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Module-27 Nagata-Smirnov Metrization

As mentioned earlier, Urysohn's metrization theorem does not give a
complete answer to metrizability. This problem was solved by efforts of
several people. There are various versions of metrizability theorem. We
shall now concentrate on one such result which seems to be most
satisfactory, namely, Nagata-Smirnov metrization theorem. We shall
present a proof due to Nagata. (For a proof due to Smirnov, you may look
into [Willard,1970].) Before that, we need to intrbduce another version of
normality.

®
Hello, welcome to NPTEL NOC an introductory course on point set topology, part 2, module
27. Today, we shall study Nagata-Smirnov Metrization Theorem as mentioned earlier.
Urysohn’s metrization theorem does not give a complete answer to metrizability problem. It
was solved by efforts of several people. There are various versions of metrizability theorem.
We shall now concentrate on one such result which seems to be most satisfactory, namely,

Nagata-Smirnov Metrization Theorem. We shall present the proof due to Nagata. A proof

due to Smirnov can be found in Willard’s book.
Before we begin with the theorem, we need to introduce another version of normality.

So, the Nagata's proof of metrization theorem is in spirit similar to Urysohn’s, but since
second countability is removed now, the embedding will be in a much larger product space
and also, we need a little more strengthening than normality. So, that is what we want to

introduce now.
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Definition 6.6

A topological space X is said to be perfectly normal if for every pair
{A, B} of disjoint closed sefs in X, there exists a map h: X — [-1.1]
such that A= h~*{~1} and B = h~1{1}.

Theorem 6.7

A normal space is perfectly normal iff each closed subset is Gj.

9|
A topological space X is set to be perfectly normal if for every pair (A, B) of disjoint close
sets inside X, there exists a map h from X to [—1, 1] such that A is the precise inverse image
of —1 and B is the precise inverse image of 1. So, I have said A, B are disjoint closed subsets.

If one of them is empty, say, B is empty then the assertion is that h does not take the value 1.

Similarly, if A were empty, then it means that 4 does not hit —1.

But generally, while talking about normality, we take non empty disjoint closed sets.
Getting precise inverse images is stronger condition than normality. So, even in a normal
space, you will have A going to —1 and B going to 1 that much is possible. But there may be
more points that go to —1 and more points to 1. So that, that is where the perfect normality
comes into business. A is the précise set of points wherein A takes value —1 similarly, B is the

precise set of points where in h takes value 1.

A normal space is perfectly normal if only if each closed subset is Gs. So, this is where the
link between perfectly normal and normal is lies. G5 is the key. Remember that under a

continuous function into a metric space, inverse image of any single point is a G.

Clearly perfectly normal is normal, there is no problem. So, every closed subset in X is G is
what you have to show under perfect normality. Given any closed subset A of X, you can

choose B to be the empty set and get a continuous function . from X to [0, 1] such that A is



the precise inverse image of {0} (and of course i does not take the value 1). It then follows

that A is a Gs.
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Proof: The ‘only if' part is obvious. To prove the ‘if’ part, suppose
A=n,U,. and B =N, V,. all U, and V, are open and AN B = ). By
normality, we can first of all assume that U, N V;, = 0 for all n,m € I,
Next we can also assume that U, D 0,1 U1 for all n. Now let

f, 2 X = [0.1] be maps such that £,(X \ U,) = {1} and £,(U,41) = {0}.
Putf=%"4 zrﬂ Then it follows that f : X — [0, 1] is continuous and
A=f"" {g} Exactly similarly, we can construct a continuous function

)
Now to prove the 'if' part, start with A and B as disjoint closed subsets. And write A as
intersection of a countable family of open sets U,'s because G, similarly let B be the
intersection of V,,'s. Using normality, we can first show that owe may assume that U,

intersection V,, is empty for each n.

So, you have A is contained in U,,, B is contained inside of V,,, but they may not be disjoint.
A and B are disjoint closed subsets and so inside these open subsets you can choose a smaller
open subsets U, and V,, respectively such that U, and V. are disjoint. But in contain A. So, by

replacing U,, with U}, etc, we may as well assume that U,, N V;, is empty for all n.

Next we can also assume that U, is contained in U, 1 contained inside U,, for all n, as
follows: Once you have the family U,, as above, inductively choose an open subset W,
such that A is contained W, ; contained in m contained in the intersection of
Uy,Us,...,U,y1. This is possible by normality of X. Now ignore the old U, ;1 and rename

Wht1asUpyr.

Now let f,, from X to the closed interval [0, 1] be a continuous function such that f,, (X \ U,,)
is singleton 1 and f,, (U,,+1) is 0. So, this is possible by normality of X again. Here I may not

get these sets as precise inverse images. That is OK.



So, you have got a sequence of functions with a certain property. Take f to be some of these
fn’s only thing is before taking the sum, you should divide by some constant factors to ensure
convergence. So, I am dividing f,, /2", because I know that these f,,’s are bounded by 1, so
this sum will be less than the summation 1/2". So, this will also convergent. So, this dividing

by some number is a general principle which you have to learn in analysis.

It then follows that f from X to R is non negative continuous function because the sum is
uniformly convergent being dominated by summation 1/2" and all terms are non negative.
Now what happens that A is precised inverse of O under f, Because if = belongs to A, it must
be in every U, so each term in the sum is zero so f(z) is zero. But if = is not in A, then it
cannot be in U,, for some n and hence it is not in Uy, 41 and hence f,,11(z) is 1. Since the sum
is over nonnegative values, it follows that f(z) is not zero.

(Refer Slide Time: 9:20)

ant it ShastriFetined Emeritus Fellow Deps NFTEL-NOC An Intreuctoey Course on Po July, 2022 367,

Proof: The only if' part is obvious. To prove the 'if" part, suppose i b k
A=,U, and B =N, V,. all U, and V, are open and AN B = (). By

normality, we can first of all assume that U, N Vy, = for all n,m e I,

Next we can also assume that U, O Upsq D Upeq for all n. Now let

fy: X = [0,1] be maps such that f,(X \ U,) = {1} and £,(Uy41) = {0}.

Put f =3 | 1. Then it follows that f : X — [0,1] is continuous and

A= ~1{0}. Exactly similarly, we can construct a continuous function

g: X = [0,1] such that B = g~1{0}, Now consider

f=
hz'f'_—g.

G



A=,U,. and B =0, V,, all U, and V;, are open and AN B = (. By
normality, we can first of all assume that U, NV, =0 for all n.m € N,

Next we can also assume that U, O U1 D Uyyy for all n. Now let y
fy : X = [0,1] be maps such that f,(X'\ U,) = {1} and f,(Upy1) = {0} 1 L
Put f=5"> % Then it follows that f : X — [0, 1] is continuous and

Zan=1 2"*
A= =10} Exactly similarly, we can construct a continuous function

g: X = [0,1] such that B = g~1{0}. Now consider

Fo
h= ¥

og |og

Since AN B =), it follows that f + g never vanishes and hence h makes
sense, Check that h~'{~1} = Aand h™}{1} = B. 'y

®
Similarly, we can construct a non negative continuous function g from X to R such that B is

precisely the inverse image of zero. All that you have to do is same construction as above

with V,,’s instead of U,;'s. That is all.

So, you have two different functions. I want a single function to do that job. So, this function
f 1s such that the inverse image of 0 is A and g is such an inverse image of 0 is B. Now I want
one single function A such that under that the inverse image of 0 is A and inverse image of 1 is

B, the other way round.

So, for that, I just take i equal to (f — g)/(f + g). Note that dividing by f + ¢g makes sense
because this sum is never 0. See, first of all both f and g are non-negative. Next, if f(x)is 0,
that x must be inside A, which is disjoint from B. And outside B, g is not 0 so g(z) is not
zero. A and B are disjoint, so f + g is never 0. So, I can divide by f + g. But|f — g| is always

smaller than modulus of f + g and hence h takes values in the interval [—1, 1].

Finally, suppose this h(z) is 1. What does that mean? This is so if and only if these two are
equal: f—g = f 4 g. Therefore g(x) must be 0. So, A(z) = 1iff = is a point of B. Similarly,
h(z)isequal to —1iff g — f = f + g iff f(z) =0 iff x is in A. So A is the inverse image of

—1 and B is the inverse image of 1 under h.
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Theorem 6.8

Nagata-Smirnov Metrization A T3-space is metrizable iff it has a
a-locally finite basis.

Proof: Proof of the ‘only if' part.

Let (X, d) be a metric space. We have seen that it is paracompact. So,
for each n € N, let I, be a locally finite open refinement of the open cover
{By/a(x) : x € X}. Check that B = J, U, is a base for the topology of
X. (Exercise). Clearly B is o-locally finite. This proves the ‘only if ' part
of the theorem. *

)

So, this is the perfect normality given by normality plus every close subset being Gis.

Now, let us come to Nagata-Smirnov Metrization Theorem, proof which will be much

simpler now, because we have perfect normality here.

A T35 space is meitrizeable (see there is no second countability condition now) if and only if
X has a o-locally finite basis. The term o-locally finite basis, should ring a bell! That is

something to do with paracompactness.

So, proof of only if part: So, that all that you have to do is start with a metric space and show
that it has a o-locally finite basis. X is a metric space, we have seen that it is paracompact.
So, for each n € N, let U, be a locally finite open refinement of the open cover

{B1/n(x); 2 € X}. It is an open cover of X, for each n.

So, that take U/, to be a locally finite open refinement of this one. So, for each n, I have a got
a locally finite open refinement. All that I want to do is now, take the union of all these U4,,’s,
call it B. This is a base for the topology on X. This fact I am leaving it as an exercise, because
you have done so much of this kind of things. So, for all n is in all that is all you have to use.
Clearly this B is o-locally finite, because by choice, each U, is locally finite. So by definition

B is o-locally finite.
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Proof of the ‘if" part:
So, let (X, T) be a T-space and

B=J{B, : neN)

be a base for the T, where each B, = {B,, : @ € A} is a locally finite
family. Put A = LI,A,. The proof is going to be similar to the proof of
Urysohn's metrization theorem, in the sense that we are going to produce
an embedding F : X — f;(l\l.

5

NPTEL

meritus Fellow Deps NPTEL:-NOC An Intradictory Courss an Pésg

Let us recall the definition of f5(A), the generalized Hilbert space. For any

function £ : A = R, let us denote
L}
s(f):={AeA : F(\)#0}.

Take
0
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ik
Let us recall the definition of (5(A), the generalized Hilbert space. For any
function f : A —= R, let us denote

s(f):={AeA : f(N)#0}.
Take

Fz(fQ = {f € BY : s(f) is countable and Z FO) < or.-}.
Aes(f)

Also, for f & f5(A), we define
W

NPTEL



s(fli={Xeh: F(A)A£0)

Take

b(N) = {f e RN ¢ s(f)is countable and Y £(A)? < x}.
Aes(f)
Also, for f € 5(A), we define

Ifl:= | ¥ flal

| aes(f)

k

9
Let us know prove the ‘if' part. Let (X, 7) be T3 space and B equal to a countable union of
B,'s, be a base for 7, with each B,, being locally finite. Remember each base is also an open
cover for X. I am writing down each B, as the collection {B,, .} where « is in an indexing
set Ay,. So, By, o’s are members of B,,’s. And each B,, is a locally finite family. This is all the

starting hypothesis now.

Now, take A to be the union of all these A,,’s over n. So, this A is going to be our indexing set
for the product. Last time you took I'Y, where N is the set of natural numbers. Now, I would
like to take I" but I will do a slightly better job here, than taking the product space. However,
the proof here is now going to be similar to the proof of Urysohn’s Metrization theorem, in
the sense that we are going to produce an embedding of X inside the Hilbert space /5(A),

with the /5-norm.

So, I will recall what is this ¢2(A). On any set A, /5(A) makes sense. That is what I am going
to tell you. I am just recalling the generalized Hilbert space here. For any function f from A
to R, let us denote by s(f) (you may read it as ‘support of f') the set of all those A € A such
that f(\)is not 0.

Now, take ¢5(A) to be the subset of the space of all functions from A to R such that s(f) is
countable, and when it is countable look at the sum of all the f())? that sum is convergent,

i.e., sum over A of £(\)? is finite.



In other words, it is the collection of all square summable functions, that is the terminology,
square summable functions form a Hilbert space. I will just use the word Hilbert space
because the inner product here is not being exactly used only the norm is used and what is the
norm, norm is square root of summation of f2, if you want to know what is the inner product,
it is nothing but inner product of f and ¢ is summation (f,,, g, ); if you have complex valued
functions you take summation f, g, that is all. We are not interested in that part, we are just
interested in the norm, under the induced metric, this space is complete.

(Refer Slide Time: 18:12)

Step-|

Since every open cover has a refinement consisting of members of B which
is 7-locally finite, from theorem 3.26, it follows that X is paracompact.
Hence it ii normal also.

®
The first step is since every open cover has a refinement consisting of members of B because
B is a base right? (For every member U of the open cover and for each point in U you can
select a member of the B which contains the point and is contained inside U. That will verify
this statement.) But B is o-locally finite, therefore, from 3.26 it follows that X is
paracompact. So, that is the link between the condition o-locally finite base and this situation.

In particular X is normal. What we want is that X is perfect normal. We will see why.

(Refer Slide Time: 19:06)
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We shall now prove that every open set U in X is a F,. Then from
theorem 6{—3' it follows that X is perfectly normal.

By regularity, given x € U, there exist B = By,), A(x) € A, such that
x € BCBC U. It follows that

B,,:U{BA[” . A(X)EA,,}

the union of the closure of a locally finite family and hence is a closed
bset of X. Also note that B, C U and we have U = U,B,. That
&

NPTEL

Definition 6.6

A topological space X is said to be perfectly normal if for every pair
{A, B} of disjoint closed sets in X, there exists a map h: X = [~1,1]
such that A= h"1{~1} and B = h™1{1}.

Theorem 6.7

A normal space is perfectly normal iff each closed subsgt is Gj.

L

Y

So, first we have seen that it is normal space. Secondly, we shall now prove that every open

setU in X is F,.

So, now you see that the concepts of G5 and F), are both coming together here. F,, means
what? union of countably many closed subset. Every open subset in X is F,,. Then from
theorem 6.7, it follows that X is perfectly normal. You want to recall theorem 6.7. A normals

space is perfectly normal if and only if every close subset is G .
Take the complements, to get every closed subset is G§.

Next by regularity, given x belonging to U open, there exist a basic open set

B = Bj(4),A(z) € A, such that z is in B and B is contained inside U. It follows that if you



put By, equal to the union of all these B) (), where A(x) ranges over A, is a closed set,

because of local finiteness of 13,,.

Also note that B, is contained inside U because each Bj(y) is contained in U. Finally, it
follows that U itself is union of all these B,,’s. For each point = € U is inside some member
of B,, for some n and then it is in B,,. So, what we have shown is that U is a countable union
of closed sets. So, that completes the proof that every open subset is F,,. Therefore X is

perfectly normal.

(Refer Slide Time: 22:06)
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Step 11l

Now for each By € B, by step Il, there exists a continuous function
fy : X = [ such that

B\={xeX : fi(x)#0}

For each n € I, define g, : X — [1, %) by the formula:
k

gn(x) = (1+ ¥ ﬁ(x)i’) .
AEN,
0

NPTEL

be a base for the T, where each B, = {B,, : a € A,} is a locally finite
family. Put A = L,A,. The proof is going to be similar to the proof of
Urysohn's metrizaw!ion theorem, in the sense that we are going to produce
an embedding F : X — [5(A). '
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Let us recall the definition of f5(A), the generalized Hilbert space. For any
"
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Now for each By € B, by step I, there exists a continuous function
fy : X = [ such that

B, = {XE X ﬁ(x] #U}
For each n € N, define g, : X — [1,20) by the formula:
/2
glx) = (1 +Y a(x)") :
AEM

By the local finiteness of the family By, it follows that g, is well-defined.
For the same reason, it is also continuous. Note that each A € A, there is
a unique n(A) € N such that A € Ra)- It follows that the function

@ C filx)

NPTEL

For each n € N, define g, : X = [1,00) by the formula:

1/2
gi(x) = (1 + Z ﬁ(:)?) .

Aeh,

By the local finiteness of the family 5y, it follows that g, is well-defined.
For the same reason, it is also continuous. Note that each A € A, there is
a unique n(A) € N such that A € Ayy). It follows that the function

_ Ak
bl = n(A)gn(y(x)

are all continuous and take values inside [,
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Now we define H : X — I" by the formula

H(X)(A) = ha(x).

The very first thing to do s to check that H(x) € f5(A). This follows easily
since, first of all, for each fixed x, H(x)(\) # 0 for finitely many A € A, for
each n, which means s(H(x)) is countable; moreover, for each n, we have,

k
SR = X e = DB L

2y (712 7
A, Aeh, "8(x) B

®
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H{X)LA) = My X).

The very first thing to do is to check that H(x) € (2(A). This follows easil
since, first of all, for each fixed x, H(x)(A) # 0 for finitely many A € A, fc
each n, which means s(H(x)) is countable; moreover, for each n, we have,

fi(x)?
Z{H{x)(z\))g Z h‘\[x)z Z‘A_J\() 3 ;li' (25)
Aeh,

AEA, nzgﬂ(x)z

Thus, we have a function H : X — {5(A).

July, 200 375/ 4

Third step is to take for each A\ € A, by perfect normality, a continuous function f) from X to
I such that B} is precisely equal to the set of all points € X such that f)(z) is not equal to 0.
B,'s are open subsets, so their complements are closed subsets, they will be precise zero sets

of continuous functions.

For each n € N, define g,, from X to (0, 00), (we are constructing these functions, so that
finally we can take all of them and put them inside the generalized Hilbert space), by the
following formula. I am taking a sum and then adding 1 just to be careful that it is positive,

you could have added any positive epsilon, no problem.

So take 1+ summation of h ()% where ) ranges over A, this is a locally finite family and
so0. So, this sum is actually makes sense. So, 1 plus that makes sense, take the square root, that
makes sense. So, that is g, (x). By the local finiteness of the family B,’s here, each term is
actually finite now, finite, it follows that g, is well defined. For the same reason it is
continuous also because it is a locally finite sum of continuous functions. This 1 plus that is
continuous and it is never 0. That is why I put 1 (or some positive epsilon here), I can take the

square root the square root is also continuous.

Now, I can define H from X to I* itself, in particular it will be inside R* no problem, by the
formula H (z)(\) equal to hy(x). H(z)is a function from A to L.



Note that for each X inside A, there is a unique n € N such that A is in A,,. Why? look at this
definition of A. This is a disjoint union, each A here belongs to exactly one of the A,;'s. Taking
this disjoint union is important, so that, I can now take i) to be f, divided by this number
n(\) times the function 9x(n), Which is a non zero function. It follows that h are continuous,
and taking values inside I now, because f) is only 1 of the summands involved in the
definition of g, (x); so, the numerator is always smaller than the denominator and they are all

non negative. So, all h) take values inside I.

So, the A" coordinate of H () is k(). You can think of H as taking values in the product
space. First of all, you have defined H(z) as an element of R*. But I want it to be inside

l5(M); l2(A) is a subspace of R™.

So, this follows easily now. First of all for each fixed x, H(x)(\) is not equal to 0, for only
finitely many A € A, for each n, therefore s(H (z)) countable Recall that s(H (z)) is the set

of A where in it is not 0, the support. That is countable.

Second thing is that for each fixed n, if you take the sum of all of them after squaring where A
runs over A, this is a finite sum and that is nothing but summation h(\)(x)? where A runs
inside A,,. But by definition of i(\)(z), the numerator is just the sum of f)(z)? whereas in

the denominator we have n())? into In(N) ()2, but A is in Ay, so this () is equal to 7 itself.

So, this is less than 1/n? If, for each n this is less than 1/n? when you take summation of all
of them that will less that the summation of 1/n* which is convergent. Therefore, H (x) is an

element of /5. So, we have got a function from X into /5.

(Refer Slide Time: 29:19)
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Next we check that H is injective. Given x; # x3 in X, since X is Ty,
there exist By, such that x; € By and x; ¢ By. This immediately implies
that fy(x;) # 0 and fy(x2) = 0. But then hy(x;) # 0, whereas hy(x) =
This just implies H(x;)(A) # H(x2)(A) and hence H(x) # H(x).

®
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Now we define H : X — [" by the formula

H(xY(A) = ha(x).
The very first thing to do is to check that H(x) € 5(A). This follows easily

since, first of all, for each fixed x, H(x)(A) # 0 for finitely many A € A, for
each n, which means s(H(x)) is countable; moreover, for each n, we have,

Y ()R = o = Zh A AU TS

Aeh, AEA, ]
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For each n € N, define g, : X = [1.00) by the formula:

1/2
= (1 + E l’,\{x)z) :

Ach,

By the local finiteness of the family By, it follows that g, is well-defined.
For the same reason, it is also continuous. Note that each A € A, there is
a unique n(A) € N such that A € Ayyy. It follows that the function

Alx)
n(A)gn(s(x)

are all continuous and take values inside [.
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H{XJ(A) = nylX).

The very first thing to do is to check that H(x) € {5(A). This follows easil
since, first of all, for each fixed x, H(x)(\) # 0 for finitely many A € A, f¢
each n, which means s(H(x)) is countable; moreover, for each n, we have,

S (HOWP = ¥ = bl L oy

iR
n n
Agh, Aeh, &n x]

Thus, we have a function H: X — f;{‘\).
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_ Al
n[’\)gn[.\](x

are all continuous and take values igside .
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Now we define H : X — [" by the formula

H(x)(A) = hy(x).

The very first thing to do is to check that H(x) € f5(A). This follows easily
since, first of all, for each fixed x, H(x)(\) # 0 for finitely many A € A, for

arh n_uhich masne rr ”!‘v\\l iw_rauntahbla marasuar far asch o wm haus
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For each n € N, define g, : X = [1.00) by the formula:

12
= (1 + E ﬁ(x)g) :

Ach,

By the local finiteness of the family By, it follows that g, is well-defined.
For the same reason, it is also continuous. Note that each A € A, there is
a unique n(}) € N such that X € Ayy). It follows that the function

Alx)
"(’\)gn(f\]{x)

are aII continuous and take values inside I.
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h(x) =

Student: Sir, may you please repeat the step? So, we had a, from starting with every element

of X, we wanted to associate an element of ¢2(A), that was from step 2, we found that every



B,, what was concept so, we can associate a function so that it is exactly non zero. That was

the first step, First part of step.

Professor: that will come now in the proof of injectivity and continuity of H. That this is an
open subset and that is the precisely zero set etc is not used so far. Only local finiteness is
used. so, that we have the supports of these elements is countable, s(h). So that H(z) is

actually an element of /5(A).

Student: divided by n, n(\)?

Professor: this n(\) term is brought for that, so that the sum is dominated by a convergent
sum. Not only that, why in the definition of g,,, I have put 1 here? For two different purposes.
First of all, I should be sure that when I take square roots continuity is assured. I should not
bump into 0, if I want continuity is preserved after taking square root. Secondly, this term is
bigger than just the sum. So, there are two purposes here. So, g, () is defined like this, I told
you that adding any positive constant would have done the job here instead of adding 1. So,
look at here now. These values are are inside I. That point is not very crucial. But this whole

thing is less than n()\)? that is important, not just less than some constant.

(Refer Slide Time: 31:43)

Now we define H : X — I" by the formula

H(x)(A) = hy(x).

The very first thing to do is to check that H(x) € (2(A). This follows easily
since, first of all, for each fixed x, H(x)(A) # 0 for finitely many X € A, for
each n, which means s(H(x)) is countable; moreover, for each n, we have,

= s ek T K
YA = ¥ = i L )
.;'\”

A \eA, mgn(x)*
.
Thus, we have a function H : X — f5(A).

O)
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Next we check that H is injective. Given x; # x; in X, since X is Ty,
there exist By, such that %, € BY and x3 ¢ By. This immediately implies
that fy(xq) # 0 and fy(x2) = 0. But then hy(x;) # 0, whereas fy(xy) = 0.

This just implies H(x)(A) # H(x2)(A) and hence H(x) # H(x2).

®
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&) = (H' Z f,\(x)?) ‘

MM,

By the local finiteness of the family 5, it follows that g, is well-defined.
For the same reason, it is also continuous. Note that each A € A, there is
a unique n()) € N such that A € Ay(y). It follows that the function

_ Al
W= e

are all continuous and take values inside .
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So, how to ensure that. For each fixed A\, A in A,,, what is n(\)? It is n. So, the same n is there.
So, holding n fixed, first you take the sum that is a finite sum which is less than 1/n? and

then you take the sum over n so that is convergent. So, you are inside /.
Now comes the role of all these open subsets etc., till now they are in the back ground.

Now, let us check that this H is injective: given x1 # x5 in X, since X is Hausdorff space
(we have assumed it is 75), you will have B), a basic element so that z; is in B) and x5 is not

in B)\.

So, this immediately implies that the corresponding fx(z1) is not 0, but fy(x2) =0.

Therefore, hy(x1) is not 0, whereas, hy(x2) = 0, because what is h)? In the numerator we



have fy. That is what it is. So, hy separate points. Therefore, H(x1)(\) will not be equal to
H (23)(A). So, this lambda coordinates will be different as soon as x1 # 2. So, this proves H

is injective.

Note that a countable family of such functions would not have been able to do this job. This
is a local base we have used. Taking a countable base was possible if X were second
countable. However, some countability was necessary. What ensures that? o-locally
finiteness. So, that plays the role here. Exploit it, to get into /5. Otherwise you would not be

able to get inside /s.

(Refer Slide Time: 29:19)

Next we check that H : X — H(X) is a closed function. Let A be any
closed subset of X. Wi have to show that H(A) is closed in H(X). Take
¢ € H(X)\ H(A). Say, o = H(x) for some x € X\ A. But then

x € By C X\ Afor some A € A, This implies hy(x) # 0, whereas,

fy(a) =0 for all a € A. Therefore

M)~ H(a)l = [hy(x) -~ m(a)] = ) >0, ¥ a€ A
This implies that H(x) ¢ H(A). Since this is true for all points of

5
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Next we check that H: X = H(X) is a closed function. Let A be any
closed subset of X. We have to show that H(A) is closed in H(X). Take
o€ H(X)\ H(A). Say, ¢ = H(x) for some x € X | A. But then

x € By C X\ Afor some A € A. This implies hy(x) # 0, whereas,

hy(a) =0 for all a € A. Therefore

()~ HG) 2 () - e = ) 30, ¥ a4

This implies that H(x) ¢ H(A). Since this is true for all points of

H(X)\ H(A), this implies H(X)\ H(A) C H(X)\ H(A) and hence

H(A) C H(A). Therefore, H(A) is closed.

®
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Next, we check that H from X to H(X) is a closed function. Injective, closed, continuity

these 3 things we have to show one by one, continuity is taken at the last.

If A is any closed subset of X, you have to show that H(A) is closed in H(X). Take a point
phi outside of H(A) but inside H(X). We are working inside H(X) and the entire /5. To
show that something is an embedding you have to take the only image and work inside of the
image. So, ¢ = H(x), for z € X \ A, because it is not in H(A). But then x belongs to By
contained inside X \ A. A is a closed subset to start with. So, you will have some A such that

x belongs to B) which is contained in X \ A. This automatically implies that h(x) is not 0,

Whereas, hy(a) = 0 for all @ € A. B, is the precisely equal to the set where fy is non zero.
Therefore, the square of norm of H(x) \ H(a), this is a summation of non negative terms and
one of the term is square of the hy () \ hx(a) which is equal to hy(z)? which is positive.
There will be many other terms they are all non-negative terms. Therefore it follows that the

distance between h(x) and H (A) is bigger or equal to hy(x) > 0.

Therefore, H (x) cannot be in the closure of H(A).

Since this is true for all points of H(X) \ H(A), this implies that H(X) \ H(A) itself is
contained H(X) \ H(A). By DeMorgan law this just means that H(A) is contained inside
H(A). The bar of a set is contained inside the set itself, that means that set is closed. (Maybe

you can directly prove that that H(A) is closed or prove that H(X) \ H(A) is open etc.)

(Refer Slide Time: 38:38)
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Finally, we shall check that H is continuous. Given x € X and ¢ > 0, we
must produce an open set U around x such that

X € U=x|H(x) - H(x)| <e

First choose N € N such that "/, ;}} < ¢/4. By local finiteness of B,'s,
we get an open set V around x such that V meets only finitely many
members of B, for all n < N. Let us denote these members by
By.i=12,... .k Now choose a nbd U of x such that U C V and

e

 I)-hl< R 1<igk VX e
®
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X € U= |H(X) - H(x)| < e

First choose N € N such that "3 | & < ¢/4. By local finiteness of B,'s
we get an open set V around x such that V meets only finitely many |
members of B, for all n < N. Let us denote these members by
By, i=1.2.....k. Now choose a nbd U of x such that U C V and

Ve

|hA,.(x’] = h,\‘.(k’)' < _E 1<i<k VxeU.

This yields, for all x' € U,

N
}: z (%) = ha(x)[* < % = %

*=1 I\GAH

On the other hand, by our choice of N, and (25), we have,

Z%hﬂ E,\enu(m(f); hh(x])z
< ngmn ZIAEMQM(X') ﬁjﬂ-“) 1)
< Trwa(pta)=2Tnwmn <
Thus, it follows that U is the required nbd of x. This proves the continuity
&
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On the other hand, by our choice of N, and (25), we have,

i: N41 e A Uh(x ) hf\{x]}z
< ,.,n N+ 12\ A (ha(x')? + hy(x)? )
nN 1( T ;}“] 22-!1 N1 g2 ™ 2°
Thus, it follows that U is the required nbd of x. This proves the continuity
of H and thereby the theorem. k &

()
Now, let us check that H is continuous. Now, you see the full force of all these construction.
Given x belong to X, and € > 0, we have to produce some open subset U around x, such that
x’ belongs U implies norm of H(x') \ H(x) is less than epsilon. So, this is the continuity of
H at the point z. [ am using the norm on the codomain. X is the given topological space. So, |

have to use open subsets in X.

As soon as the € > 0 is given, choose some integer N such that the sum of 1/n? from
n = N + 1to infinity is less that ¢/4. (Earlier I had used the notation k in this place now I am
using N, no problem.) N + 1 to infinity 1/n? is less than € /4.

By local finiteness of all these ,,’s, we get an open set V' around x such that this open set V'
meets only finitely many members of 3, for all n < N. For each n, you will get an open set
V,, and then you take V' to be the intersection of these finitely many V,;'s. That is all. This V' is
the neighborhood of z, which will meet finitely many members of B,,, n ranging from 1 + N.
Let us denote these members by B)y, fori = 1,2, ..., k. They will belong to one of the ,, for
n =1,..., N and in all they are finitely many as £ of them.

Now, choose a neighborhood U of x such that U is inside this V, a smaller neighborhood, 1
am going to choose such that |hy,(x") — hy,(x)| is less than, (I have to the RHS carefully,
some number, say v/¢/V2k. This is possible because all k) are continuous and we have to

handle finitely many of them.



This yields, for all ' € U, if you take the summation of the squares overi = 1, ..., k, is less
than /2, since there are k such terms. It follows that sum of the (H (2)()\) — H(z')(\))? for

all A € A,, where n itself ranges over 1to N is less than €/2.

So, that is a very rough estimate actually, but that is enough. Because this summation here, all
are non negative terms. Though this is maybe infinite sum, for each fixed n the sum over all
X € A, is a finite sum and is actually less than 2/n% and hence when you range n from N to
infinity it is less than summation 2/n2 from N to infinity which is less than €/2. This is true

for az’ in U. Therefore this proves the continuity of H and thereby the theorem is proved.

(Refer Slide Time: 44:36)

Exercise 6.9

Every metric space has a o-locally finith base.

®
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there exist By, such that x; € By and x» & By. This immediately irn“plies
that fy(x) # 0 and f(x2) = 0. But then hy(x;) # 0, whereas hy(x3) = C
This just implies H(x )(A) # H(x2)(A) and hence H(xy) # H(x,).
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So, here are a few exercises for you. First one here is not very difficult. Every metric space is
has a o-locally finite base. I have used this result and mentioned it as an exercise separately

earlier.

There are many problems in metrization, you may like to talk about. For example, when can
a topological space be given a metric which is complete. Such things are called complete
metrization problems. We shall not be able to discuss such things which are too special.

Thank you.



