Numerical Analysis
Prof. S. Baskar
Department of Mathematics
Indian Institute of Technology — Bombay

Lecture — 47
Polynomial Interpolation — Tutorial Session

Hi, we have finished our discussion on polynomial interpolation. In this lecture we will solve
some tutorial problems, especially these problems are important from the point of view of

quadrature rules, which we will be studying in the next chapter.

(Refer Slide Time: 00:36)
Problem 1

Given distinct nodes xo, X1, ... Xn for n > 1, show that

>‘ b = 1.
k=0
where /() denotes the k" Lagrange polynomial.

Solution

The Lagrange mterpolatmg polynomlal for a given function fwith n+ 1
distinct nodes xp, X1, ..., X, €

pa(x) = , l (%),

In particular, let us take f(x) = 1, for all x € [a]. R

Numesical Integration

Let us consider this problem as our first problem We are given n + 1 distinct nodes and we
have the Lagrange polynomials, corresponding to each node. We can show that the sum of all
this Lagrange polynomials at any point x in R will take the value 1. So that is the problem, this
IS an interesting and also very important problem. Let us see how to show this, recall that once
we are given a set of n + 1 nodes we can write the interpolating polynomial of a given function

f at these n + 1 nodes.

And it is given by this formula, it is written in the form of the Lagrange interpolating
polynomial. So, in this what you do is, you just want to have this expression. In the polynomial
repress,,entation you can see that you have the representation with the coefficients as f(xy).
So, if you can make this term to be equal to 1 then at least the left hand side in our question is
precisely what is given here, with f(x;,) = 1. For that reason what we will do is, in particular

we will take the function f(x) = 1 for all x € [a, b].



In fact, you do not need to restrict yourself to any interval [a, b]. We can in fact generalize it to
any R here, even here you can take any nodes in R, it does not matter, then you can see that for
this particular function this expression is written, as Y:3_, [, (x). Now what happens to the left
hand side?

(Refer Slide Timle_: 03:92 |
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Problem 1

Given distinct nodes xg, Xq, .... X,, for n > 1, show that

S ¥ =1,

k=D
where /() denotes the k'™ Lagrange polynomial.

Solution

pul) = Y F(x)(x):
0%

fzx)—?l:- pa(x) = Z I(x), x€ [a,b].

H(/M\_,“\i»& A dapue. £

S Bashar

Let us see the left hand side is the polynomial interpolating the function f(x) = 1 and what is
this function f(x) = 1 this is precisely the polynomial of degree 0, which is a particular case of
a polynomial of degree less than or equal to n and what is this polynomial? It is a polynomial
of degree less than or equal to n again. And it is interpolating the function f which is again a
polynomial of degree less than equal to n.
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Problem 1

Given distinct nodes xg, Xy, ... X, for n > 1, show that
N

where /i(x) denotes the k' Lagrang€ polynomial.

Solution

i) = Y Fx(x).

fx) =1 = =palx) =
LU

b R
\;M—\h(ﬁ(—l), for all x € [ac#.

PR SR (T T PTEL

Therefore, by uniqueness we can see that the interpolating polynomial p,,(x) = f(x) because

this is also a polynomial of degree less than equal to n and this is also a polynomial of degree



less than or equal to n. Therefore, by uniqueness they have to coincide. If you recall in our very
first lecture on interpolating polynomials, we have proved a theorem on existence and

uniqueness.

From that we can see that p,,(x) is a unique interpolating polynomial at the given nodes for the
given function f. Now in this particular case, f also happens to be a polynomial of degree less
than equal to n. Therefore, p, (x) will coincide with f(x) for all x, in fact you can say for all
x € R and thus you can see that the left hand side is precisely equal to 1 this is what we want
to show in our problem. Therefore, you choose any n + 1 nodes and if you sum all the
corresponding Lagrange polynomials at any real number x then you will land up by getting the
value 1 only. So that is an interesting and also important result.

(Refer Slide Tim]e:. 05:19)
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Problem 2

If f€ C""'[a, b] and if xp, X1, , x, are distinct nodes in [a, b], then for
x € (a,b) with x# x;, i=1,2,...,n, show that there exists a point
&, € (a, b) such that e )

flxo, X1, s Xny X = )

Solution

A,
Let p,+1(t) be a polynomial interpolating f(t) at the nodes xo, x1, ...
Xp, and X,

Let us pause on to our next problem. Suppose you have a function f which is a C™*** function
that is the function f is n + 1 times continuously differentiable on an interval [a, b] and we are
also given n + 1 nodes in the interval [a, b] and they are distinct. Now what we are doing is, we
are choosing one point x in the open interval [a, b] which is different from the nodes that you
have already chosen. Therefore, you now have n + 1 distinct nodes, plus a real number x in the

interval [a, b] which is different from all these nodes.

Therefore, you have n + 2 distinct points in the interval [a, b]. Now we want to show that if you
make the divided difference of the function f at these n + 2 nodes, then you can find a §

)€y

corresponding to that x. That is why we have the notation &, such that ! D! is precisely the



divided difference of f at these n + 2 nodes. So this is what we want to show, let us see how to

show this result.

Remember, we have now given n + 1 nodes x, x4, ::*, X, and then we have added one more
point x into our data set, by that we have n + 2 distinct nodes. And, therefore we can construct
a polynomial interpolating the function f at these n + 2 nodes and it will be a polynomial of
degree less than or equal to n + 1. Now since this polynomial is interpolating the function f with
respect to these nodes, remember the nodes also include the point x. Therefore, the interpolation
with respect to x as a node will tell us that f(x) = p,+1(x). Let us keep this in mind and go
ahead and see what happens.

(Refer Slide Time: 08:09)
Problem 2

If fe C"*![a, b] and if xg, xq, -+ , X, are distinct nodes in [a, b], then for
x € (a,b) with x# x;, i=1,2,...,n, show that there exists a point
£, € (a, b) such that

flxo, X1, X, X =

f(n-rl)(éx)
(n+1)!
Solution
Let p,+1(t) be a polynomial interpolating f(t) at the nodes x;, xq, ...,
Xy, and x. = @: Pos1(X).

Also, by Newton's form of interpolating polynomials we get
AL,

%)

Ta kes ‘t{E.CL/ = . el

Recall that p,,, 1 can be written in the Newton's form of interpolating polynomial and it is given
by the polynomial of degree less than or equal to n plus this extra term. So, this is how Newton's
form of interpolating polynomial is written. It is written as the one lower order polynomial plus
an extra term and that extra term is precisely given like this and since | am already using the
notation x as one of the nodes, so | have used t as the variable in this polynomial. So just keep
in mind that t is the variable but x is one of the fixed nodes. So, this is notationally little bit
different from what we have used in our chapter throughout this is because we have fixed x as
one of the nodes in this interpolating polynomial. Now, what you do is, take t = x and see what
happens. If you take t = x, you will have x here, x here and all this will be x, but we know that
the point x is one of the nodes used in constructing p,, .1 (t). Therefore, this is in fact is equal to
f(x) that is what we have already observed in our first step.

(Refer Slide Time: 10:08)
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Problem 2

If fe C"*[a, b] and if xp,x, -+ , x, are distinct nodes in [a, b], then for
x € (a,b) with x# x;, i=1,2,....n, show that there exists a point
£, € (a. b) such that

flxo. X1, o+ Xp X =

Solution

Let p,(t) be a polynomial interpolating f{t) at the nodes Xy, xi, ..., X,,
and x. s f (

Take t = x. /,\‘\

— N—
f(x) = pal(x) = flxo, % Xn X|(x = x0)(x = x1) ... (x = xq).

X)) = poi1lX).

Numerical Integratian

Therefore, you can put this value here and get f(x) = p,,(x) plus this extra term where all this

t’s in our previous expression now is replaced by x. Now, | will take this to the left hand side
and write f(x) — p,(x) equal to the remaining term on the right hand side. Now you can try to
see what this is. You can see that this is nothing but the mathematical error in the interpolating
polynomial p,, evaluated at the point x. In one of our previous lectures, we have got an
expression for this mathematical error, what is that?
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Problem 2

Recall

Theorem (Mathematical Error in Interpolation)

Let p,(x) be the polynomial interpolating a function f € C"*[a, b] at the
nodes xo, X1, ++ , X, lying in | = [a, b]. Then for each x € I, there exists a
& € (a, b) such that

f(n-kl)(gx) 8

ME,(x) =

Numerical Integration

Let us recall that the expression for the mathematical error is given by this, of course we have
to assume that fis a C* function in order to use this formula for the mathematical error.
(Refer Slide Time: 11:25)



Problem 2

If fe C""*[a, b] and if xp,x, -+ , X, are distinct nodes in [a, b], then for
X € (a, b) with x# x;, i=1,2,....n, show that there exists a point
&, € (a, b) such that

flxo. X, s Xoy X] =

Solution

Let p,(t) be a polynomial interpolating f{t) at the nodes xp, xi, ..., X,
and x. L= flx}=pirlx).

Take t

X X|(x = X0)(x = x1) ... (X = Xp).

NPTEL Course Numerical Integration

If you recall we have already put the assumption in our problem. Therefore, we can use this

theorem and replace the mathematical error on the left hand side by this expression, from our
theorem, which we have already proved in our theory class.
(Refer Slide Time: 11:48)
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Problem 2 g
If fe C""!a. b and if x0, xq, -+ , x, are distinct nodes in [a, b], then for

X € (a, b) with x# x;, i=1,2.....n, show that there exists a point

¢, € (a, b) such that

f(n( 1)(£x)

(n+1)!

flxo, x1, -+ X X] =

Solution

X, X(x = x0)(x = X1) ... (x = xa).

PTEL Course Numerical Integration

Therefore, 1 will remove the mathematical error on the left hand side from my previous

expression and plug in the expression derived in that theorem and that gives me this equation.
Now you can see that this term is, precisely this term on the right hand side therefore you can
cancel these two, why? Because we have chosen our x in such a way that x is not equal to any

of this node that we have considered.

Therefore, this term is not equal to 0 and similarly this is also not equal to 0. That is why we are
canceling and concluding that the divided difference of f evaluated at these n + 2 nodes is

£+ (g,

D This is also an important result, we often use this in

precisely equal to this expression



proving the errors for certain quadrature formulas in our next chapter. Therefore, we have to
remember this result with this let us pause on to the next problem.
(Refer Slide Time: 13:11)

Let fbe n times continuously differentiable function on the interval
[a.b]. For any x € [a, b], show that the n'" order divided difference
)jx.x.-'- .X] is given by

NGRS

(n+1)-times © (3

gecﬁ |

s f()

flxx - x] =

N e/ nl
(n+1)—times

‘d

e Bl

%7 =

In this problem we again have f to be n times continuously differentiable function on the interval
[a, b] that is to say, that f € C™[a, b]. Now for any x in the interval [a, b], we want to show that
the nth order divided difference f, but here now we have a slightly new situation, that all the

. . . S )
arguments in the divided difference are same and it is given by fox)

So, this is something new to us because so far whatever problem we worked we always assumed
that the nodes are distinct, but here we have all the nodes have same value x. Suppose you have
node say x,, x;, x, and x; again, then you can see that there are 2 nodes which are repeated.
Now, can we say that the divided difference for this set of nodes where 2 nodes are repeated is

well defined, that is the question.

Because there is a serious problem here. You may write this as f[x;, xo, x4, x1]. If you recall,
we have proved that the divided difference formula is symmetric with respect to any
permutation of the nodes. Therefore, I can shift x; to this position and write the nodes in this
order and then apply the divided difference. The value that | obtained from here, will be the
same as the value obtained from here also. This is what the symmetric property of the divided

difference tells us.

Now let me write the formula for the divided difference with the nodes arranged in this way.

X0.%2,%1]=f[%1,%0,%7]
x—1—x1

, that is the last one minus the first

How will you write? That it is precisely /1



one. Now you can see that the denominator = 0 and that gives us a big question whether this
divided difference is well defined or not. Therefore, any nodes are repeated then we have a
serious question of whether the divided difference corresponding to that set of nodes is well

defined or not.

So far, we never encountered this problem because we always assume that the nodes are distinct
and in fact while constructing in interpolating polynomials, we actually need distinct nodes. We
do not need to consider any 2 nodes or more than 2 nodes repeated that will not make sense as
far as the construction of the interpolating polynomials are concerned. But such situations will
occur when we were trying to find the errors for quadrature formulas in the next chapter.
Therefore, we have to also carefully understand how this divided difference will be defined
when 2 or more nodes are repeated.
(Refer Slide Time: 17:33)
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Problem 3

Let fbe n times continuously differentiable function on the interval
[a,b]. For any x € [, b], show that the n™ order divided difference
f[x,x, -+, x] is given by

e

(n+1)~times

Fin)(x)

flxx- x| =
N, ! n!

(n+1)—times
Solution

We need a formula called Hermite-Genocchi Formula.
N

Numerical Integration

So, this can be done using a formula called Hermite-Genocchi formula. Once we understand the
Hermite-Genocchi formula, we can say that the divided differences are in fact defined even if 2
or more nodes are repeated. So let us quickly understand how this Hermite-Genocchi formula
is given for divided differences and then we will come back to this problem and try to prove
this result.

(Refer Slide Time: 18:06)
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Divided Difference: Repeated Nodes (contd.)

Theorem (Hermite-Genocchi Formula)
Hypothesis:
O Let xo, X1, +++ , X, € [a, b] be distinct nodes.
O Let f be n-times continuously differentiable function on the interval
[a.b]. 3o
Conclusion: Then

o, 34, .x,,]=/---/f(”)(toxoqt'-‘-kt,,x,.)dt1-'-dt,,,
\/7\/4 \9_;\——\/_“’ " —

74

\s_———-'\/—"
where @/,.\/—-—\/

Let us take a small deviation and understand this Hermite-Genocchi formula and then we will
come back to our problem. What Hermite-Genocchi formula says, suppose you have n + 1
distinct nodes. Remember we will take all these nodes to be distinct in order to prove this
formula. Once you prove the formula, you can observe that formula even holds for repeated
nodes that is the idea behind this.

Therefore. to derive the formula, you need to have distinct nodes. For that reason, we will
assume that the nodes are distinct and f is a C™ function on the interval [a, b]. Once you have
these 2 conditions, then your divided difference which you know how to obtain using the
formula that we have so far used. Now, Genocchi formula says that the same divided difference

can also be obtained using this formula which involves this multiple integral.

So here t4, t,, -+, t, are the variables used in this integral and they appear in the integrand like
this and the integrand is the nth derivative of the function f that is why we have assumed that f
is as C™ function in the interval [a, b]. Therefore, this makes sense and in fact the integrand is
continuous and what is this set on which we are taking this integral.

(Refer Slide Time: 19:56)



Divided Difference: Repeated Nodes (contd.)

Theorem (Hermite-Genocchi Formula)
Hypothesis:
O Let xp, xi, -+, X, € [a, b] be distinct nodes.
O Let f be n-times continuously differentiable function on the interval
[a,B].
Conclusion: Then

f[xoexle"' ,X,,] = / f(n)(to)‘{)+ wiklvate trlxn)dtl dtm

n

ot [ 62 0,i=1,200 1 it;gl}. h=1-Y t;
=1

i=1

Numerical Integration

Let us try to understand this set. The set t,, is given like this, it is the set of all n triples such that

all t;’s are greater than or equal to 0 and they sum to some number which is less than or equal
to 1. Let us try to understand how this set looks like. For instance if n = 1, you have t, is equal
to set of all, only one number will be there, t; such that ¢; = 0 and from the summation you
can see that t; < 1. This is precisely the closed interval [0,1].
(Refer Slide Time: 20:56) |
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Divided Difference: Repeated Nodes (contd.) g

Theorem (Hermite-Genocchi Formula)
Hypothesis:
O Let x), x1. ++ , X, € [a, b] be distinct nodes.
Q f.et ]f be n-times continuously differentiable fu[;kthion on the interval
a,b.

Conclusion: Then =

f[x0~X1-"'~Xn]=/"' FO(tgxg + -+ + tox) dty -+ dlty,
where {0 Tﬁ%(t..kﬂf bt 0 *‘”‘*%

T"Z{(tx,tz,"'.tn) i }.

Numerical Incegration

Let us see how this set looks like if n = 2. For n = 2, T, is equal to the set of all triples (t,,t,)
such that t; and t, both are positive and t; + t, < 1. How will that look like? Let us try to
visualize it in the t, t, plane. So, both t; and t, are greater than or equal to 0. That tells us that
we have to sit in the first quadrant of the plane t;t, and then you also have one more additional

information that t; + t, < 1 thatis, when t; = 0 you can have up to t, = 1.



Similarly, when t, = 0 you can at most have t; = 1. So, this set will be the set bounded by these
3 lines. So, this is the set T, which is nothing but the region bounded by these lines. We now
understood how t,, t,, -, t, comes and the integral is also with respect to these variables. In
addition to these n variables, we also have one more variable t, and that is given by this

expression.

So, now | hope you understood the formula. The theorem says that the divided difference of
order n which we know how to compute by this time, can also be obtained by this formula, that
is what it says. Now look at this formula, you can clearly see that you do not have any problem,
that you faced with the previous form of the formula. So, if you recall in the previous form of
the formula the divided difference seems to be having problem when 2 or more nodes are

repeated.

But in this form, that is in the Genocchi form, you can see that even if 2 or more nodes are
repeated you still can have a clear meaning for this integral. So that is what the advantage of
Hermite-Genocchi formula.

(Refer Slide Time:_72?::5_?2 - — I
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Divided Difference: Repeated Nodes (contd.) 8

Proof ONLY for n = 1:
Observe

= {(f].fg."' 6 280=12- n Zr, 1}
=1

— N1 = [01]

Also, given

n
tofl—Zt, = th=1-t;.
=1

Let us not prove this formula in the general case but let us try to have a feeling of it by seeing
how the proof goes when n = 1. Remember for n = 1, t, is simply the closed interval [0,1] and
to is given by 1 — t;. For n = 1, you can see that you have f[x,, x;] and the right hand side is
correspondingly written as, folf’(xot0 + x,t;)dt,. Let us take the right hand side and see how

we can obtain the divided difference from this formula.
(Refer Slide Time: 24:46)
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Divided Difference: Repeated Nodes (contd.)

Proof ONLY for n=1: 7, =[0,1] and t=1-t.
1

1
/ f/(l'y‘:X[) + tlxl)dtl / f/((l —t)x0+ tlxl) dh

0

1
/f’x0~t1 X1 — X)) dty
0

t)=1
fo+tila—x))|
X1 — Xo t,=0

) = o) _ g, )

X1 — Xo s

For that, let us take the right hand side with n = 1 and that is given by this and remember we
have t, = 1 — t;. Letus replace t, by 1 — t; and now you can slightly adjust this argument and
write it as x, plus you take t; and combine it with the second term and write ¢, (x — x,) and
now you are integrating it over the interval 0 to 1 and that can be directly integrated to get this
expression. You are integrating with respect to t;, remember that. Therefore, the integral can be

written like this evaluated at these 2 points.

Now how will they come? Well, this limits precisely gives us f(x; — x,) and then we have
divided by x; — x, and if you recall this is precisely the first order divided difference of the
function f at the points x, and x;. Therefore, we can easily prove the Genocchi formula for n =
1 and we have seen that this formula is precisely the divided difference when n = 1 you can
similarly prove it for any n using an induction or argument, but we will skip this proof for our
course.

(Refer Slide Time: 26:33)



P, f(”)(x)
flxx-,x]=
N —

n!
N

(n+1)—times

Solution

fxx: ,x] *f[x.x+h.x+2h X+ nh|
i == e

(n+1)~times

2 § (n) Q
:@// f"(tox+ ti(x+ h) + -+ + ta(x+ nh))

i dty -+ dt,
Recall, we take tp = 1 — Z t;.

\JVU

Numerical Integration

And we will now go back to our problem that we started with. Recall that, we want to prove
that the divided difference of f of order n where all the nodes are repeated can be written in this
form, so how to prove that. What you do is, you take the left hand side, and you rewrite like
this. You add h to the second node, 2h to the third node and so on and then take limit h tends to

0, now you see you have all the distinct nodes.

Therefore you can go back to the Hermite-Genocchi formula, this can be written in the Hermite-
Genocchi form with the lim h — 0. Remember in the Hermite-Genocchi formula, we have t, =
1— X, t;. So, we will just plug in this expression into t, and we can write it as limh — 0,
this multiple integral of nth derivative of f evaluated at this point where t, is now replaced by
this expression and this argument can be rewritten in this form. | leave it to you to see, it is a
simple calculation.

(Refer Slide Time: 28:10)
Problem 3

fin)(x)

Fixx o] =
Sm— — n!

(n+1)—times

Solution

flxx:--,x] = limflx,x+ h,x+2h,...,x+ nh]
h\/—/ ]

(n41)~times

= lm / / f) (thm) dty - dt,,  (F7) is continuous)

Numerical Integration




Once you rewrite it in this form, now what you do is, recall that we have assumed that fis a C"
function. It means the nth derivative of f is a continuous function and t,, is a bounded set.

Therefore, you can write this limit as f---rn [ f™ (x)dt, --- dt,. What | am doing is, | am

taking this limit inside. You can do that, | leave it to you to see why it is because f™ is

continuous and t,, is bounded. Therefore, you can take the limit inside and further since £ is
continuous, you can take the limit further inside this bracket.
(Refer Slide Time: 29:00)
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Problem 3 g

To show
Fld X i) =
|

(n+1)—times

Solution

%%+, x] = limflxx+ hx+2h,....x+ nh|
;V-—/ h—0

(n4+1)~times

i\ is rr,vnt:m::.ru*‘:)

And therefore, you can get f ™ (x) and the integral is taken over this t,,. Now you see this term
is independent of all this t; therefore you can pull this out.
(Refer Slide Time: 29:17) -
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Problem 3 1
To show f(n]( %)

flx,x o x] =
—— n!
(_N"l]*'ilh\‘:-

Solution

flx, %+ x] = limflx.x+ hx+2h,....x+ nh|
N e h-+0

(n } 1’) times

— f(")(x) A.(:wmk‘;m::us)

And write f(")(x)f---Tnfdt1 ---dt,, now you see this is the volume integral.

(Refer Slide Time: 29:29)
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Problem 3

flx.x-,x]=

(ﬂ"l] —times
Solution

So, we obtained

% =] ' '
flek - coxl =t (x)// dty - - dt,.

(n+1)—times

S
Al
T is a simplex in R" with volum 4

And what is the volume of t,,? You can see that t,, is a simplex in R™ and its volume is given

Numerical Integration

1 . . . . .
by — So, this result is familiar to us from our multivariable calculus course and therefore you

can see that the nth order divided difference with repeated nodes actually is equal to the

. . ™ .
™ (x) % So that is what is given here ! n'(x), so this completes the proof of problem number
3.
(Refer Slide Time: 30:12)
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Problem 4 f

® Let x), x, -+, x, be given (distinct) nodes in an interval [a, b].
® Let xc[ab], x¢ {x0, x1, -+, Xn}
€ \L.\_‘/, ¥ 140+ Al y Anjf-
The n + 2"-order divided difference f[xo, X1, -+, Xy, X, x| of an

(n+ 2)-times continuously differentiable function s given by
d

—¥n k)

=, WEm

Let us go on with problem number 4. In this problem we have n + 1 distinct nodes again given
in an interval [a, b] and we are picking up one more point in [a, b] which is different from all
these nodes. Then the n+ 2 order divided difference of the function f with nodes as
Xo, X1, , Xn and in addition to these n + 1 nodes, you also have 2 more nodes which are repeated

now. Now here you see you have only 2 nodes repeated and that can be written as

d
af[xm X1, X, x]-



So, if you have 2 nodes repeated then you can reduce 1 node by introducing 1 derivative of the
divided difference of that function. Remember, this is now viewed as a function of x. In fact,
from the Genocchi formula you can also show that this function, that is the function x ~
flxo, x4, , %y, x], this is a continuous function. You can prove this result using Hermite-

Genocchi formula but the proof of this is outside the scope of this course.

Therefore, we will not prove this result but it is a very important result. Note that, the position
of the node x need not be at the last position. It can stay anywhere in this nodes, because the
divided difference is symmetric therefore it does not matter where you place this nodes. Even
in this formula, you may have f[x,, x, x1, -+, X,,, x], this can also be written in the same way.

Again this x on the right hand side can be placed anywhere among this nodes.

So, the position need not be like this, that is what | am trying to say. This is clear from the
symmetric property of the divided difference. So, you can place these nodes anywhere you want,
that is what is very important here.
(Refer Slide Time,: 32?4) )
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® Let x), x, -+, X, be given (distinct) nodes in an interval [, b].
® Let xe[ab], x¢ {x, xi, =, X}

The n + 2"-order divided difference f[xg, X1, -+ , Xy, x. ] of an

(n+ 2)-times continuously differentiable function fis given by

flxo, %1, .x,,.&(] =(—Alx0, X1, ~X"‘f]'
~————

2] %@1\,3,,@

%z2a

Numerical Integration

We are just placing the nodes one after the other here and also here we are placing at end. It is

not necessary that they have to be placed like this, they can be anywhere. If any 2 nodes are

repeated on the left hand side, then you can cut 1 node and introduce this derivative. For
instance, suppose if | have f[1,2,3,2,4], Then that can be written as % of f of 1, either you can

just remove this or remove this, for instance | will remove this, 3, X, 4 you can do that and then

evaluate this derivative at the point x = 2.



So, these repeated nodes can be anywhere you want and similarly you can also generalize it to
3 nodes repeated, 4 nodes repeated, and so on.
(Refer Slide Time: 33:55)

Solution

It follows from Hermite Genocchi formula that the function
F(x) = flxo,x1,+ -+ . %, ¥ for all x € [a, b] is well-defined and continuous.
Therefore, using the symmetry property of the divided differences, we get

flxo, X0+« s Xn X, 4 = }Iirrg)f[xo.xl.--~  Xny X, X+ h]
i

——

As all the points used on the right hand side are distinct, we can write

B = Ji"b Flxo, X1, Xau X+ ] = X X0, %0, -+, X))

§. Baskar

So how to prove this? The proof is not very difficult it just follows from the simple calculus
ideas, but for that first you remember that, using Hermite-Genocchi formula you can show that
this function that is, x going to the divided difference of f, at these nodes is a well-defined
function. Remember from the direct formula, it is not very clear whether it is well defined or
not, if 2 nodes are repeated but through Hermite-Genocchi formula, you can see that it is a well-

defined function and it is also a continuous function.

Now what you do is, you take the left hand side and just write it as x, x + h, something what
we did in our last problem. The same idea you do and now you take h — 0. Now what I will do
is, by symmetric property of the divided difference, | will just shift this node x to the first
position. I am not doing anything, 1 am just shifting this node to the first position, thanks to the
symmetric property. Then what we will do is, remember all these nodes are distinct. Therefore,
you can use the classical definition of the divided difference itself and write this formula and
then you already have h — 0.

(Refer Slide Time: 35:31)
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Solution

Therefore, using the symmetry property of the divided differences, we get

fxo, %1, Xn X, X = ,Iinzjf[x.xo.xl.---  Xoy X+ H].
e

As all the points used on the right hand side are distinct, we can write

¢ i Flxo, X1, + s Xoy X+ ] = F[X, X0, X1, -+, X
Doy X1, XXX = fim ,FL’*“"B ; F®
_ f[xO.xl.’--- X X+ B = F]x0, X1, 0+ Xy X
m - -
h—0

d \
d—Xf[Xo.Xl."'  Xpy X F (1\

Now, | will again shift this x to the last position and write the same formula in this form.
Remember, by shifting 1 node anywhere within this nodes, is not going to change the value of
that divided difference. Again, the symmetric property of divided difference is used to write this
divided difference in this form. Now let us see what happens, if you recall, this is precisely the

derivative of the function F.

Now remember we are viewing this as a function F(x), then this is nothing but F(x + h) and
this is the function F(x) divided by h and that is precisely F'(x) and if you recall F(x) is
precisely defined as the divided difference of the function f evaluated at these nodes. So that
completes the proof of this problem. These are some of the important problems regarding
divided difference formula. What we did is, from our theory part we had a formula for divided

difference and that formula as far as the nodes are distinct.

But in applications we also come across the situations where certain nodes may be repeated. For
that we need to have a different form for the divided difference formula. So, we have introduced
Hermite-Genocchi formula for this and we have solved some important problems using

Hermite-Genocchi formula with this. Thank you for your attention.



