Numerical Analysis
Prof. S. Baskar
Department of Mathematics
Indian Institute of Technology - Bombay

Lecture: 50
Numerical Integration: Simpson’s rule
Hi, we are learning quadrature formulas to approximate a given integral. In this we have already
seen rectangle rule, midpoint rule and trapezoidal rule and also their composite versions. In
today's class we will learn Simpson’s rule. Simpson’s rule is obtained by integrating the
corresponding quadratic polynomial, interpolating the integrand at 3 specific nodes.
(Refer Slide Time: 00:50)

AN O REO N RS K 24 QLTE )

- - Tow — - - b

Numerical Integration: Simpson's Rule

I(f) = Nps) = flxa)wo + flxi)wa+ fx)we, e (n

The Lagrange form of interpolating polynomual is

m(x]f(f( ﬁ rfxﬁ(x.
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NPTEL Course

Recall, that we obtain the quadrature rules by first approximating the given integrand by its
interpolating polynomial of certain degrees, by supplying the nodes explicitly. That way today,
we will take the number of nodes as 3 that is n = 2. By this we have to give 3 nodes x,, x; and
x,. Therefore our quadrature formula will be f(xy)wo + f(x1)w; + f(x3)ws,. If you write the
interpolating polynomial p, in the Lagrange form, you get this expression for the interpolating

polynomial with n = 2,

The idea is to integrate this polynomial and thereby you will have integral a to b for the
Lagrange polynomials and they give you w,, w; and w,. So, this is the idea that we have been
following to derive the quadrature rules.

(Refer Slide Time: 02:10)
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Numerical Integration: Simpson's Rule

I(f) = lps) = flxa)wo + fxa)wy + f(xa)we,

The Lagrange form of interpolating polynomial is

palx) = flxo)b(x) + Fxa)h(x) + Fx) ).

pa(x)dx = f[xc)/ b(x) dx 4 f(xl)/ h(x) dx 4 f(xz]/ h(x) dx.
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Let us choose xo = a, x; = (a+ b)/2 and x; = b.
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Nusierical Integration

And that leads to this expression. And now let us see how to choose the nodes because we can
choose different nodes to get different quadrature formulas. For Simpson’s rule we have to
choose the nodes like this. They are equally spaced in the interval [a, b] and they are x, = a,
x41s the midpoint of the interval [a, b] and x, is b. Once you get this, you plug in this into this
expression and you have to perform this integrals, that is what is the difficult job that we have
right now.

(Refer Slide Time: 02:57)
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Nusmercal Iestegraton

For that, we will use a change of variable in order to make this calculation little simple and

calculate these 3 integrals and see how they look like. First let us take f; lo(x)dx, [, is the

Lagrange polynomial with k = 0. And its expression is given like this and therefore this is the
integrand. You can see that it is a quadratic polynomial, therefore you can explicitly integrate it

and just to make the calculation simple we will make this change of variable here.



And then integrate it to get the expression for the integral as b_Ta. Similarly, we have to evaluate

this integral, as well as this integral. Let us see how they come out to be.
(Refer Slide Time: 03:54)

For the second integral, it is f: [, (x)dx. You can again write the expression for [; (x) and then
use the change of variable, similar to what you did with [, and you can see that finally that

integral will reduce to %(b — a) and a similar calculation will also give us f; I, (x)dx. Again,

it is equal to b%a. Now you just have to plug in these values into the ff p2(x)dx.

(Refer Slide Time: 04:34)
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Numerical Integration: Simpson’s Rule (contd.)

./Hlbpz(x)dx ft0) /J

[
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b M) / () dx+ F) / b(x) dx.

b-a [° 4
’|](X) dx = -b—a /J IL(X) dx = 6

which is the famous
5. Badhie

Remember ff p,(x)dx is given like this, where you just have to put this value in the first term

and this value in the second term and this value in the third term and that gives you the required



Simpson’s rule given by this formula and that is obtained by simply integrating p, (x) with x, =
a that is what is shown here, x; is equal to the midpoint of the interval [a, b] and x, = b. If
you choose the nodes like this, then the corresponding rectangle rule is what is called the

Simpson’s rule.

(Refer Slide Time: 05:21)
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Numerical Integration: Simpson’s Rule (contd.)

Let us see the geometrical interpretation of the Simpson’s rule. Suppose your function f(x) is
graphically looking like this, then fff(x)dx is the area under the graph of the function f(x)

between the interval [a, b]. That is the geometrical interpretation of the integral and that is
shown in the light red color here and this is the region which you have to find the area and that
gives you the f: f(x)dx. This is precisely what we want to find.

(Refer Slide Time: 06:08)
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But, Simpson's rule takes the quadratic polynomial interpolating the function f at the nodes a,
(a + b)/2 somewhere, | am just roughly placing it, It is the midpoint of the interval [a, b] and
then b. Say for instance, the graph of the interpolating polynomial is given roughly by this white
solid line then the Simpson’s rule gives us the area under the graph of p,(x). This is just a
roughly drawn graph for the quadratic polynomial interpolating the function f(x). Just to

illustrate the geometry of the Simpson’s rule.

Now let us see, how the mathematical error can be derived. Remember, the mathematical error
involved in the Simpson’s rule is going to include the area covered in this place and the area
covered in this place. So, these 2 things are going to be precisely contributing to our
mathematical error.

(Refer Slide Time: 07:27)
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Numerical Integration: Simpson's Rule (contd.)
Mathematical Error
MEg(f) := f) — K p2).

Theorem (Error in Simpson's Rule)

Let f € C*a,b).
The mathematical error MEq(f) of the Simpson’s rule takes the form

f(n)(b - af
80

MEs(f) = -
for some 1 € (a, b).

Proof Omitted

And by definition the mathematical error involved in the Simpson’s rule is nothing, but the

exact value that is f: f(x)dx minus the value obtained from the Simpson’s rule which is

precisely the integral f; p2(x)dx. So therefore this is the basic definition of the mathematical

error involved in the Simpson’s rule. As we did in other cases, we can also get an expression
for this mathematical error. For that, you have to assume that f is a C* function in the interval
[a, b].

Once you have that, then the mathematical error can also be represented by this expression. That

@ (b-a)®

is what the theorem says it can be written as — S50

,M € (a, b). So that is the expression,



that you can obtain for the mathematical error whereas this is the basic definition of the

mathematical error.

The proof is not very difficult but it is little bit involved. Therefore, we will omit this proof for
our course. However, we have given the proof in our notes. Interested students can go through
the proof.

(Refer Slide Time: 09:14)
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Example:
We now use the Simpson's rule to approximate the integral

The true value is | = log(2) ~ 0.693147.

Using the Simpson's rule, we get

1 8 1\ 25
I: l- = ~ U, 4
5 6( 3i 2) % 0.694444

Therefore, the error is MEg(f) 2 0.001297.

re il S, Barkar NFTEL Cosrm

Let us take an example. We will again consider the same integral, which we have been working

with the other quadrature formulas also. We will consider evaluating the integral | 01 le dx, here

fis taken as i The exact value of this integral is log 2 and numerically you can approximately

take it as 0.693147 and there are more terms but we have just rounded it up to here. Now let us
apply the Simpson’s rule and see how the value comes out of this Simpson’s rule for this

integral.

For that, we have to take the formula for the Simpson’s rule that is (b — a)/6, that is 1/6 here
into f(a), you can check that f(a), a = 0 therefore f(a) is 1, plus 4 times f(a + b/2) that is
0. 5. That turns out to be 8 / 3 + f(b). Now you just calculate this, you will get the value of the
integral as 25 / 36, if you use this Simpson’s rule. That is only an approximate number and that
in the decimal form it gives you 0.694444,

You can see that the error involved in this is roughly 0.001297. Of course this is, strictly

speaking, also involving the arithmetic error because we are representing all these numbers after



a rounding approximation. Therefore, we should ideally call it as total error but just with a little
abuse of notation, we are just calling it as mathematical error only. But you have to bear in mind
that strictly speaking this is the total error.

(Refer Slide Time: 11:38)
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Quadrature Rule 3(a): Composite Simpson's Rule

If you recall, we have derived composite quadrature rules for both rectangle and trapezoidal

rule. We will also derive the composite Simpson’s rule now. What is the basic idea of any

composite quadrature rule?
(Refer Slide Time: 12:01)
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Numerical Integration: Composite Simpson’s Rule

Let us now derive the ;
Taking a = X_1, b= X1, X = (Xieg + X1)/2 and X, ~ x_y = hin

Simpson rule, we)gt
fales fi
j/ f(x’)dx:?::6{(()(,.1)7L ‘

A

Nurrancal Isbogratin

I hope you have seen the previous videos, you know the idea very well. You just have to
introduce a partition to your interval [a, b]. It can be non uniform partition also. But we have

been taking only uniform partitions, just for the sake of simplicity. Here also we will take a



uniformly spaced partition with the length size of each partition as h and therefore you can

introduce the partition points as x;,i = 0,1, 2,---,n, where x; — x;_; = h.

And also, we will make sure that a = x, and b = x,,. Now here is a catchy point, when you are
deriving the Simpson’s rule, remember you need 3 nodes in order to define the Simpson’s rule.
Therefore, when you take the partition, you need 3 nodes in that interval. Suppose you take
some point as a and some other point as b, there should be 1 point in between these 2 nodes in

order to define the Simpson’s rule.

Therefore, you have to take the pieces of the Simpson’s rule as x;_4 t0 x;,,. So that x; comes
as a node point. Because you are only given the nodes and you are supposed to find the formula
based only on those nodes, you cannot generate a new node in order to evaluate the integral.
You have to, somehow, manage them with the nodes given to you. Therefore, you cannot take

Xi and Xit1-

If you take like that, that is suppose you are taking this as x; to x;.,, then you can clearly see
that there is no node between these 2 but you need one in between node in order to define
Simpson’s rule. Therefore, this way of taking nodes is not correct. You have to take x, and then
x5, this as 1 piece although you have x; as a node in your partition you have to take this as 1
interval and similarly x, to x, you have to choose although x5 is a node, you cannot take x, to

X3.

Then you cannot apply the Simpson’s rule in the interval x, t0 x5, you can only apply Simpson’s
rule in the interval x, to x,, like that it goes. That clearly says that the number of node points
that you take in the interval in order to apply composite Simpson’s rule, you need that number
to be of even number.

(Refer Slide Time: 15:17)
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Numerical Integration: Composite Simpson's Rule

Let us now derive the | .

Taking a = X1, b= Xu1, X = (Xi—y + x=1)/2 and x; = x.; = hin
+

Simpson rule, we get

|

/‘ f(x)dx & —{F(xi1) + 4F(x) + f(x1)} -

\ A A .
Summing for i=1,-.-.2n -1 we get

b

/Ibf(x]dx - Z f(
Ja = (%)

{ R \_m

So to make sure that we need even number of nodes, let us take the number of nodes as 2n. So
that is something which you have to remember always, the number of nodes that is needed for

us to generate composite Simpson’s rule, should be an even number. Now once you make sure
then your f:f(x)dx can be first broken into the smaller integrals taken on the intervals x,; to

X5i4+5. Therefore, there is 1 node always sitting in between these 2, that is the idea.

Once you split this integral f:f(x)dx into integrals of this form, remember this is very

important, you should not forget it. This is very important for Simpson’s rule, you can go back
and observe that this complication is not there in trapezoidal rule as well as in the rectangle rule.
So therefore, you have to keep this in mind when you are working with composite Simpson’s

rule.

Then once you make the choice of your intervals properly, you can easily get the formula for
the composite Simpson’s rule, by applying the Simpson’s rule for each of these integrals and
that is given by this expression. And now you have to take that with this summation you can
see that gives you 2h because your interval is always x, to x, and then x, to x,, like that you
are jumping 2h length in each sub interval. That is why, you see that here you have instead of
b — a you have 2h divided by 6 and then the Simpson’s formula is applied here.

(Refer Slide Time: 17:25)
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Numerical Integration: Composite Simpson's Rule

Taking @ = 1, b= X1, X = (%1 + X1)/2 and x; — %1 = hin Simpson rule, we
get

"X ) ) 52 = A
| e () 48(x) + )

Summing for i=1,--+,2n, we get

y] R SHoa
P 6 7aG ] T 4"(‘4‘ l,’ T !lN:I‘,:”
=0 v =0

Wb 0= wens
/ fix)de=Y" / f(x)dx =

Therefore, the takes the form

n=1

fg(f):-g f(Xo) f f(Xg,,) f 22“&) ' 42“&),,1) :
i1 i=0

Narrenzal lrbagraton

After a suitable rearrangement of these terms, you can finally get the formula for the composite
Simpson’s rule. Like this, you can carefully go through and see how | have rearranged these
terms in order to get this nice looking formula. And this is the composite Simpson’s rule. Well,
like this you can keep on choosing n = 3, 4, 5 and so on and also for every given n, you can also

choose nodes at different positions in order to get different quadrature rules.

We have only given 3 cases rectangle rule of course we have also given midpoint rule and then
we have given trapezoidal rule for n = 1 and Simpson's rule for n = 2. You can keep on going
like this and you can generate many such quadrature rules.

(Refer Slide Time: 18:32)

LWL L RO TS S AR S 0
o

- B - [ - - T .

All the rules so far derived are of the form

I(f) / f(x)dx = wof(xo) + waf(x) + -+ + wof(x,)

| where w;'s are weights.

NPTEL Coune. Nurmarad Inluratur

Let us see another way of deriving this quadrature rules, called method of undetermined

coefficients. This is particularly important when you go to derive Gaussian quadrature rules.



That is why, we are first introducing this method. If you recall, we have the quadrature rule in
this form. You know how this form comes out, | am not going to repeat that all the quadrature
rules that we have derived so far. We look finally in this form for a suitably chosen set of nodes

for a given n.

And the weights w;’s are computed by integrating the corresponding Lagrange polynomials.
Now in this we are given these nodes and the weights are to be found. And these weights are
found by just directly integrating the Lagrange polynomials. Now there is another way to find
these weights, that is what we will be doing here and this way of finding weights is what we
call as method of undetermined coefficients. Let us see how to find this w;’s instead of going
for integrating the Lagrange polynomial.

(Refer Slide Time: 19:58)
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If) = /’Df(x)dx’*‘ wf(x0) + waf(x) +++ + wof (xs)

i where w;'s are weights.
| How we der e rules?

‘ o We first fixed the nodes xy, xq, -+, X,
|
|
1

+ We used mterpolatmg polynomials to obtain the corresponding
weights wo, wy,«++ , W,

Nurrarcd Intugestor

What you do is, first of course we are given the n + 1 node points that is given to us and then
we have to find these weights and so far we are doing it using the interpolating polynomials.
(Refer Slide Time: 20:18)
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Numerical Integration: Method of Undetermined Coefficients

All the rules so far derived are of the form

eh

I(f) = / f(x)dx = wof(xo) + waf(x1) 4+ + wif(xy)

» ' 8
where w;'s are weights.

Another approach:

o We first fixed the nodes xy, xq, +++, X,
+ Corresponding weights wo, wy. - - - . w, are obtained by imposing the
T 11—
The rule is exact for polynomials of degree less than or equal to n
{1 Such a method is called the

There is another way to do it, let us see how to do that. We first fix this nodes and then to get
the corresponding weights we will impose certain conditions. What are those conditions? We
will say that this rule is exact for polynomials of degree less than or equal to n, this is the
important point. Remember this is the exact integral and this is the approximation for the exact

integral, that is why we have put this symbol approximately equal to.

So, this left hand side is not exactly equal to the right hand side but in this condition what we
are saying is, this will be exactly equal if this integrand happens to be a polynomial of degree
less than or equal to n, that is what we are imposing as a condition. And this will obviously give
us n + 1 equations involving xy, x4, **-, x, and also wy, wy, -+, w;,. In this x;'s are known to us,

therefore we can treat this system of equations with unknown as w;'s.

In that way, we will get a linear system of equations with unknown vector as w whose
coordinates are wy, wy, -+, w,. Now you solve this system, if it is possible, and you get the
weights. This is the alternate way to get weights and this approach is what we call as the method
of undetermined coefficient. This method is well understood through certain examples.

(Refer Slide Time: 22:18)
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Jl Numerical Integration: Method of Undetermined Coefficients
(contd.)

¢| Example:
1 Let us find wy. wy, and ws such that the approximate formula

/ fldem weflal wlf(" : b") Fwef(B)

[ 4

/| is exact for all polynomials of degree less than or equal to 2.

This formula is exact for all polynomials of degree < 2

the formula is exact for the polynomials 1.x and x',

e i
(monomial basis)
N —
NFTEL Coune Surrarcal Intugat o

So let us try to understand this method through this simple example. We want to find the
quadrature rule for evaluating an approximate value of this integral f; f(x)dx. For that, we

want to propose the quadrature rule in this form. In this what we are doing, we are taking x, as
a, x; as the midpoint of the interval a to b and x, as b. If you recall, we have already learned
how to derive the expressions for wy, wy; and w, using the corresponding interpolating

polynomial.

And we have in fact called that quadrature formula as Simpson’s rule in our previous slides. We
will take the same situation that is the same set of nodes and we have n = 2 here, because we
have 3 nodes. Instead of going for the method of interpolating polynomials, now we will go
with the method of undetermined coefficients. And try to get these weights wy, wy, w, by

imposing the condition that this will give you the exact value to this integral.

That is this will be exactly equal to the right hand side, if this function f happens to be a
polynomial of degree something less than or equal to 2. So, this is the condition that we will
impose and you can clearly see that this condition is equivalent to the condition that the formula
is exact for the polynomials which are coming from the monomial basis of the space of all

polynomials of degree less than or equal to 2.

Remember the set of all polynomials of degree less than or equal to 2 forms a vector space and
the functions 1, x, x? will form a basis for this vector space. In general, if this is some n then

the set of all polynomials of degree less than or equal to n will form a vector space. And the set



of functions 1, x, x? up to x™ will form a basis for this vector space and this basis is called the

monomial basis.

Now instead of applying this idea, that is this condition on some general polynomial of degree
less than equal to 2, you can apply this condition on each member of the monomial basis. That
is the idea, remember if you apply this condition to each of this polynomials, you will get a
linear equation for each polynomial.
(Refer Slide Time: 25:45)
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NI: Method of Undetermined Coefficients (contd.)

The condition that the formula

/ f(x) dx = wof(a) + wy f'r =
\ /

2
Ja

is exact for the polynomial

o if)=1 => j;bldxz wo+ W 4w

So that is the way to get a system of linear equations. Now, let us see how to do that. Remember,
this is the integral that we want to evaluate and this is the quadrature formula that we are
proposing to approximate the value of this integral. In this what you have to do is, first take
f(x) = 1. Remember, just take what happens when this integrand happens to be the constant

function f(x) = 1, vx. In this case, as per our condition this quadrature formula should give

exact value.

Therefore, this is the imposed condition under the method called method of undetermined

coefficients. So, you are just imposing this condition. On the right hand side, you have to take
f@=1and f(

integrand to be the constant function, f(x) =1 for all x. That gives you the right hand side as

azﬂ) = 1 and similarly f(b) = 1, because you are now considering your
wo + w; + w,, and that should be equal to the left hand side integral which is integral a to b,
now your function is just 1. Therefore, we are putting 1 dx.

(Refer Slide Time: 27:18)
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NI: Method of Undetermined Coefficients (contd.)

| The condition that the formula

b 5 b 2
/ f(x) dx =~ wyf(a) 4 wlf[ E;—} w,f(b)

is exact for the polynomial
o fixj=1 = .{'Jbldx: Wo + Wi+ w

Wn|W1|W2=b 3

You can explicitly compute the left hand side and that gives you this equation. This is the first
equation for our system. Now, you have to impose our second condition. What is the second
condition? The second condition is that when the integrand happens to be the identity map that
is f(x) = x for all x then again it is a polynomial of degree less than equal to 2. Therefore, your
integral value and the value obtained from this formula they should be exactly equal.

That is what you are imposing here the integral is f:x dx and the right hand side formula now

gives you this expression. They both should be exactly equal that is what the condition, that we
are demanding. And again, that gives us this equation. You can observe that these 2 are
equations with unknowns as w,, w; and w, and you can also see these are linear in w.

(Refer Slide Time: 28:32)
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NI: Method of Undetermined Coefficients (contd.)

/9
{ath)*

ol i) =i == '}':’xzdx:azwu F(52) Wy + Bws

| The linear system of three equations is

Wo +wp + wa

el
awy + ( : )wl Fbwy =

- ‘i]" b & 9
3wy | ( ; ) Wt bwe =

Nutraricd Intugrator



And finally, you have to impose the condition that f(x) = x?, then what happens? Again, you
will have f‘{ x2dx, is exactly equal to the right hand side expression where you have to put

f(x) = x? there. That is why ,you have a square and this and this. And again, you evaluate this
integral explicitly and that gives you another equation. Similarly, if n = 3 then you have to

impose this condition with 1, x, x? and x3.

And similarly, for any given n, you have to accordingly take the monomial basis of that vector
space, all polynomials of degree less than equal to whatever n that we give. And then you have
to impose these conditions one by one, that is, f(x) =1, f(x) = x, f(x) = x?andsoon f(x) =
x3, you have to put and so on. Whatever n you are given up to that you have to put each case
will give you a linear equation. And thereby you will have a linear system of equations. In the

present case we have taken n = 2.

Therefore, our linear system will have 3 equations which we have just now derived. And these
3 equations are given like this you see that the unknown vector in this is equal to w,, w; and
w, and what is the right hand side vector b and that is given like this. So, that is the right hand
side vector b. Now you can solve this linear system to get the weights w,, w; and w,.

(Refer Slide Time: 30:32)
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NI: Method of Undetermined Coefficients (contd.)

By solving this system, we get

1
Wy = 6(b a),

*| Substituting these values in the formula

/D L W'f(_a; b) + waf(b)

we get the Simpson's method

I~ I(f):= bga{f(a] | 4f<

Nutrarcd ntugrat ue

And that is not very difficult, you can explicitly solve it and your weights are given like this and
if you recall, that will lead to this formula by imposing these weights into this expression. You
get this formula and this is nothing but the Simpson’s rule. In fact, method of undetermined

coefficient will lead to a quadrature rule which is exactly the same as the corresponding



quadrature rule derived by integrating the corresponding interpolating polynomial of the

function f.

So, what | am trying to say is, these 2 methods, that is the method of undetermined coefficients
and the method by directly integrating the interpolating polynomials, these 2 methods will
finally lead to the same quadrature formula, that is all. Only the way we derive these weights
are different. In the interpolating polynomial case, we are integrating the Lagrange polynomials

and getting these weights.

Whereas, in the method of undetermined coefficients, we are imposing the condition that the
quadrature rule is exact for polynomials of degree less than or equal to n. Whatever the n that
we choose and with that we are applying this condition on the corresponding monomial basis
and we are getting a linear system out of that. And that linear system will give you the weights
again that is the method of undetermined coefficients. Whatever may be the method, finally the
quadrature rule will be the same, that is the idea.

We will see why we have introduced this method of undetermined coefficients, when we know
that the final expression that is the formula is going to be the same as we did with the
interpolating polynomials. But there is a major advantage with this method of undetermined

coefficients. We will discuss this in the next class thank you for your attention.



