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Lecture-17
Linear System: Iterative Methods (Jacobi Method)

Hi, we are learning numerical methods for linear systems. In this we have studied direct
methods. Direct methods give exact solution of a linear system if there is no rounding error
involved in the computation. However, direct methods are often not preferred in practical
applications, because of the computational cost. We have seen in one of our lectures that direct

methods are computationally inefficient.

We have seen this in terms of the number of arithmetic operations involved in some of the
direct methods. Especially, direct methods are quite costly in computation, when the number
of equations in the linear system is quite large. An alternative choice is to go for iterative
methods when the linear system is a large system. Iterative methods generate a sequence of

vectors that is expected to converge to the exact solution of the linear system.

In this way even iterative methods can give exact solution, but it may take infinitely many steps
to arrive at the exact solution. However, if you want only an approximate solution then often
iterative methods are good choices. In this lecture we will start our discussion on iterative
methods. We will study the most simple iterative method called Jacobi method.
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Carl Gustav Jacob Jacobi (1804 - 1851) German mathematician
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This method is named after a German mathematician named Carl Gustav Jacob Jacobi.
(Refer Slide Time: 02:10)
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Iterative Methods for Linear Systems

Ais diagonal = the linear system Ax = b can be solved easily.

Otherwise?

First rewrite the matrix A as
A=D-C,

where D, C' e M,(R) be such that

If the given system is a diagonal system then we all know that the linear system Ax = b can be
solved very easily. We do not need to go for any elimination process. However, if the given
system is not diagonal then what to do? Jacobi suggests that you first write the coefficient
matrix as D — C, where D is the diagonal matrix, whose diagonal elements are precisely the
diagonal elements of the coefficient matrix A and take —C to be A — D.
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[terative Methods: Jacobi Method (contd.)
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Once you have written A in this form, you can write your linear system Ax = bas (D — C)x =
b and that can be written as Dx = Cx + b. Now, you see the left-hand side involves only a
diagonal matrix, but however the system is not reduced to a diagonal system why because now

the right hand side involves the unknown vector x. Therefore, we have not gained anything by



rewriting our original system Ax = b in this form, it is only that we have separated the diagonal

elements on the left-hand side and pushed all the other elements to the right hand side.

Now, just imagine that if this is somehow known to us, then the system will be reduced to a
diagonal system, but there is no way that we can know this term, because knowing this is
equivalent to knowing the exact solution itself.

(Refer Slide Time: 04:32
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Iterative Methods: Jacobi Method (contd.)
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> Dx Cx ~7l)‘7

Choose | | some specific value for x, say x
then the resulting system

Dx=Cx" +b),
> iy o oF®

can bhe I‘n':nli':\' bl nl\('(i,
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Therefore, the idea is let us choose an arbitrary vector say denoted by x(® and plug in that
vector on the right-hand side of this matrix expression. Then you see this quantity is known to
us and thereby we can obtain a diagonal system. And this diagonal system can be readily solved
to get a vector X, but note that this vector will not be the solution of our original system why
because we have obtained it by plugging in an arbitrarily chosen vector. However, we can
consider this as the first approximation to our solution x.
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Iterative Methods: Jacobi Method (contd.)

Choose { ) some specific value for x, say(x = x" )
then the resulting system

Dx = Cx" +b

can be readily solved,

Let us call the solution of this system as x'*/. That is,
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We will call this vector as x which is obtained by first choosing arbitrary vector x(® and
plugging in that on the right hand side of our equation. Remember the exact solution of your
original equation is the same as the exact solution of this equation also. However, since we are
plugging in some arbitrary vector into this expression. Now, the solution of this system will
not be the solution of our original system. However, we will consider it as a first approximation
to our exact solution that is the idea and that is called as x .
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We have  Dx') = (x\” + b.
Similarly, we can compute

Repeat this procedure to get a general iterative procedure as

Dx* Cx™ + b, k
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Once you obtain x(M by solving this system Dx™ = ¢x(® which is known to us plus b then
you can plug in that x(™ on the right-hand side expression. Now, you see instead of x(® we
are plugging in x(™ and solve this diagonal system once again and call the solution of that
diagonal system as x®. Once you get x® again plug in that vector x® into this right-hand

side expression and get x® and so on.



In general, assume that you know this vector x® for some k = 0, 1, 2 or so on. For instance, if
k = 0, we have chosen this vector, which is x(© arbitrarily and then we got x(* and by taking
k = 1 you plug in x(™ on the right-hand side get x® and so on. In general, at the k™ level, you
have obtained the vector x® and when you go to the k + 1th level, you plug in that vector x®

on this right hand side expression and solve this diagonal system to get the vector x K+,

In that way you are generating a sequence x®, which is arbitrarily chosen then you are getting
x from there then plugging in x(™ you are getting x® and so on. So, you are getting a
sequence of vectors like this and this process is called the iterative process or iterative
procedure. Means what you start with x(*) and you have an expression, say let us denote it by

T (x).

So, it is an expression involving a vector in that expression you are plugging in x©, let us call
this as x(@, you plug in that x(© get x and again plug in x* into this expression get x
and so on. So, this procedure is called the iterative procedure.
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We have  Dxt) = (x\9 4 b.

Similarly, we can compute

[f D is invertible, then we can write
):

XM = Bx¥ e k=0,1,2+

where B= D'Cand ¢ = D'b.
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Now, if D is an invertible matrix then you can write this expression rather in a nice way like

this by multiplying both sides by D~* and in that way we get x**1 = D=1 which we will
denote by Bx™® + ¢, which is nothing but D~1b. So, this is an iterative procedure that leads to
a sequence xU which is called the iterative sequence and this method of generating the

iterative sequence is called the Jacobi method.



(Refer Slide Time: 09:54)

Paans | -waif.vJ0 B REARE (VW NC
[terative Methods: Jacobi Method (contd.)

We have  Dxlt) = (%1 4+ b.
Similarly, we can compute

Repeat this procedure to get a general iterative procedure as
D™V = Cx¥ + b, k=0,1,2,---

[f D is invertible, then we can write

XM =gy e k=012

where B = D~'Cand ¢ = D~'b. This iterative procedure is

called the
NPTEL Canrvan Tearative Methods

In general, an iterative method is that for which we have a sequence generated in this form,
where the function T is something given to us. Different form of T will lead to different
methods. In particular in Jacobi method the function that is called the iterative function and
that T in the Jacobi method is given by this expression. | hope we have understood the Jacobi
method.

(Refer Slide Time: 10:51)
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[terative Methods: Jacobi Method (contd.)
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Let us try to understand the Jacobi method in a rather simple way by looking at each equation

of the system separately. What we did so far is the Jacobi method in the matrix notation. Now,
we will try to derive the Jacobi method coordinate wise just to have a clear picture of how the
formulas look like. For that sake we will take a 3 X 3 system. The method can be derived in a

similar way for any other dimensions.



Recall the basic idea of Jacobi method is to keep the diagonal elements on the left-hand side
and push all the non-diagonal elements to the right-hand side. Thereby in the first equation you
will keep this term that is the first term on the left-hand side and push all the non-diagonal
elements to the right hand side and thereby you will write this equation as a,;x; = by —

Ay12Xy — A13X3.

Similarly, in the second equation you will keep the diagonal element on the left-hand side and
push these two terms on the right-hand side. And in the third equation you will keep the
diagonal element that is the third term on the left-hand side and push these two terms on the
right-hand side. And then what you will do you will divide both sides by the diagonal element
that is in the first equation you will divide both sides by a,,. Remember for that that diagonal

element should be non-zero.

Otherwise it is not possible for us to generate the Jacobi iteration if a,, is not equal to 0, then

this equation can be written as x; =ai(b1—a12x2 — aq3x3). Similarly, all the other
11

equations can also be rewritten in a similar way.
(Refer Slide Time: 13:16)
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Iterative Methods: Jacobi Method (contd.)

When the diagonal elements of this gvstem are non-zer f‘:‘ we

can rewrite the above equation as /)|

And we get remember this system is equivalent to the original system; only thing is we have
just rewritten the terms that is all. Therefore, the exact solution x for this system will also be

the exact solution for this system. This we have to keep in mind, because we will be using it



quite often. So, once you have this at this level, we have no approximation. We have just
rewritten these expressions in this form, where the approximation comes?
(Refer Slide Time: 14:02)
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[terative Methods: Jacobi Method (contd.)

& \ . G i
Take X% = (2", 2", 2y ') to be an initial guess to the true
solution x. Define a sequence of iterates (for k= 0,1,2,-)

by

1)
(28] | A
I'y — (03 = (31 15
i J 1

{33

which is the Jacobi iterative procedure in the case of 3 x 3

system

The approximation comes when we choose an arbitrary vector, which we call as initial guess
plug in that vector on the right-hand side of this expression and get correspondingly some
values on the left-hand side. In that way you only have an approximate value; it may be a bad
approximation at the initial level to your exact solution. So, you have x(® that you plug in on
the right-hand side and get x), once you get the x(*) again you plug in on the right-hand side

to get x(® and so on it goes on like this.

And this is the expression for the Jacobi iterative procedure in the case of a 3 x 3 system.
Similarly, you can derive it for any other dimensions. So, you got a sequence of vectors as the
output of the Jacobi iterative procedure.

(Refer Slide Time: 15:15)
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Iterative Methods: Jacobi Method (contd.)

(33 )

Ta —(

] }
{33

which is the Jacobi iterative procedure in the case of 3 x 3 =

system |

NE
Will the Jacobi iterative sequence converges”

Now, the next question is, will the Jacobi sequence converges? Remember the Jacobi iterative
sequence depends on two things, one is the system that is given to us and the second thing is
the initial guess that we have chosen. Therefore, the question is for a given non-singular linear
system and for a given initial guess does the corresponding Jacobi iterative sequence

converges.

The next important question is, if the sequence converges say x %) converges to x, is this vector
the exact solution to our linear system, that is the question. The second question is not very
difficult for us to answer. Assume that this iterative sequence x converges to x, then
remember the iterative sequence is defined as x¥*1 = B x®) | am just writing it in the matrix

notation what we wrote is in the coordinate wise notation.

In the matrix notation it is written like this. From here you can see, what is this matrix B. Now,
if the sequence converges then this converges to x and this term converges to also B x and that

is equal to this plus, this is anyway not a sequence therefore it remains as C. So, if the sequence

x®) converges to x, then from this equation you can see that this limit satisfies this equation.

This is precisely equivalent to satisfying our original given system, because if you recall your
B is nothing but D~1C and your vector C is nothing but Db, the right- hand side vector, that
can be written as Dx — Cx = b. That is (D — C)x = b and that is nothing but Ax = b.
Therefore, if at all the Jacobi iterative sequence converges in that way the limit will be the exact

solution of our given linear system.



Therefore, the only question is whether the sequence converges or not. We will see two
examples. In one example, we will see that the corresponding Jacobi iterative sequence
converges and in the other example we will see that the sequence actually diverges.
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[terative Methods: Jacobi Method (contd.)

Example:

Consider the system

Let us take the first system given like this. Now, we want to write the Jacobi iteration for this.
Remember for that you have to keep the diagonal elements on the left-hand side and push all
the non-diagonal elements on the right-hand side and then divide both sides of each of the
equations by their corresponding diagonal element. If you do that, you will get the expressions
like this and then you put the superscript to define the iterative sequence. Let us try to compute
few iterations by giving some initial guess and see how the iterative terms are coming out.
(Refer Slide Time: 19:24)
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The exact solution (upto 6-digit rounding) of this system is
x~ (=04 |.HTI'§‘I]..“',]] lTii.H 152941).

(Choosing the initial guess x*" = (0.0, 0),
| x

v
~  (—0.333333, 0.250000, 0.000000).
~ (=0.375000,0.333333.0.114583).
(—0.427083,0.329427. 0.135417),

(—0.433377,0.:

2 (—0.439290,0.339851, 0.150825),

and so on




Before that, let us note that the exact solution of this system is given approximately like this. |
am giving you the solution up to 6 significant digits just to compare it with our iterative terms.
Now let us go to compute the iterations using the Jacobi iterative procedure for this system
given like this. As | told we need an initial guess for that, we can take any vector as the initial
guess, but here I have taken the trivial choice of zero vector that makes the life more easier at

least for the first iteration.

So, | have taken like this. With that you can see the first iteration turns out to be like this. If
you go back, you can see that in the first equation you have to put the zero vector, x(® = (0, 0,
0). In that way this becomes 0, this also becomes 0. Therefore x(* will be -1/3 that is what we
obtained here -1/3 that up to 6 significant digits, | have written it as -0.63. Similarly, in the
second equation if you put x(P= 0 and x® = 0, because we have taken our initial guess as this,

we will get x@as 1/4.

Similarly, in the third equation if you put x(* = 0 and x® =0, you get 0. That is what we got
in our first iteration it is -1/3 and this is 1/4 and 0. Once you get x(!), the next step is to get
x@ . How will you get that? Plug in the vector x on the right-hand side of the Jacobi iterative
formula and get x(®. Once you get x®, again plug in x® on the right-hand side to get x®.

Once you get x®, plug in on the right-hand side of the iterative procedure get x®.

Once you get x®, you plug in on the right hand side to get x> and so on. So, mathematically
this process will go on infinitely and generates an infinite sequence x®), but on a computer
you cannot go on doing this process, we have to stop this process at some point. We will see
later how to stop this procedure, but in this example, | have stopped my computation at the
fifth iteration.

Now, let us observe coordinate wise, in the first coordinate we got -0.33333, in the second one
we got this value third, fourth, fifth. Just compare it with the value that we are supposed to get
at least up to 6 significant digits we are supposed to get this value. And when you see the first
coordinate of the iterative vectors you can see that we are going closer and closer to what we

want as we go on computing the iterations.



That is what we meant by saying that we seem to be converging to the exact solution. The same
situation is also happening with the second and the third coordinate. You can clearly observe
that as we go on with computing the iterative sequence, the coordinates are going closer and
closer to the corresponding coordinate of the exact solution. So, it seems that the Jacobi method
is converging for this system and for the initial guess that we have taken.

(Refer Slide Time: 24:03)

P annas ~wire B r J | I W B O
Iterative Methods: Jacobi Method (contd.)

Example:

Consider the system

~11 +0.00 — 4

which 1s exactly the same as the system discussed above

The only difference is the interchange of first and second equa-

tion,

Hence, the exact solution is same as given above

x & (=0.441176, 0.341176,0.152041).

Next, we will go to another system, you can see that in this system we have just interchanged
the first equation by the second equation of our previous system and the second equation is
taken as the first equation of our previous system. In that way we have not changed the system
mathematically, because we have only interchanged the first and second equation. Therefore,

the exact solution of the previous system is the same as the exact solution of the present system.

And if you recall the exact solution is given like this up to 6 significant digits. Now, let us write
the Jacobi iterative procedure for this system and see numerically whether that sequence is
going to converge or not.

(Refer Slide Time: 25:13)
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Iterative Methods: Jacobi Method (contd.)
The Jacobi iterative sequence for this system is given by

0.52,"),

Choosing the initial gness x*” = (0.0,0)

X
X
X”‘ < {29 98\ _rr
X
X

V=1307.375, =80.03125), and so on.

So, when you go to write the Jacobi iteration for this system, you can see that the diagonal
element now for the first term is this. If you recall for the previous system the diagonal element
for the first equation is this, because that was sitting as the first equation. Now, the diagonal

element is this and similarly the diagonal element of the second equation is also changed.

Previously this was the diagonal element, now it is changed to this one, because we have
interchanged the equations. And therefore, now we have a different expression for the Jacobi
iteration. If you recall the system is same mathematically but the Jacobi iteration is different,
because the equations positions are changed. Let us go to compute the iterations for that we
need an initial guess. Again, | will choose zero vector as my initial guess with that my first

iteration that is x¥ is given by 1, - 2 and 0. That is very clear.

Now, I will plug in x(® on the right-hand side of this expression and then get x(® and that is
given by this vector. Now, once you get x®, plug in on the right hand side get x®, plug in
x®) on the right hand side get x* and so on. Now, observe the coordinates, you started with
1 that became 9 in the second iteration further, it became 33 in the third iteration and 222 and

so on. So, that gives us a feeling that our iteration is going away from the exact value.

The same situation is happening in the second coordinate as well as in the third coordinate also.
That clearly shows us that we are going away from the exact solution and gives us a feeling
that the Jacobi iterative sequence for this system, when we started with the initial guess as the



zero vector is going to diverge. So, that clearly gives us the answer for our previous question

that will the Jacobi sequence always converges? The answer is no.

So, that is the answer for this question is no. That also gives us a good challenging question of
when the iterative sequence converges. That depends on obviously the system that we are
working with and also the initial guess. We will see that for some particular systems the Jacobi
method will converge irrespective to whatever may be the initial guess. We will discuss this
result in the next class. Thank you for your attention.



