Numerical Analysis
Prof. S. Baskar
Department of Mathematics
Indian Institute of Technology - Bombay

Lecture - 49
Numerical Integration — Trapezoidal Rule

Hi, we are discussing numerical integration. In this, we have developed a method called
rectangle rule. In this lecture, we will develop another method called trapezoidal rule. If you
recall, rectangle rule was obtained by approximating the integrand by the interpolating
polynomial of degree zero, whereas trapezoidal rule is obtained by approximating the integrand
by the interpolating polynomial of degree less than or equal to 1.
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Numerical Integration: Trapezoidal Rule

Recall, our interest is to evaluate the value of the f;f(x)dx. To approximate this value, we
will first approximate the function f by the corresponding interpolating polynomial of degrees
n, at some specified node points x,, x4, :**, x,,. Then, we will integrate the polynomial p,, in the

interval [a, b], in order to get an approximate value of our original integral, that is the idea.

If we write the polynomial in the Lagrange form and take the integral, we will get this form and
this is the general form of the numerical integration formula or quadrature rule where
Xo, X1, , X are given to us and we have to find the weights w,, wy, -+, w,, which are obtained
by integrating the Lagrange polynomial.

(Refer Slide Time: 02:00)



pl(X) = f(XU) = f[Xg. Xll(X—' Xg).
and therefore

Ir(f) = / (f(x0) + flxo, x1](x = X0)) dx.

w

G e
Taking xp = a and x; = b, we get
f(a) + f(b)
) =(6-3)(“252) ¥

and is called the Trapezoidal Rule.
S, Baskor

In this, we will now take n = 1 and thereby we will only have the first 2 terms. If you recall, the

corresponding polynomial of degree less than or equal to 1 can be written in this form.
Remember, | am just writing it in the Newton's form. Whereas here, we have written it in the
Lagrange form and then took the integral. It does not matter as we know both these formulas
will lead to the same interpolating polynomial.

Now, we will take the integral of the polynomial p, (x) over the interval [a, b] and that is what
we will call as the formula for the trapezoidal rule. Let us evaluate this integral and see how it
simplifies. You can do it directly and see that it simplifies to this form where we have taken
Xxo = a and x; = b and that leads to the trapezoidal rule. Remember, a particular rule in this

format will be obtained by first fixing n and not only that we have to also fix the nodes.

So, in that way trapezoidal rule is obtained by takingn =1, x, = a and x; = b and the formula
is given like this. It is obtained by directly integrating this polynomial over the interval [a, b]. |
will leave it to you to do this calculation and get this formula. It is a very simple calculation.
(Refer Slide Time: 03:48)
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Let us now try to understand the trapezoidal rule, from the geometric point of view. The original
integral, that is f:f(x)dx, generally we denote it by I(f) is nothing but the area under the

graph of the function f. Suppose if the graph of the function f is given like what is shown in the
red solid line in this figure. Then I(f) is precisely the area covered by the shaded region shown

in this figure.

Now what the trapezoidal rule does is, instead of taking the function f, it is taking its
interpolating polynomial approximation of degree less than or equal to 1, by that it is precisely
taking the line joining these 2 points.
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Numerical Integration: Trapezoidal Rule (contd.)

And thereby it is taking the area covered by this region, shown in the green color, and that is
what the trapezoidal rule precisely gives us as an approximate value to the original integral, that

we are interested in. You can clearly see what is the error that trapezoidal rule commits



mathematically. In this example, you can see that the trapezoidal rule has included this area

which is not there in the original integral. But it excluded this area which was there in the

original integral.
(Refer Slide Time: 05:42)
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Numerical Integration: Trapezoidal Rule (contd.)

Mathematical Error

0= 1 5

So, these areas will contribute in the mathematical error of the trapezoidal rule which is defined
as the difference between the exact value and the approximate value. So, this is the trapezoidal
rule which we generally denote by I-(f) and that is precisely the exact integral of the
interpolating polynomial of f of degree less than equal to 1. In order to have a better
understanding, we can get an expression for the mathematical error as we did in the rectangle
rule.

(Refer Slide Tim’(‘a‘: 0616)
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Numerical Integration: Trapezoidal Rule (contd.)

Mathematical Error

MEx(f) := () - (py).

Theorem (Error in Trapezoidal Rule)

Let f& C*[a, b]. The mathematical error ME(f) of the trapezoidal rule
takes the form

Let us put this formula in the form of a theorem and call this theorem as error in trapezoidal

rule. In order to derive the formula for the mathematical error we have to assume that f is a C?



function, that is, f is twice continuously differentiable function. Then you can write the
mathematical error involved in the trapezoidal rule, which is by definition given by this, and we
can obtain an expression for this. Although, I use the word formula, | generally do not prefer to

use that word because this expression involves an unknown .

This is always the case in any method, that we have seen so far. There is always an unknown
involved in the mathematical error. Therefore, including that unknown, the expression for the

) ®-a)?
2

mathematical error can be written as , Where 1 is some unknown number in the

interval [a, b].
(Refer Slide Time: 07:32)
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Numerical Integration: Trapezoidal Rule (contd.)

Proof

emb) , pw-

We have
) = f(a)+flabi(f- ' fla. b4 2)6E- b)

N~

Let us see how to prove this theorem. For that first you take a point x in the interval [a, b], which
is not equal to a and not equal to b, and then construct a quadratic polynomial interpolating the
function f at the points x, = a,x; = x and x, = b or we may write x; = b. Remember, in the
interpolation we do not need to worry about in what way we are arranging these nodes. Just to

have a clear idea, | am just taking itas x, = a,x; = b and x, = x.

And then, I am writing the quadratic polynomial interpolating the function f at these nodes and,
that is given by this, with t here, t here, and t here. Now, in this interpolating polynomial, if |
put t = x, then you will get p; (x) = f(x), that is precisely the interpolation condition at t = x,
that is why we have written f(x) is equal to this expression.

(Refer Slide Time: 08:58)
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f(x) = f(a) + fla bl(x— a) + f[a, b,x|(x — a)(x — b)

= pi(xfH f[a.b.x](x a)(x— b)

And remember, this is nothing but p, (x), that is what | am replacing here. If you recall, the

same kind of derivations, we have also used in the rectangle rule in order to get an expression

for the mathematical error in the rectangle rule. The same idea we are following in the proof of

the error formula for trapezoidal rule also.
(Refer Slide Time: 09:27)
2 I

DIEKIDEN BRI e VL @

- B - - Nk b .

Numerical Integration: Trapezoidal Rule (contd.)

We have

f(a) + fla. b](x — a) + f[a, b, x](x — a)(x— b)
= pi(x) 'jf[a. b X)(x— a)(x — b) duc.

Integrating over the interval [a, b], we get

b
Ih) / fla, b, X|(x — a)(x — b)dx.

Once you have this, you can now take the integral on both sides to get f; f(xX)dx = f: p,(x)dx,

that is what finally simplified to the trapezoidal rule in our case when we took the nodes as a

and b. That is why I have used the notation I;:(f) + integral a to b of this part of the expression,

so that is what is written here.
(Refer Slide Time: 10:01)



Sy OL‘H%’J

it W iy gl

Ll Numerical Integration: Trapezoidal Rule (contd.)

Proof

f(x) = pi(x) + fla bx|(x— a)(x— b)

Integrating over the interval [, b], we get

(/(f) - u@;j fla.by(x— a)(x— b

M " 3‘ 2°
Therefore the mathematical error is given by go
s 3%

MES() = 19~ (0 = | b= Bix

S, Baskar

Now you can see that the mathematical error by definition is I(f) — I+ (f), therefore that can

be now written as this expression. That is what | am writing in this step and now let us try to
rewrite this expression in order to get the formula that we have stated in the theorem. For that
again, we have to use the second mean value theorem for integration. You just recall the

statement of the second mean value theorem for integration, in that we have 2 functions f and

g.

They are continuous functions and g is of one sign, that means either g = 0 or < 0 for all x
[a, b]. Then, just imagine that this is replacing f(x) in the statement of the second mean value
theorem and this is replacing g(x) in the second mean value theorem for integration. Then the

second mean value theorem says that you can find a €, such that f (§) can come out of the integral

and you can write this expression as f(€) f: g(x)dx.

(Refer Slide Time: 11:33)
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Numerical Integration: Trapezoidal Rule (contd.)

We may assume that the function

x +— f[a, b, x| is continuous and we have (x — a)(x

Second mean-value theorem for integrals now gives
/J 1
MEr(f) = fla. b1 /(x— a)(x— b)dx,
Q/v—\)
R

for some 1) € (a, b).

For that, of course we have to assume that this map is a continuous map. One can assume it,
because, in fact it is true. You can prove this using a theorem called Hermite-Genocchi formula.
We have not discussed this theorem in our class. However, | have given this theorem with proof
in our notes. You can read the theorem and try to understand the proof of the theorem. Using
the theorem, you can show that the map that takes x to the divided difference of a function f of

any order.

For that, of course you need certain conditions on f. You can get that from the Hermite-Genocchi
formula. Once those conditions on f are satisfied, then you can say that the map that takes x to
the divided difference of any order. Here we are using only the divided difference of order two
that is why | have put like this, but it is true for divided difference of any order you can say that

this map is continuous. We will not go into the details of this justification.

But we will simply assume this and it is always true that this map is continuous and also you
can see that this expression is negative that is because x belongs to the interval [a, b]. Therefore,
you can apply the second mean value theorem for integration and you can pull out this part of
the integrand outside the integral with an unknown quantity n. This is how we are first landing
up with an unknown here and then the remaining part of the integrand is kept in the integral and
that can be easily integrated, it is not a problem at all. Now you see this is not the expression
we have stated in the theorem, we still need to do one more step.

(Refer Slide Time: 13:50)
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Numerical Integration: Trapezoidal Rule (contd.)

We use the formula

for some &, € (a, b). i
{0

2)

N

Using this formula in the mathemat:ulberror g(a,b,'ﬂ:

M) = flabil /(x— =Bl

we get the desired formula after a simple integration.

Let us see what it is. Again, if you go back to our previous chapter, we have derived an
expression for the mathematical error involved in the interpolating polynomials. If you carefully
go through the proof, you can see that this divided difference can be written in this form. The
proof of this formula can be obtained by carefully going through the proof of the error formula
for interpolating polynomials. So now, I am going to use this expression for this term, remember
this is true for divided difference of any order.

Now you see in the general formula, you have n + 1 nodes, plus one more extra, here you have
this plus one, therefore here you have to take n = 1 in order to match this expression with this
and therefore you have second derivative on the right hand side. If you recall in the last slide,
we have this expression for the mathematical error. Now we want to put this formula into this
term. For that you have to take n = 1, because this corresponds to x,, and this corresponds to x;

and this n corresponds to x.

Therefore, n = 1 that will make us to put f[a, b,n] = fz—fg) So that is what will come, if you use

this formula and that is precisely what we want to show in our theorem. That is the mathematical

" _ 3
error = %. That comes by directly integrating this term and of course you have 2 here.

Also, you can do this calculation, that is, you can explicitly evaluate this integral.

And you can see that will precisely be the expression that we want to show in our theorem and
this completes the proof of the trapezoidal rule.
(Refer Slide Time: 16:39)
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Numerical Integration: Trapezoidal Rule (contd.)

Example:
Approximate the integral

The true value is / = log(2) ~ 0.693147.%/

Using the trapezoidal rule, we get
1 1
IH{f)==(1+=)=-=075
=3 (1+3) =3

~ MEx(f) ~ —0.0569.
e

Let us take folﬁdx. You can easily evaluate this integral and you can see that the value of

this integral is log 2 which can be approximately taken as this number. Now let us try to evaluate

an approximate value of this integral using the trapezoidal rule you know the trapezoidal rule
you justputa = 0,b = 1and f(x) = le in the expression of the trapezoidal rule formula. We

will get the value from the trapezoidal rule as 0.75.

And therefore, the error involved in this approximation is roughly - 0.0569. We may call this as
the mathematical error although there are some rounding error involved in it. You should
actually call it as total error, but just for the sake of simplicity we are calling it as mathematical
error here.

(Refer Slide Time: 17:53)
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Numerical Integration: Trapezoidal Rule (contd.)

Recall

MEq(f) = -%‘Z”’)i 2

Using the error formula, we get the bounds for ME(f) as

1 1
E ~ —0.1667 < ME(f) < — ~ —0.02083
L‘—\/'*-/ W—\/
which clearly holds in the present case.

Numerical Integration

And now let us try to compare the error that we obtained from the theorem that we got in the

previous case. Here, we got the value of the mathematical error exactly from our computation.



We got it explicitly because we have fixed f, we have fixed a, and we have also fixed 1 and the
integral is something very easy for us to evaluate. Therefore, we know the exact value also up

to certain rounding error we know it exactly.

Therefore, in this particular example you can get the mathematical error more explicitly. Now,
let us go to the expression that we derived theoretically for the mathematical error in the
trapezoidal rule and we will try to see whether the theoretical result is well comparing with the
computed result. For that, we have to find an upper bound and a lower bound for this expression.

How will you do that, you know whatis b, b is 1, a is O.

Therefore, this term can be explicitly calculated. In order to get a lower and upper bound for the
mathematical error, you just have to find the lower bound and upper bound for this term. We
know what is f, so you differentiate it twice and then find the minimum and maximum of that
function in the interval [0,1] and that gives us a lower bound, which can be approximately taken

like this and the upper bound which can be taken like this.

And now, you can see that the computational result that we got, is well agreeing with the
theoretical bounds, that we got through this expression. This is just to cross check how our
theoretical analysis is coinciding with the computer data. Just to have the justification for this,
we have given this example. Next let us go on with the composite trapezoidal rule.

(Refer Slide Time: 20:10)
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Numerical Integration: Composite Trapezoidal Rule

To improve on the approximation, especially, when f(x) is not a nearly
linear function on [a, b,

» break the interval [a, b] into smaller subintervals and
« apply the Trepezoidal rule on each subinterval.

If you recall in the last class, we have derived the composite rectangle rule. The idea of deriving
composite trapezoidal rule is exactly the same. In order to improve the approximation in the

quadrature formula, you can go to apply the quadrature formula on a partition of your interval



[a, b]. That is the idea of composite rule of any quadrature formula. The first step is to break the
interval [a, b] into smaller subintervals. That is, you first introduce a partition to the interval on
which we want to perform the integration and then apply the quadrature rule on each subinterval.
(Refer Slide Time: 20:56)
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Numerical Integration: Composite Trapezoidal Rule (contd.)

Let us subdivide the interval [a, b] into n equal subintervals of length

o 0=

n
with endpoints of the subintervals as

xi=a+jh, j=0,1, n
Then, we get

|

0= / )= . / Flx)d

K f(x)dx.

More precisely, we will try to derive the composite trapezoidal rule on an equally spaced
partition. This is just for the sake of simplicity. You can also derive the composite rule for any
quadrature formula on a non-uniformly partitioned grids also. Let us take some value for n, then

you will have the partition x,, x4, :*-, x;,, given by a + jh, where j runs from 0 to n, where h is

given by b%a, why? Because, we are just considering equally spaced nodes. That is why, we
have taken h like this. Once you have this, you can write your integral as Z}‘;& ;}_"“ f(x)dx.

(Refer Slide Time: 21:59)
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Numerical Integration: Composite Trapezoidal Rule (contd.) B
Then, we get

() = / bf(x)dx_i /f";f(x)dx.//
T

Using Trapezoidal rule on the subinterval [x;, x;.1], we get

/‘ f(x)dx ~ h (M) 0

2
W

Substituting this in the above equation, we get

() {M} +h {M} oot [w} .

2 2 2

Numerical lategration

And now, once you have this, you can apply any quadrature rule on this integral, which is
restricted to each of the subintervals. Remember, we have done this in the last class. Also, there



we have applied a rectangle rule for each of these integrals. Now we will apply trapezoidal rule
for each of these integrals. Remember, this is the trapezoidal rule restricted to the subinterval x;
to x;,4, since the length of the interval is h, we have h here. Therefore, you can write this
expression now, replacing the exact integral by this approximate expression, you get this

expression on the right hand side.
(Refer Slide Time: 22:57)
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Using Trapezoidal rule on the subinterval [x;, xi.1], we get

1
2J‘(xo) + f(x) + f(x0) + -+ + F(xo-1) 4 -2f(X")J :

N
This rule is called the Composite Tra

Now you can just rearrange the terms in this expression to get the composite trapezoidal rule,

given by this formula.

(Refer Slide Time: 23:04)
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Numerical Integration: Composite Trapezoidal Rule (contd.)
Example:

Using composite trapezoidal rule with n = 2, let us approximate the
integral 0

Sl =1
/_./o l-xdx' ii:_“%//

The true value is /= log(2) & 0.693147. IRl s 1(}) N
Now, the composite trapezoidal rufe with x; = 0, % = 1/2 and x, = 1

gives S _
///;(/0”0,70833. r Lo

———

Thus the error is —0.0152. Recall trapezoidal rule gave —0.0569.

Let us take n = 2 and try to evaluate the approximate value of the integral [ Olﬁdx. Recall, we

have obtained an approximate value of this integral using trapezoidal rule also. Now we will
use composite trapezoidal rule with n = 2 and see how we are getting the approximation. Recall

the exact value is log 2 which may be taken approximately as this number and the composite



trapezoidal rule with the partition as x, which is equal to 0, x; = 1/2 and x, = 1 can be obtained

as this number.

Recall, you just have to put x, =0, x; = 1/2 and x, as 1 in this formula with n = 2 here and then
a direct calculation will give you this number. What is the error now? You can directly see that
the error involved in this approximation, when compared to this as the exact value, is given by

this formula. If you go back to the previous example, the trapezoidal rule gave us this error.

You can clearly see that the composite trapezoidal rule with n = 2 gave us a better approximation
when compared to the trapezoidal rule. Remember trapezoidal rule is nothing but the composite
trapezoidal rule with n = 1, that is all. Similarly, if you take n = 3,4, 5 and so on you will tend
to get better approximation to this value. In that way, you can generate a sequence {I7(f)}.

Observe that, we have used the notation I2(f) for the composite trapezoidal rule with n = 2.

Similarly, we will use the notation I3 (f), for the composite trapezoidal rule with n = 3 and so
on. In that way, you are getting a sequence of numbers like this. For each n, you are getting a
sequence of real numbers and we expect this sequence to converge to the exact value of the
integral 1(f), in this case. In this particular example, I(f) is this and IZ(f) is this. Similarly,

you can get I3(f), that will be some number and so on in that way you are getting a sequence.

Now the question is, does this sequence converges to this number as n — oo, that is the question.
The answer is yes, it will converge. How will you prove that? You will take this quantity
I7(f) — I(f), or maybe the other way round and that is the mathematical error involved in this
and you can obtain the mathematical error by imposing the mathematical error for each of these
terms. Remember, this is the trapezoidal rule for this particular integral. You know how to get
the mathematical error for this when compared to the exact value this.

The expression is derived in our previous theorem. Now you have to put that expression for this
particular integral and then sum all those errors from j = 0 to n — 1. You can see that,
mathematical error will involve something with h to the power of something divided by

something. From here you can see that as n — oo, you obviously know that h — 0, because it is

nothing but b%a. Therefore, as n — oo, h — 0, that will imply that this term will go to 0.



This is how you can prove the convergence of the composite trapezoidal rule to the exact value
of the integral. A similar proof can also be given for rectangle rule. | leave it to you to prove

these results. With this, we will end this class and thank you for your attention.



