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Prof. S. Baskar
Department of Mathematics
Indian Institute of Technology — Bombay

Lecture — 03
Mathematical Preliminaries: Order of Convergence

Hi in this lecture we will study the notion of Big Oh and Small oh of a sequence and also for a
continuous function. We will also see the definition of order of convergence which is very
important in Numerical Analysis.
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Mathematical Background: Orders of Convergence

Example:

Sequence {n} Sequence {n*}
Unbounded Unbounded
Tends to oo as n— 00 Tends to o0 as n — o

?

Which tends to oc

Example:

Sequence {l}' Sequence {L}
nd

n
Bounded Bounded

Converges to 0 as n — 0o Converges to () as n — oc

Which converges to () /s

NPTEL Course

Well, let us start with an example consider these two sequences, sequence {n} and sequence
{n?}. Both are unbounded sequences and now you can also see that both these sequences tend
to infinity as n tends to infinity. Now, if you ask the question which of these two sequences
will tend to infinity faster. Obviously, you can immediately tell that n? will go to infinity faster

than n. Let us take another example.

Now we will consider two sequences {%} and {n—lz}. Now these two sequences are bounded
sequences and both will tend to 0 as n — co. Now again we will ask the question which tends

to 0 faster? Obviously, you can see that the sequence {n—lz} goes to O faster than the sequence

{%}. Therefore, we have now intuitively developed the feeling that if two sequences are

converging to some limit same limit, then one may go faster than the other. This is the basic



idea of this Small oh and Big Oh because we are interested in measuring who goes faster to the
limit than the other.
(Refer Slide Time: 02:32)

Mathematical Background: Orders of Convergence (Contd.)
Order of convergence
is all about

compare two sequences converging |

in terms of speed at which they converge

Tool: Big Oh and Little oh

Introduced by

¢ 8
e '

Edmund Landau Paul Bachmann
1877 — 1938 (Germany) 1837 — 1920 (Germany)

S. Baskar

That is the question of order of convergence and it is all about comparing two sequences that
are converging to the same limit in terms of the speed at which they converge and this is the
basic idea of Big Oh and Small oh or little-o introduced by Edmund Landau and Paul
Bachmann.

(Refer Slide Time: 03:06)
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Mathematical Background: Orders of Convergence (Contd.)

Definition (Big Oh)

Let {a,} and {b,} be sequences of real numbers. Then Big
Oh:

’X()tntion: a, = O(b ‘

if there exists a real number C and a natural number N such
that

|az| < C|b,| forall n> N. ’

If b, # 0 for every n,

a, = O(b,)

NPTEL Course Course Intro

Let us see the definition of Big Oh in the context of sequences. Assume that we have two
sequences; sequence {a,} and {b, } both are sequences of real numbers then we say that a,, =
0(b,,) if there exist a constant C and the natural number N, such that |a,,| is always less than

or equal to constant times |b,| and this should happen at least for sufficiently large N that is



what we meant by saying that there exist a natural number N such that the condition holds for

alln > N.

Now what this definition tries to say? Well, we will just put this definition in a different form

and see what it means. We can do this if all b,, at least for sufficiently large N are not equal to

0 then you can see that % < C that is equivalent to saying that the sequence {Z—“} is bounded.

1

Let us take a simple example let a,, = %and b, = -

We know that both these sequences are going to 0. Therefore, you may just think that Z—” may

go to infinity because b,, is going to 0, but that is not going to happen obviously because when
b, is going to 0 simultaneously a,, is also going to 0 and at what speed both of them are going
in the same speed. Of course, you can see it with simple calculation this is equal to 1/n divided
by 10/n that is equal to 1/10.

And that is the constant that is appearing here. In this particular case you can in fact say that
a,, is equal to 10|b,, | there is no need to put mod in this particular example and that is what this

says. Therefore, a,, in this example is a Big Oh of b n. Similarly, you can also take another

example where a,, is n% and b,, is say % then you have Z—: = (n?)/ (111—0) that is equal to —.

And in fact this is going to 0. Therefore, you can always bound it by any number say for

instance 1 also you can take as C and say that for sufficiently large N, % < 1. So, in this case

also you can say that a,, = 0(b,,). In fact in the second example you can say something more

than merely what happened in the first example.

In the second example a,, is in fact going much faster than b,, that is the basic idea of Small
oh.
(Refer Slide Time: 07:20)
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Mathematical Background: Orders of Convergence (Contd.) |

Definition (Little oh)

Let {a,} and {b,} be sequences of real numbers. Then
Little oh or small oh:

’Nntatiun: a, = o(b,)

if for every € > 0 there exists a natural number N such that

|as| < €|b,| forall n> N.

If b, # 0 for every n,

a, = 0l b,) & { 2

Let us define Small oh now. Again you have two sequences {a,} and {b,,}. Now we say that

a, = o(b,), if for every € > 0 there exist a natural number N such that |a,| < €|b,,| for all
n = N. So, in this case what we are doing is we have a sequence a,, and we are saying that you
give me any e, see that is more important you give me any €, | am giving you guarantee that
my a,, the sequence will become less than that small number that you gave into b,, at least for
sufficiently large N that is what we are saying it may not happen right from the first term of
a,, but you go after 10 or 15 or some sufficiently large small n then this will surely happen
that is what we are saying and you are pretty confident about whatever e that somebody gives

you that is what the definition says you give me any e, | can pack this sequence in this.

But still you are saying that | can make my a,, something less than or equal to e times this. So,

you will have that confidence only when that Z—” is converging to 0 then only it can happen. So,
that is what the definition says that your sequence Z—" is intuitively if you see it is converging
to O that is what in a particular case when all this b,,’s are not equal to 0 at least for sufficiently

large N.

This is equivalent to saying that Z—” is in fact converging to 0. If you recall in the last slide we

have taken an example where a,, = n—lz and b, = 170 You can see that a,, is going to 0 much
faster than b,,. So, if you take ‘;—" you will see that it is ﬁ Now you give me any € > 0, | can

always find a sufficiently large N such that this is less than or equal to € for all n > N.



Therefore, in this case a,, = o(b,,). So, the notation Small oh means a,, has to surely go faster
to the limit than b,, then only you will say that a,, = o(b,,) whereas in Big Oh either a,, should
go faster or equally as fast as b,, then also you can say that a,, = 0(b,) that is a subtle
difference between Big Oh and Small oh.

(Refer Slide Time: 10:56)
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Mathematical Background: Orders of Convergence (Contd.)
Remark:
Let {a,} and {b,} be two sequences.

¢ Then a, = o(b,) = a,= 0(b,).

The converse is not true.

Example:
a,=nand b,=2n+3

¢ Let a, = 0 and b, = 0. Then
+ a, = O(b,) means the sequence {a,} tends to 0

the sequence {b,}

* a, = 0(b,) means the sequence {a,} tends to 0

the sequence { ’:w}

So this is what we will remark, you have two sequences a,, and b,.. You can see that a,, =
o(b,) means what a,, is definitely going faster than b,, that also means a,, is going as fast as
b,, because going faster than b,, is something more than that, therefore, a,, is also big Oh of b,,.
So, if a,, goes faster than b,, then it is also a_n = 0(b,,) because we are demanding more
stronger conditions here than this that is why if this happens this will surely happen, but the

converse is not true.

You can take many examples the first example that we have given in the previous slide is also

an example where a,, = 0(b,,) because a,, and b,, are going at equal speed that is if you recall
we have taken a,, = % and b,, = % Remember, in this case b,, is always staying ahead of a,,.

So, it is not the position that matters it is the speed at which they tend to 0 matters.

You can see that ‘;—” = 1—10 and that is a fixed number. Therefore, this cannot go to 0. Therefore,

n

in this example a,, = 0(b,,), but definitely a,, # o(b,). The same idea is also given in this
example. We are taking a,, = n and b,, = 2n + 3. Now, let me summarize what we will learn
from Big Oh and Small oh notation. We have two sequences in particular let us take both the

sequences are converging to 0.



Then a,, = 0(b,) means the sequence a,, — 0 at least as fast as the sequence b,, that is what
is meant by Big Oh and small oh means that a,, — 0 definitely faster than the sequence b,, this
is Small oh. So, | hope you have understood the notation of Big Oh and Small oh and the subtle
difference between them. Once you understand this you can also extend this idea to continuous
functions also.

(Refer Slide Time: 13:55)
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Mathematical Background: Orders of Convergence (Contd.)

The Big Oh and Little oh notations can be adapted for func-
tions as follows.
Definition (Big Oh for Functions)
o Let ;p €R.
» Let fand ¢ be continuous functions defined in an
interval containing p.
Then, the function fis said to be Big Oh of gas z— 1

Notation: f(z) = O(gf :-\LJ

if there exists a real number C and a real number 0 such that

[flz)| £ C|g(z)| whenever |z— 5| < 4.

Let us give this two definitions in terms of functions. Consider a point x, € R and f and g are
continuous functions defined in a small neighborhood of x, then we say that f is Big Oh of g
as x — x, this is very important all this oh notations are defined as x tends to something.
Therefore, you should always write this where this x tending to in order to compare one

function with the other function.

Notationally we will write f(x) = 0(g(x)) as x — x, that also one should write. The
definition is almost similar as we did with the sequences when can we say this that when there
exist a constant and a real number & such that | f (x)| < C|g(x)| whenever |x — x| < &.What
it means, |1 do not want this condition to happen everywhere on the real line, in a small

neighborhood of x, if it happens that is enough because we are only worried about x — x,.

Therefore, as you go closer and closer to x, this should happen If that is the case then we say

that f(x) = O(g(x)).
(Refer Slide Time: 15:50)
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Mathematical Background: Orders of Convergence (Contd.)

Definition (Little oh for Functions)
> Let I € R.

> Let fand g be continuous functions defined in an
interval containing 1.

Then, the function fis said to be Little Oh (or Small oh)
of g as z— 1,

Notation: f(z) = o(g(z)) ‘

if for every € > ( there exists a real number 0 > 0 such that

|flz)| < elg(z)] whenever |z— 1| < 6. ‘

NPTEL Course Course Introduction

Let us similarly define the notion of Small oh again. Let x be some real number and f and g are
continuous functions defined in a small neighborhood of x, then we say that f is Small oh of g
as x — x,. Notationally we write as f(x) = o(g(x)). When this happens, if for every € > 0

there exist a real number 8§ > 0 such that |f(x)| < €|g(x)| whenever |x — x,| < 6.

Again, this condition should happen in a small neighborhood of x, that is what is important

here and again you can see that the role of this e which says that % should tend to 0 as x —

X, and that is provided if g(x) # 0 otherwise that is what this inequality means.
(Refer Slide Time: 17:19)
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Mathematical Background: Orders of Convergence (Contd.)
Remark:
Let fand ¢ be two continuous functions
¢ Then flz) = o(g(z)) = f(z) = O(¢(x)).

The converse is not true. |

Example:
299

o Let flr) = 0 and ¢(z) = 0 as 2 — a. Then

¢ flz) = O(g(z)) means flz) =0

gz)=0zr—=>a

¢ flz) = o(g(z)) means flz) =0 % g(z) =0 as

rI—a

S. Baskar NPTEL Course

Again the same kind of remark that we made with sequence will hold here. We have two

functions f and g which are continuous functions defined in a small neighborhood of x, then



you can see from the definitions of Big Oh and Small oh that £ (x) = o(g(x)) will always
imply that £ (x) = 0(g(x)), but again the converse is not true. You can take examples in a

similar way as we did with the sequences.

So, | leave it to you to think about various examples for why the converse is not true. Again let
us summarize, suppose you have two functions f and g and we know that f(x) — 0 and also
g(x) — 0 as x tends to some point say a then we say that f(x) = O(g (x)) means f(x) - 0 at
least as fast as g(x) - 0 as x — a that is what is meant by Big Oh and what is meant by
Small oh?

Small oh means f should go to 0 definitely faster than g(x) going to 0 as x tends to some point
say a or x, in the previous definition we have taken. These notations are very important in
numerical analysis and why in particular we are more interested in taking whether a sequence

or a function tending to 0 because we will be studying errors for various methods.

And we wish our errors to go to 0. Now, our interest is to see how fast this error goes to 0 as
some parameter tends to something. This is what we will be interested in the subject and
therefore this notations will come quite often and it is very convenient for us to use this
notations than every time telling what they actually do.

(Refer Slide Time: 20:06)
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Mathematical Background: Orders of Convergence (Contd.)

Example:
The for f{z) = cos(z) about the point

s f
a1 COS(E)

(2(n+1))

2(n+1)
)
!

where ¢ lies between z and 0.

Let us denote the reminder term |

fixed) L

s 4 ne1 Cos(e) ]

R(z) = (-1) | Gl
2(n+1))!

NPTEL Course

Let us take an example. Well this example is familiar because we have discussed in our

previous lecture. Let us take the function f(x) = cos(x) and let us try to write the Taylor



formula for cos x around the point a = 0. If you recall this is given by the Taylor polynomial
given by this plus the remainder term given like this. Now, if | want to use the Taylor
polynomial instead of cos x then what is the error that | am committing in that representation.

Well, that is precisely this remainder term or the truncation error.

This is what we have seen in the last class. Unfortunately, this is unknown expression because
of this quantity € which generally we do not know, but we only know that € lies between x and
0. So, that makes this expression to be unknown. Now our interest is to understand how fast
does this error goes to 0 for that let us just define this remainder term or the truncation error as

a function of x.

Let us call this as R(x) and sorry this maybe € here so R(x) is a function of x in fact this € also
depends on x as x changes the € will also change. Therefore, it is really a complicated function.
(Refer Slide Time: 21:55)
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Mathematical Background: Orders of Convergence (Contd.)

Example:
Let us denote the reminder term (

fixed)

" nt1 cos(c)

R(z) = (-1)

B
2(n+1))

Clearly, R(z) = 0 as z— 0.

Question: How fast does R (z) = 0 as z— 07

Answer (easy): As fast as 72! tends to 0 as 2 — 0.
That is,

R(z)= 0(2™) asz—0

Now our question is as x tends to 0 what will happen to R(x). Well, it is very clear that as x
tends to 0, R(x) will also go to 0. Why? Because although this term cos & is unknown, but
definitely we know that it is bounded. Therefore, this quantity is some bounded quantity it
means it remains constant and this term is going to 0. The first one is bounded and the second

this one is going to 0.

Therefore, the entire thing will go to 0 as x — 0 that is quite clear. Now, our interest is to see
how fast it goes to 0. Well, that is not a very difficult question because we can understand how

this term goes to 0. So, you can immediately say that R(x) — 0 as fast as x2™*1) - 0 as x -



0. So that is what we meant by saying that R (x) this is the function just you compare this with

the definition.

We had two functions f and g and we say that f(x) = O(g(x)). The same instead of f here |
have R and R is Big Oh of what this function. So, just take this as g(x). So, R(x) = 0(X2™*1D)

as x — 0. This is something like you are comparing your error with something which you know
very well how it behaves. See this you know how it behaves intuitively you can imagine how
fast it goes to 0. Now what you are saying is my truncation error in Taylor series is going as

fast as this function goes to 0 as x tends to 0.

Often we say that the function R of is of order 2(n+1). This kind of words are quite often used
in numerical analysis to say how our error goes to 0, how fast the error goes to 0. Suppose, you
say that my error is going to 0 with order say 5 it means your error is Big Oh of x> or similarly
you can interpret in terms of the Small oh also.

(Refer Slide Time: 25:00)
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Mathematical Background: Orders of Convergence (Contd.)

Definition (Order of Convergence)

Let {a,} be a sequence such that lim a, = a.

n—00
> We say that the order of convergence is atleast linear
if there exists a constant ¢ < 1 and a natural number N
such that

|ans1 —a| < cla,—a| forall n> N.

> We say that the order of convergence is atleast
superlinear if there exists a sequence {¢,} that
converges to 0, and a natural number N such that

|ans1 — o < €3]an—a| forall n> N.

Course Introduction

Finally, we will quickly define the notion of order of convergence you have a sequence {a,}
and you know that the {a,} is converging to some limit say a then we say that the order of
convergence. Again you can see that the order of convergence is something to understand how
fast this sequence is going to a. So, we say that the sequence going to a with order of
convergence at least linear, if we can find a constant ¢ < 1 and the natural number N such that
|a,+1 — al < cla,, — 1| for sufficiently large n that is n > N that you form. So, this is what is

called at least linearly. So, it means the sequence is converging at least of order 1 that is what



it means. Similarly, you can also say that the order of convergence of this sequence is at least

super linear if there exist e that converges to 0.

And the natural number n such that |a,,; —al| < €,|a, —al| for all n > N that is for
sufficiently large N onwards this condition should hold.
(Refer Slide Time: 26:42)
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Mathematical Background: Orders of Convergence (Contd.)

Definition (Order of Convergence)

Let {a,} be a sequence such that lim a, = a.

n—00

o> We say that the order of convergence is at least
quadratic if there exists a constant C'(not necessarily
less than 1), and a natural number N such that

|ans1 — 0| < Cla,—a* forall n> N.

> Let a > 1. We say that the order of convergence is
atleast « if there exists a constant C' (not necessarily
less than 1), and a natural number N such that

|ape1 —a| € Cla,—al* forall n> N.

Course Introduction

Similarly, you can define for at least quadratic convergence and this can further by generalized
to any a. We say that the order of convergence of this sequence is at least «a that is very
important it is converging at least up to this speed that is what it means. If you can find a
constant C and a natural number n such that this condition holds. You see this |a,.; — a| <

Cla, —al*foralln > N.

lant+1—al

Often we will also use the notation lim,,_, ., =
.

and that is may be some constant say A

because if this is happening of course to the power of a so this is also one equivalent definition
for this. In this case often in some books people call this as rate of convergence. In some books

even order of convergence is otherwise called as rate of convergence.

Therefore there is no standard usage of these words. We will come across such expressions in

non linear equations and with this | thank you for your attention.



