula is exact, that is,

. /11 = iw,-f(x,).

whenever f(x) is a polyno
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Let us make it more precise. You want to evaluate this integral, for that you are using this

quadrature rule which can give us an approximate value to this integral. Now in this process,
what are all the unknowns that we have to choose? We have to choose all the weights, they are
not given to us but we have to obtain them. And also, now we have to obtain all the nodes,

previously nodes are given to us.

But now, we are not going to take the nodes as per our choice but we will also obtain this nodes
as the part of the method therefore you have 2n + 2 unknowns. We have to impose the condition
that this quadrature formula will be exact, that is, it gives you the exact value of the integral as
long as the integrand f is a polynomial of degree, now less than or equal to 2n + 1, 1 less because
your monomial basis will have 1, x up t,0 say if your polynomial degree is n, then it goes up to

n, therefore you have n + 1.

So, if you are going up to 2n + 1, then it has 2n + 2 members and therefore you will get 2n + 2
equations. On the other hand, you have 2n + 2 unknowns therefore you can solve this system to
get these unknowns, that is the idea. Remember in order to keep our calculation simple, we will

impose this idea on the [—1,1]. Remember, our aim is to find a quadrature rule for the integral

f:f(x)dx, forany a < b.

But in this calculation, we will always restrict ourselves to the interval [—1, 1], keep this in
mind. We will first derive the formulas once you have the formula for this integral, that is

integral over minus 1 to 1, then we can use certain transformation to get the integral over any



given interval [a, b], that is the idea. This restriction is purely because our calculations will
become relatively simple in this case, that is why we are doing this.

So let us try to derive the Gaussian rules for the integral f_llf(x)dx, later we will transform it
to any integral f: f(x)dx.
(Refer Slide Time: 08:03)
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Numerical Integration: Gaussian Rules (contd.) ¢

To be chosen

® The weights w; and
® the nodes x; (i=0,-
in such a way that this formula is exact, that is,

whenever f(x) is a polynomial of degree S

This formula is exact for all polynomials of degree < 2n+ 1

; //the formula is exact for the polynomials f(x) = 1,x,¢, -+, X",
\—‘—\ﬁ—/

PYEL
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Let us keep this restriction in mind and go ahead. So what we are going to do is, we want to

evaluate this integral and we want our quadrature rule in this form. We will assume that this
quadrature rule gives exact value if the integrand f happens to be a polynomial of degree less
than or equal to 2n + 1. That is equivalent to imposing this condition on the monomial basis
only that is, we will impose the condition that this quadrature formula is exact for the integrands

1,x,x2' ,X2n+1.

So that is the final condition that we will be imposing. Now you see, you choose n that is all,
do not go to choose the nodes. Different n leads to different quadrature rules, n = 0 will give
you a quadrature rule for n = 0. And similarly, n = 1 gives a quadrature rule, n = 2 gives a
quadrature rule. Like that as you go on increasing the values of n, you in fact get a better and
better approximation to your integral. All these methods are called Gaussian quadrature rules
only.

(Refer Slide Time: 09:33)
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Case 1: (n=0).

In this case, the quadrature formula .['11 f(x)dx ~

w| takes the form

/I1 F(X)dx  wof(x).

J-1

The condition .]'11 f(x)dx = wof(x) gives

ol ol
/ 1 dx = wy and / xdx = woXo.
Jis] a1

N —d
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Let us try to derive the quadrature rule for n = 0. Remember this is the general form of the

TEL

quadrature rule and we want to take n = 0 here. In that way our quadrature rule will look like
this and what is the condition that we have to impose now? We have to impose that this is
exactly equal to, that is what | am writing here the quadrature rule. If the integrand f happens to
be a polynomial of degree 2n + 1, n = 0 therefore it is polynomial of degree less than or equal
to 1.

That gives us 2 elements in the corresponding monomial basis that is 1 and x therefore you have
to get the weight w, and the node x, by imposing the condition that the quadrature formula
gives exact value if f = 1 that is this, and f = x that gives us this expression.

(Refer Slide Timf: ,1.0:49)
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| F(x)dx ~ wof(xp).

The condition [f f(x)dx = wof(x) gives

1

1 1
/ 1dx= wy and / xdx = wXo.

J-1
These conditions give wy = 2 and xo = 0. Thus, we have the formula

J-1

which is the required Gaussian rule for n
NPEEL S. Baskar PTEl

Now from here you can get a pair of equations each coming from these conditions. You see

now, we do not have a linear system because the unknowns are x, and x;. And they are not



appearing linearly in this equation therefore in the Gaussian quadrature rule what you get is,
finally a non-linear system of equations. That is 1 level difficult in the case of Gaussian rules,

when compared to the quadrature rules that we derived in the previous idea.

There we are given the nodes, therefore the unknowns are only w's and in that way it gives us
a system of linear equation but that is not the case here. You will get non-linear system of
equations but in the present case it is very easy to solve this non-linear system. In fact, you can
easily check that it leads to wy, = 2 and x, = 0. And in that way the quadrature rule finally

reduces to this expression.

So, what it says is the Gaussian rule for n = 0 for the integral f_llf(x)dx. Remember this is a

particular case only, f_ll f(x)dx is given like this. If you recall we have come across this method

already in one of our previous classes. What is that, well you can go back and see that this is

what precisely we called as the midpoint rule. Remember the midpoint rule is (b — a) into f of

the midpoint of the interval aT”’.

In the present case the midpoint is 0. So that is what is this and b — a is precisely 2 here in this
particular integral minus 1 to 1. Therefore, what you get as the Gaussian rule for n = 0 is
precisely the midpoint rule, that is what is interesting here.

(Refer Slide Tim,e: 13:07)
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Numerical Integration: Gaussian Rules (contd.) g
Case 2: (n=1). :

In this case, the quadrature formula [*, f(x)dx~ Zw,f(x,-) takes the form

=]

‘/'llf(x)dxt wef o) + )

The condition [, f(x)dx = wef(xo) + waf(xs) gives
2

wo+w =2, woxp+ wyxg =0, woxé + wle =3 woxé A wle =}
A solution of this nonlinear system is wo = wy = 1, xp = -1/ V3 and

X = ly,f’ﬂ which lead to the ( rule for n =1

PiEl
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Let us go to the next case, now we will take n = 1 and see how the Gaussian rule with n =1

looks like. Again, in this case, we have to take our general quadrature rule and put n = 1 in that

to get this expression. So, this is the general form of the quadrature rule that we are interested



in the present case. Here we have to obtain the weights w,, w; and also the nodes x, and x;.
Therefore, you have to impose the condition that your quadrature formula will be exact for all

polynomials of degree less than or equal to 3.

Therefore, your monomial basis will now contain the elements 1, x, x? and x3. For each we will
get a non-linear equation. Let us see how it comes, when you take f(x) = 1, you get this
equation. When f(x) = x, you get this equation, f(x) = x2, you get this equation and finally
f(x) = x3 gives you this equation. You can see that you have 4 equations, it is a system of non-

linear equations.

And you somehow have to solve this system you can see that wy = w; =1 and x, = — % and
X, = % will solve this system of non-linear equations. Therefore, the Gaussian rule withn =1

is given by this formula. Now as you go on increasing n, the number of non-linear equations
will also increase in your system and also their expressions are quite complicated. And thereby
solving the system of non-linear equations will also become more difficult one can go for certain

non-linear solvers like Newton’s method and so on.

But we will not give any weightage for such problems. We will just stop our derivation of
Gaussian rules only up to n = 1. However, we will just give an idea of how to go about with n
=2, 3 and so on in general for n.

(Refer Slide Tim’e: 15:49)
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Numerical Integration: Gaussian Rules (contd.) g

Case 3: (General).
In general, the quadrature formula is given by

. /11 fisldes Zn:w,-f(x,-).

where there are 2(n + 1) free parameters x; and w; for i=0,1,--- ,n.

This condition leads to the nonlinear system
n { 0 , i=13- 2n+1
/

J=1 9
Z;Wf*j £ =022
j —_—

These are nonlinear equations and their solvability is not at all obvious
and therefore the discussion is outside the scope of this course.

NPTEL Numerical Integration

In general, we need to obtain the weights and the nodes such that you can approximate the

integral f_llf(x)dx by this quadrature formula. For that we have to impose the condition that



this quadrature formula will be exact for polynomials of degree less than or equal to 2n + 1.
Because we have 2n + 2 unknowns in our problem, so those non-linear systems in general are
given by this expression and therefore you have to solve this non-linear system. That is a quite
difficult task and once you solve this non-linear system and get the weights and the nodes then
you have the Gaussian rule for that given n.

So, n =2, 3 and so on, one can go on deriving but we will not give any weightage in our course.
We will only restrict ourselves to n =0 and n = 1 in our course but the idea should be clear how
to go for higher values of n.

(Refer Slide Tim’e: 17:02)
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Numerical Integration: Gaussian Rules (contd.)

So far, we derived Gaussian rule for integrals over [-1,1].
To get the Gaussian rule for any interval [a, b] use the linear change of
variable
b+a+tb-a)
X= —————

-1<t<L
) Al

Thus, we have

A {b b—
+a+2t(a)> dt.

The Gaussian rule can now be applied to
1

/1f<h%t(b_a)> dt.

We have derived the Gaussian rule so far only for those integrals over the interval [—1,1]. Now,

let us see how to generalize it to any given interval [a, b]. This can be achieved by this simple
change of variable formula that can take the interval [—1,1] to any interval [a, b]. So, you just

have to impose this change of variable into your integral.

You are interested in finding the integral f;f(x)dx. But, you have the Gaussian rule only for
integral [—1,1], that is you have only the Gaussian rule defined for this kind of integrals that is

integral over [—1,1]. But that is not a serious problem because you can write this f: f(x)dx as

b;—a into the integral that is comfortable for us to apply the Gaussian rule.

Now remember, if you want to evaluate and approximate value of this integral, you should not
put the Gaussian rule for this f, but you have to put the Gaussian rule for this function, that is

the only extra information that you have to remember. When you are applying Gaussian rule on



any integral f: f (x)dx students make this mistake quite often they just take this f. And apply

the Gaussian quadrature rule for this f only. You should not do that you should apply it to this

integrand.

Therefore, the Gaussian quadrature rule should be applied to this integral, and then you multiply
it with this number in order to get an approximate value of this integral using Gaussian rule that
is one extra work you have to do you should not forget that.

(Refer Slide Tim’e: 19:16)
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Numerical Integration: Gaussian Rules (contd.) g

Example:
We now use the Gaussian rule to approximate the integral

St 1
= | —d
( /0 1+xX

Note that the true value is I(f) = log(2) ~ 0.693147.
To use the Gaussian quadrature, we first need to make the above linear

change of variable with a=0 and b =1, and we get

Therefore, you first have to carefully use the change of variable which we have shown in this
slide and obtain this function with a = 0 and b = 1 now, and then apply the Gaussian rule. So,

in the present case the change of variable happens to be x = “;—1 Therefore, this is the given

integral and that should be now rewritten in this form.

And then apply the Gaussian quadrature rule for this integral. Remember, that is what | am just
emphasizing, do not apply the Gaussian quadrature rule for this integral, this is wrong. You
apply the Gaussian quadrature rule for this integral.

(Refer Slide Time: 20:15)
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Numerical Integration: Gaussian Rules (contd.) g

Gaussian quadrature formula with n = 1 is given by

[ e 5) ()

* with

we get

] . 1
/ Ll >+f<—_>20.692308.
Jo 1+x V3

The error is ——

I(f) — lea(f) 2 0.000839.

NPTEL S. Baskar NPTEL Course Numerical Integration

So that is you use this formula, this is the Gaussian quadrature rule for n = 1. Similarly, for n =

0 also you can do. What is f now? f is not the one which is given to us. But f is the one which
you obtained after putting the change of variable that is % and that gives you this value. So,

this one transformation that you have to do without forgetting and that is very important. You

see, what is the mathematical error involved in this calculation.

It is something given like this, again | am giving you a caution that although I am calling it as
mathematical error ideally, it is actually the total error.
(Refer Slide Time: 21:06)
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Numerical Integration: Gaussian Rules (contd.) g

Theorem (Mathematical Error Formula)

Let f(x) be continous for a < x < b, and let n > 1. Then the absolute
N\~

(mathematical) error [ME,(f)| in using Gaussian numerical integration

rule to obtain I(f) satisfies

IME,(f)] < 2(b~ a)pmrn(F)

where e
- . » DA NV\OX \Q(‘) ‘1“
AN 2

is the minmax error of order 2n+ 1 for f(x) on [a, b].

NPTEL S. Baskar NPTEL Course

Let us see how the mathematical error estimate looks like. We can obtain an estimate in the case

Numerical Integration

of Gaussian rule. let us assume that f is a continuous function defined on an interval [a, b]. And

you have some n and you also obtained the Gaussian rule for that given n. Then the



mathematical error involved in the Gaussian rule with that n is denoted by ME,,(f) and you can

estimate the mathematical error by this inequality.

Where this p = 4 inzf +1||f— q||l«- Remember, you should go back to our previous classes
egqs<2n

and see what this infinite norm means. It is nothing but max {|f (x) — q(x)|}, x € [a, b], that
is what is mean by this notation. And we call it as maximum norm or infinite norm. So what

you are doing is, you are taking all the polynomials of degree less than or equal to 2n + 1.

And obtaining the maximum norm of that minus f and then taking the infimum over all those

numbers. And that is what is called as p,,.1(f) and the upper bound of the mathematical error

involved in the Gaussian quadrature rule is given like this.

(Refer Slide Time: 23:03)
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Numerical Integration: Gaussian Rules (contd.) g

Proof:

Let g3,.,(x) be a polynomial of degree < 2n+ 1 such that

1f= sl = p2nsa(f).

We can write
ME,,(f) = MEn(f) - MEﬂ(q:?n-l t

Since ME,(p) = 0 for any polynomial p(x) of degree < 2n+ 1.

Also, the error function ME, satisfies
AN - o
ME,(F+ G) = ME,(F) + ME,(G)
———
for all F, G € ([a, b].

NPYEL S. Baskar NPTEL Course Numerical Integration

Let us see how t prove this, it is not very difficult. Assume that the infimum is achieved at
some polynomial which is denoted by g3, ;. It is a polynomial of degree less than or equal to
2n+ 1. Then p,,.1(f) is precisely equal to this because infimum of this is what is the definition
of p and we are taking that infimum to be achieved at g*. Therefore, if you take the infinite

norm of f — g* that will be exactly equal to this number that is by definition.

And now look at the mathematical error of f. You can see that the mathematical error involved
in the Gaussian quadrature rule in evaluating the integral of f, is written like this. Why it is so?
Because this is actually equal to 0. Because by the derivation, Gaussian quadrature rule gives
you the exact value for all polynomials of degree 2n + 1 and g~ is a polynomial of degree less

than or equal to 2n + 1. Therefore Gaussian quadrature rule gives you the exact integral value.



That means the mathematical error involved in the value, obtained from the Gaussian quadrature
rule for q* is exactly is equal to 0. So, what | am doing is, precisely the mathematical error in f
is equal to the mathematical error in f — 0. That is all 1 am putting, 1 am not putting anything
extra here. Therefore, this is always true. Now, you just check that the mathematical error
involved in the Gaussian quadrature rule for the integrand f + g is nothing but the mathematical
error involved in the Gaussian quadrature rule, with integrand f plus the mathematical error with

integrand g.

So this is very simple to check, it comes directly from the linear property of the integral, in fact.

Now I will use this simple property in this expression.

(Refer Slide Time: 25:32)
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Numerical Integration: Gaussian Rules (contd.) g

We can write

. Since ME,(p) = 0 for any polynomial p(x) of degree < 2n+ 1.
Also, the error function ME, satisfies

ME,(F ¥ G) = ME,(F) + ME,(G)
Ne 8 =
for all F, G € ([a, b,
Therefore, we can write

S. Baskar NPTEL Course Numerical Integration

an write this expression like this so | am just having this, of course with

And that tells me t Ic
the minus sign here. And that | am writing like this with a minus sign here that is what | am
doing.

(Refer Slide Time: 25:52)



ME,(f) = ME,(f) - ME,(q5,.,)

Therefore, we can write
ME(f) = ME,(f - g5,.1)

= [0~ Gh)= Y AF05) = i)
Ja Qo b-a)

SN

N
= MEf)] < [f~ Gaupallol(-2) + Y Iwl

j=0

But we have Z":|wj = b— aand therefore, we get the desired result.
o = NPTEL Course e ——
And now we can see that the mathematical error in f — g* can be written like this. This is
precisely the definition of the mathematical error. This is the exact value minus the quadrature
rule. That is, the Gaussian quadrature rule is this. So, this is exact value and this is the
approximate value. So, that is the mathematical error. Now, let us take the modulus on both

sides and use the triangle inequality for the modulus.

And then take the maximum norm on this integrand. | am doing all this in one step, you can see
that the right hand side, in fact, can be written like this, after taking a modulus with a less than
or equal to sign. So, you are just dominating modulus of this by this quantity. you can easily
check this. What | am doing, | am just taking the modulus. And using the triangle inequality for

the modulus and | am also using the condition that | f;f(x)dx | < f:lf(x)ldx.

This is also a property, that is well known for the integrals. I am using that also here, I am first
taking modulus here and then pushing this modulus inside the integral. And then dominating

this term by its maximum. That is how | am having the maximum norm here and then what
remains is f: dx that is nothing but b — a. And you can also see that this term can be dominated

by this. That is not a difficult thing, of course you take the modulus and then take the modulus

inside the summation.

And then you get this. | hope you can do this to this without any problem and now you can see
that all these weights with the modulus will sum to the length of the interval, b — a. So that is

what is very interesting, once you put this into this term you will see that you will get back the



inequality that we want to prove. Remember this is what we have taken as p,,+1. And this will

be another b — a, therefore b —a + b — a will be 2(b — a).

That is what precisely we want to show and this gives us an estimate of the mathematical error
involved in the Gaussian quadrature rule. With this we will end our class, thank you for your

attention.



