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Module 2 : Normed Linear spaces

Recall that i€ denotes R, the space real numbers or C, the space
of complex numbers,

Amongst all properties of the modulus finction on K, we find the
following three properties very striking:

(1) |x| is a non negative real number. It is equal to 0 iff
x=0

(2) I = Irllx|.

(3) Ix + 1 < x|+ Lyl

Welcome to the 2nd module of Point Set Topology course part I. This is an NOC course of
NPTEL. So today's topic is Normed Linear Spaces. Recall that we use this notation K for
either the set of real numbers or the set of complex numbers. Amongst all properties of the
modulus function on K- (you know we talk about modulus of z which is equal to what? Take

22 + y? and then taking the square root, ok?)

So, there are modulus functions on both R and C. So, I am trying to handle both of them
together. So, what is the striking properties of this modulus function? I would like to list three
of them. The first thing is that modulus is always a non negative real number. Whether x is a

real number or the complex number, |z|is a non negative real number.

It is 0 if and only if  is 0. So that is the first property. Second property is that if you multiply
by some number, r times x, then the modulus of that is modulus of r into modulus of z. I
deliberately write r and x instead of = and y because in the multiplication, this r is supposed

to be scalar multiplication. It is not a real number, it is real or complex, no problem.



But just to indicate that they have different roles here, ok. So, that is why I am writing r here,
that is all. Even if you write |zy| = |x||y| is correct, there is no problem. But do not take r as
a real number, it represents real and complex number as the case may be. And the third

property is that |z + y| < |z| + |y, ok?

So, these things we have been using all the time, that is why they are the most important
ones. So, these properties will now taken and made into an axiom, ok? So that is what we are

going to do now, ok?
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Next, we observe that when K = C = K x K, we can write each
7 Cinthe form z = (x, ), where x,y are respectively, the real
part and the imaginary part of z. We then have,

l2l = v/ 42 1)

The RHS of the above formula can easily be generalized from 2
to R". A
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So, I have already told you that what I am going to do. If K is not real but K is C and C can
be taken as R x R. Namely every complex number can be written as real part comma

imaginary part (z, y).

Then |z| is nothing but square root of 2?4 32 ok? So, this looks like T have the same
modulus function the same properties, wherein K could be R or R% But now you can do it for

all R™. So, that is our idea, it is easily generalized to all R", right?
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Say, x 1= (X1, Xa) € R” Let us define

K|S e 2
\\L @

Then it is easily checked that ||x||2 satisfies the three fundamental
properties of the modulus function as listed above:
(i) IIl2 s non negative and is zero iff x = (0,....q).
(it) Xl = |llIX]la, 7 € K and x € R".

() -+l e + Iyl

We are now led to take the first step of our generalization process:
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How? If you just take a vector, now an n vector = (x1,x2,...,%,), all x1za,..., z, are
real numbers. Just like when n was 2, this was real part and imaginary part of a complex

number.

So, in more general case you have n coordinate real numbers here. The coordinates of x, they

are all real. Then I denote it, for the sake of future reference also, this

the 2 indicates that I am going to take squares here and then square root here, ok? Take the
squares of each x;, sum it up and then take the square root. This is what is called as Euclidean

norm, ok?

So, we have just generalized the complex number modulus for all R", you know you can call
it as a modulus. So, just not to get confused, instead of calling it a modulus, I am having a
different notation here that is all. So, the same properties can be checked for this "norm ' now.
The ||z||2 is non a negative real number. It is 0 if and only if z = 0. Now, £ = 0 means what?

Each x, z5,...,x, are all 0.

Similarly, now comes the difference, I cannot take r as (ri,79,...,r,) and z as

(z1,29,...,2,). No, z will be taken as (z1, z, . . ., x,) and  will be now taken only from K



either a complex number or it is just a real number. Now, I want to take it a real number

because all x;, we have taken are real number.

So, this is the second property. Third property is again x +y is the same thing
(z1,29,..., %) + (Y1,Y2, ..., yn) Here it will be (z1+y1,22 +y2,...,Tn + Yn). The
norm of that, instead of modulus, is less than or equal to ||z||2 + ||y||2. So, these are properties
which will be, these three properties which will be, carried over to this norm function also.

This is number three, ok.

So, many of you have seen this one, I am just listing it: ||z||2 is non negative and is 0 if and
only if all the coordinates are zero. Norm of rx is modulus of r times norm z. Here r is a real
number and z is in R”. Norm of z 4 y, namely this two-norm, is less than equal to

llzll2 + [|yl|2, ok?

So, this was alright and an easy step. But what we want to take as the the first step is
something more you know, and substantial, that is our first step of generalization. What is

this, it is called normed linear space, that is what we are going to define now.
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Normed Linear Spaces

Definition 1,1

Let V be a vector space over K. By a norm function on V| we
mean a function
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[l =1V =[0,00)
satisfying the following three conditions:
(N1) (Positive definiteness) x| = 0 iff x = 0.
(N2) (Homothesy) [lax]| = |al|x], Y€K xe V.
(N3) (Triangle Inequality) [|x + y|| < (x| + ly[l, ¥ x,y € V.
A vector space together with a norm is called a normed linear
space.
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So, instead of taking R", what you want to take is any vector space over K. So, I can take

C x C x C also, ok. So, in that case this  will become a complex number. Then also this

make sense, that is what we want to know.



So, take any vector space over K, ok? K is a field ok, whether K is R or C, it is a field. We
have to take a vector space over K, need not even be a finite dimensional one, it could be
infinite dimensional also, ok? Take any vector space V. So, by a norm function on V' we
mean a function, || - || this notation is not functional notation, but this is the way we would

like to write it namely, this is the slot for the function ok?

So, norm is a function from this vector space V' into what?-- non negative real numbers the
closed interval [0, c0), ok? The entire ray here, so that is the codomain. So, a function which
satisfies these three hypothesis N1, N2, N3. N for norm, ok? What are they? They are
exactly the same thing as what we have seen here, same thing as what we have seen for the

modulus function here, ok?

The very easy thing that we have done the same property we write here only, we have to take
care here namely that = is a vector. x is always inside V, but wherever r appears, I have
written deliberately you know «, where « is a scalar, i.e., « is in the field K whether K is

either R or C, ok?

The first property is, positive definiteness is the name : ||z|| = 0 if and only if x = 0. The
positive part corresponds to that it is taking non negative numbers here and it is O if and only
if x = 0 is definiteness, ok. This is our standard terminology here. The "homothesy' says that
take scalar multiplication and then take the norm that is the same thing as multiplying by the
modulus of the scalar into the norm of x, ok? This happens for every scalar o and every

vector x.

The third one is again a copy of the corresponding third property there. This has a name
triangle inequality, which is derived from the two dimensional school geometry you know. If
you take a triangle, then sum of the two sides, you know, is always slightly bigger than or

equal to the third side. So, that is what this triangle inequality means here.

Norm of = + y is less than equal to ||x|| + ||y||. These x and y are now arbitrary vectors inside
this vector space. When you have such a function, it is called a norm. Together with such a
function the vector space V' will be called a normed linear space, ok? This is the standard
terminology now, nobody else speaks about anything else. Earlier in the development of

these things there were different names ok?
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Example 1.2

A
(i) £p=norms: Let us first consider V = K", Fix a real number
p € [L,00). Then

n I/p
I := (ZIMI”) ()

defines a norm on K",

Let us have some examples here, of what are called as £, norms. See now why I denoted this
x with a ||z||o before with a suffix 2, that will be clear here. Instead of this 2, I would like to
write any positive real number, ok. I would like to, but I cannot. I will have to restrict myself

namely for p > 1.

So, of course, it is 1, then what is the meaning of this? This is summation of |z;|, we have to
take. Do not take z; as they are, with squares, it was was ok. Real numbers square are
already non negative, so you do not have to take modulus. But the correct thing is to take

always modulus, then it will work for complex numbers also ok.

So, this thing which is very simple as to be correctly generalized and correctly modified. So
instead of 2, I can write p here then |z;|P. Then instead of square root what should I do? I
should take the p'” root. Raised to the p first and then take the p'" root of that. That is what I
am doing here. Come here, |z;|P, take the summation, and take the p'* root of the total

summation.

So, that will define again a norm is the claim here. So, what you have to verify? You have to
verify that if I put this whole thing to O then all x; must be 0. That is an easy thing, some
power raised to 1/p is 0, means the summation itself is 0. If the summation is all non negative

number, so each |z;|” must be 0. Therefore, each x; must be 0.



So, the first part is totally obvious right? Second thing is if I multiply this one by a scalar «,
all the z; will be multiply by scalar . First of all, modulus of ax; raised to p is |a|P into

|2;|P. Then |a|? will come out here, when you take p'™ root of that it will be just |/, right.
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Verifications of (N1) and (N2) are straightforward, Here the
condition (N3) goes under the name Minkowski inequality:

n 1/p n 1/p n 1/p
(Z b am") : (xw') « (Z [y,“) (4)
i1 Js1 21

L]
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So, that is the second one. So, the first two N1 and N2 are straight forward, right. Some
computation, little more analysis, is needed to prove the third one namely triangle inequality.
Triangle inequality now for p, what it becomes? Take |x; + y;|P, summation and then take the
p'" root. It should be less than or equal to individually, you do the same thing for both z and

y, namely |z;|” summation then raised to 1/p plus |y;|” summation and then 1/p, right?

So, this is what you have to verify. This has a name. This is called Minkowski's inequality,
ok? It is not very straightforward, but it is not very difficult also, there are theories here. So,
these things are very nicely done in elementary real analysis books. So, what I want you to do
is, if you have not seen it, you please read it from some book. I am assuming that you know

already a bit of real analysis. Real analysis courses will discuss these kind of things ok?
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We shall leave it to you to read the proof of (4) from any
elementary analysis book.
Of particular interest are the cases p = 1 and p = 2,

n n 1/2
- -
Il =Y bl Il (L Jxi 2)
i1 i1

ko, "
The second one, the {, norm is also called the Euclidean norm.
The first one is due to Jordan and is popularly known as taxicab
norm.
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There are many books. If you do not know you can approach me, then I will give you exact
reference to some books. No problem. So, we shall leave it to you to read the proof of this
Minkowski inequality from any elementary analysis book, ok? Of particular interest for us is
the cases where p = 1 and p = 2. When you put p = 1, what is it? You have to take |z;| raised

to 1.

So, there is 1 you do not have to write it, take the summation and then take the 1*" root and
1% root is the same thing. So, it is just summationp of |;|. The second one, which we already
started with, what is called as Euclidean norm. Started with the observation that how it

happens, what it happens in R x R namely in the plane, ok.

Summation |z;|? ok? (If z; real numbers, we do not need to put modulus, but for complex
numbers also it is valid; you can take z = (21, z3) then you have to take |21 |> + |22|? and then

take the square root.)

So, that is Euclidean norm ok. The first one is called the ¢; norm. If 1, 2, 3 etc. or p, then /,,.
That is what we have: the ¢, spaces and ¢, norms. This ¢; norm has a different name, it is

called taxicab norm also. This was actually introduced by Jordan ok?

Before Jordan, people were usually talking of this one single norm namely 12 norm. The 11 is
a contribution from Jordan, ok? Very simple minded thing it is. Now of course, we have

many other norms which we will have to study.
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(if) These examples generalize immediately and effortlessly to the
case when V is an infinite (countable or uncountable) direct sum
of copies of I, A more interesting case is the space (* of infinite
sequences {x} of real or complex numbers such that 3" |x;|P is
convergent ( p € [1,2)):

X

@ ={n..)  xeK &Y kP <o)

Then replacing n by o in (3), we get a norm on (7, The
corresponding (N3) s easily obtained by taking the limits in (4),

So, these examples generalize immediately and effortlessly to the case when V' is an infinite
direct sum of copies of K. You know direct sum of copies of K means what? It is say

21,22, - ., 2, finitely many and then 000 to where you want to stop nobody tells you.

If it is only K" then you have to stop it zy, 22, . . ., 2, and n tuples, right. If that is the infinite
direct sum, it could be countable or uncountable also. Then you cannot write it is say

(21, 22, .., 2n). We can write (z, ) where a ranges over an indexing set so on.

So, but for each vector only finitely many entries will be nonzero. So, you can add, you can
take the modulus of them, you can take the raised to p, then you can add the indices, all these
things make sense, immediately and everything works because each time you have to restrict
to only finitely many coordinates. So, if you have proved Minkowski inequality, ok other

things are just easy or right now you think of that you have proved it then you can apply it ok.

Now, there is yet another interesting case namely it is not direct sum of anything. This /* is
infinite sequences of real or complex number such that you can take this sum. You see if it is

finite sum there is no problem, if it is infinite sum what you have to do?

You have to say its convergent ok, now it becomes very crucial that I assume p is between
one and infinity. Otherwise, Minkowski inequality will not be true ok. Other things are ok,

but Minkowski inequality will not be true.



So, p belong to [1, oo) we have taken, then look at all this. ¢” that is a notation now ¢ upper p.
Remember ¢, was for the norm, /¥ was the space here. All sequences are inside it ok, infinite
sequence with all x,, inside K ok, summation modulus is absolute convergent, sum of

modulus raised to p'"* power, that must be finite.

Take two of them the sum will be also finite, by Minkowski inequality. it means that you

have proved that this ¢ is a vector space, « times a vector in this is finite is obvious, ok.

So, it is a vector space. In proving that this is vector space itself you had to use Minkowski
inequality ok. So, all that you have to do is you replace this n here by oo, to justify this what
you have to do? You have to show that these are convergent and so on ok. Once you have

made convergent, you have made it as a hypothesis here you have proved this hypothesis.

So finally, what you have to is why this one is true for when you have infinite sum. You take
just the limit. It is true for each n ok, it is true for partial sums so, you can take the limit. Then
for the limit also it will be true ok. You do not have to prove Minkowski inequality separately

for the convergent sums, that will automatically follow, alright.

So, we have all these ¢” spaces what are they? They are convergent sequence, convergence is

with respect to this || - ||,, |z;|” summation. So, those things must be convergence, ok.
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(iif) Let * denote the vector space of all bounded infinite
sequences x = {x;};51 of real or complex numbers, We take

[loo = Sup{x| : 721} (5)

Once again, verifying (N1) and N(2) is easy. Even (N3) is easy
here. This is called the /., norm or the Sup norm.

NPTELNOC An Introdactery Course on Point. St Topology, f

There is one more interesting thing. Do not worry about convergence, but put another

condition, just weaker condition namely all those sequence which are bounded by some



number. See when you have infinite sequence you do not know it may be 1,2,3,4,5,...you

can keep going you do not know whether they are bounded. You want them bounded ok.

Take real or complex number, no problem, take only bounded sequences. Then you can talk
about the supremum. Remember supremum is not the same thing as maximum because we
are taking infinite sets here ok. Supremum will be also some finite number because it is a
bounded sequence. You put that supremum as this ||z||«. It is just a symbol. Here I am not

taking p first and then taking the limit ok.

In some sense that is also true if you understand the geometry, but this is just a symbol here
for supremum ok. Now, verifying N1 and N2 is easy as before. Verifying N3 is also easier

here, you think about it. If we have not done it, these are not difficult.

For the supermum you do not need a lot of analysis, some elementary inequalities will do.
So, that will give you Minkowski inequality, something corresponding Minkowski inequality,
which I have called a triangle inequality in this case ok. For ||z|o, so N3 will be also easy

here. So, this is called /° or sometimes sup norm, ok.
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Remark 1.3

If you consider any vector subspace of any normed linear space,
then obviously, the norm function can be restricted to the subspace
to get another normed linear space. For instance, we can take K"
and treat it as a vector subspace o" (™ by putting extra zeros, and
then restrict the sup norm above, We get a norm on [" which has
a different name, maximum norm or max-norm,

o = M .. ) ()
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So, if you take a vector subspace of vector space which has a norm, then everything works
for this vector subspace also. If you just restrict the function - norm function to the subspace.

That way there will be another normed linear space ok.



So, for example, you can take this K" itself, sitting inside all this ¢°° spaces. How? K" is
what? K" is just (z1, 22, ..., 2, ) then put Os. So, a finite sequence can be made into infinite
sequence, you know, by extending, by putting extra Os ok. So, then take the maximum norms,
supremum norm, various norms. All old things are there already, restricted £, norms will be

£, norms on K"

But now I get one extra thing which I had not done, namely, the supremum norm becomes
maximum - the maximum of |z |, |z2|, ..., |z, | ok. So, that is called ||| o0, the same symbol
because it obtainable by restriction. But now it has a different name on the right hand side
because this is maximum, supremum becomes maximum ok, only when these things are

finite dimensional vector spaces.
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Remark 1.4

Note that for 1 < p < ¢ < 00, the vector space (P is contained in
(9. For, if the series 3", [x,|"" is convergent, by comparison test, it
follows that 7, [xa|", q < o<, is also convergent and the sequenece
{x,} is bounded. Since we know, from elementary analysis, that
the series Y, 2 is convergent iff s > 1, it follows that the
sequence {}, is inside (¢ but not in £7, where, {17 <5< ,', for
the case g < oo; for the case g = 0o, we can take the constant
sequence (1,1,..., ). Thus, each of the above containment is
strict.
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So, here is a remark about these ¢” spaces. Which just for getting because these are examples
that I am giving you I am telling, but you should be learning these things in analysis. But let
me just explain this point because I may sometimes use this one. Namely if p < ¢, then ¢” is

contained inside ¢9.

What is the meaning of that? If a sequence, if a series an is convergent after raising

power p in absolute convergence raised to power p, then it will be convergent if you take ¢

also.



Why this is? This is just a comparison test. See a sequence which is convergent like this in
which I am taking modulus here, you can always assume they are real number positive real
numbers ok. So, it is absolutely convergent to a positive real number. So, for any positive real
numbers summation convergence means after certain stage, ok, these things must be small. In

fact, limit of x,, as n tends to co must be 0.

So, they are smaller than 1 therefore, when you take a higher power it will be smaller.
Therefore, each x,, raised to q after certain stage will be smaller than z,, raised to p. Therefore

if this is convergent this will be also convergent. So, that is the comparison test here ok.

So, this is all elementary analysis. So, I have given you full explanation here, ok. Why if you
take a sequence like this, this one will also be convergent. Convergence of such a thing 1/n°
for example, ok. You have to use why this convergent if and only if s > 1. You take the
sequence 1/n° where s is between 1/q and 1/p. This sequence will be inside ¢%, but not

inside /7.

So, that will give you that /¥ is contained inside ¢%, but there are points in /¢ which are not in
(P, So, containment is strict here ok. One single example wherein s you have to choose

correctly, ok, so 1/n® This is a beautiful example, this series itself is very important one ok?
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Remark 1.5

There seems to be some close relation between various (p-norms
on any R". Let us take a look at the closed balls of radius 1 in &?
and center at the origin, under various €, norms, for

[l 2 e i o
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So, containment is fine. But there are some other kind of relations also close relations

between ¢ norms. So now, | am coming to the geometric aspect of this one. Look at just the



numbers 1,2, 3, p and then oco. Do not worry about the in between real numbers there, only

take the integers ok.

Just to concentrate on what is going on. Not for the sake of logical statement, just for getting
some ideas ok. You can take one and half and so on that may be more difficult to imagine

what is happening ok.
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Figure 1: Comparison of /,-norms
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So, just take these numbers and look at this picture. This is in R?, ok. because I am drawing a
picture means it has to be in the plane right? So, plane is R?. R*, R etc difficult to imagine

ok. So, what is this picture? This square here, this is set of all points (x,y) such that

|z + |y < 1.

This is x plus y less than or equal to 1. You can say this is origin 0, this is = axis this is y axis
right? What is this one? This is the circle. And, what is this last thing? This is the maximum
of || and |y| is less than or equal to 1. All these things are unit discs inside corresponding ¢”
spaces. This is ¢}, this is ¢*(the standard Euclidean). This is ¢3 or #* or ¢°, I do not know I

have only drawn one of them then this last one is ¢°°.

So, you see now if you keep on taking bigger and bigger p, this line becomes flatter and
flatter like these keeps going. So, in the limiting case it will become the outer square. So, in

that sense ¢ is actually the limiting case of these things. That is what I meant earlier ok.
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In the picture you see unit-discs with respect to various norms;

D,‘: ={xel? : x|, <1},
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Observe that the ¢1-disc is the smallest and the (.~ disc is the
largest. In fact, it can be verified that £,-disc is contained in (g
disc iff p < q. This is equivalent to verifying that

p<qe= g < IXlp Vx €R"

We shall soon see that there is an bven better inter-relation
between these norms, We shall investigate this point a little later.
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So, these are Df), for you know n = 2, p for the p norm or z € R? such that norm of x is less
than or equal to 1. So, various discs I have shown ok. So, when p is smaller the corresponding
disc is also smaller. This is ¢!, this is smallest one is containing all of them. As p increases the
size of the disc increases you know bigger and bigger and finally, it will become the square

like this. So, that is the picture in R? similar pictures you can see in all R™ ok?

So, that I cannot draw. But I can make this conclusion - If p < ¢, the ||z ||, is always less than
or equal to (same X, X is same ok) the ||z||,. The ¢ norm, you know ¢, norm is less than ¢,
norm. So, this easy to verify ok. Argument is similar to what we have done, this kind of

argument we have to use.

So, this is the roughly for today. There is little more deeper relations between this /¥ spaces.

So, that we will investigate a little later ok.

Thank you.



