Partial Differential Equations
Prof. Sivaji Ganesh
Department of Mathematics
Indian Institute of Technology, Bombay

Lecture —6.3
Dirichlet BVP for Laplace Equation — Green’s Function and Poisson’s Formula
Welcome, in this lecture we are going to consider divisionally boundary value problems for
Laplace equation, we will obtain a representative formula for a solution to the division
problem which is called Poisson's formula; it can be derived using Green's functions. And
towards the end of the lecture, we will see certain applications of Poisson's formula.
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Chapter 6: Laplace equation

@ Recall from Lecture 6.2
Q Definition of Green’s function

0 Computing Green’s functions via the method of images
o Green's function for ball B(0.R) in R (d > 3)
o Green's function for disk D(0, R) in &?

0 Poisson’s formula for the solution to Dirichlet BVP on the domain 5(0.

© Applications of Poisson's formula
@ Harnack's inequality
o Liouville'stheorem

.'m
Outline of this lecture is as follows we will recall certain things that we have done in lecture

6.2 namely fundamental solutions and their properties, then we go on to define Green's
function. And we compute these functions via what is called a method of images for a ball in
R d when D is greater than or equal to 3 ball is a disk when it is in R 2. Then we write the

Poisson's formula for the solution to Dirichlet boundary problem on this domains ball or disk.

As an application of Poisson's formula we will prove Harnack's inequality the further
applications have not seen equality is going to be Louiville theorem. Let us recall from
lecture 6.2.
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In Lecture 6.2, Fundamental solution for Laplace operator

The fundamental solution for Laplacian is the function

K : (R? x RY) \ Diagonal - R
defined by ‘ ‘
5= 10l — ifd =2,
K(x.&) = I

Wyl 2-d) ’

where Diagonal stands for the set
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In lecture 6.2, fundamental solution for Laplace operator was defined, the fundamental

solution for the Laplacian is the function K from R d cross R d - diagonal to R, we will define
what is the diagonal once we see the formula for K. K of x Xi =1/ 2 pi logarithm norm Xx -
Xiifd =2 and if d is greater than or equal to 3. The formula for K x Xi is 1/ omegad into 2 -
d into norm x - Xi power 2 — d. As you see, when x = Xi both these functions have

singularities. Therefore, we have to remove that so diagonal stands for the set x, Xi in R d
cross R d such that x = Xi.
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The following result was established.

Q The following equality holds in the sense of distributionSor &
AK(x, £) = O¢.

i.e., for every € C°(R¥) the following equality holds.

N ) D 4 ¢\ ~
o(€) = ./?_’k(x.J_\lede.

Partiad Difterential Equations
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And the following result was establish it says that Laplacian of K of x, Xi = delta Xi, for
every Xi fixed in R d this Laplacian is in the x coordinates Laplacian in K of x, Xi = delta z.
What it means? We have explained that means, actually this you can think this is a notation
for the moment, because we do not know what this is, in case you know it is exactly the same

as what you know, if you do not know this means this. For every phi which is C infinity



compactly supported function in R d phi of Xi is given by integral over R d of K x Xi into
Laplacian phi of x dx.
(Refer Slide Time: 02:56)
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Theorem on Logarithmic potential was stated.

o Letf e C*(R?) having compact support.

o Define the Logarithmic potential on R by

-
3 o / In | —¢&| flx)dx.

ahl'l

Then the following assertions can be proved.

@ Logarithmic potential satisfies Au = f.

Partiad Difterertial Equations

Then we have stated this theorem on logarithmic potential, it says that if you have a function
which is C 2 and has compact support in R 2, then if you define the logarithmic potential by
this formula, this u has the property that Laplacian u = f.

(Refer Slide Time: 03:13)
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Theorem on Logarithmic potential (contd.)

Q u(€) —» xas €] - ~. Infact, the Logarithmic potential has the following
asymptotic behaviour as ||¢| — x:

. MI el +0 |
u(é) = = n (]| + C i)
where M /_./:.rndx.

© Logarithmic potential is the only solution to Au = f having the asymptotic
behaviour, as described in (2) above.
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And u Xi goes to infinity as norm Xi goes to infinity there is a precise asymptotic as it goes to
infinity. Logarithmic potential is the only solution to Laplacian u = f having this kind of
asymptotic behaviour.

(Refer Slide Time: 03:31)



SOCCO ECionON ey 1L e

o Letf € C*(R') having compact support.

o Define the Newtonian potential on R* by

Then the following assertions can be proved.

@ Newtonian potential satisfies Au = .
Q u(¢)=0as ¢ = .

@ Newtonian potential is the only solution to Aug f that is in C*(R*) and
vanishes at infinity. .

Sivaji Gan {NT Bombay Partiaé Differontial Equations Locture 6.3 Ll

Then, we have stated a theorem on Newtonian potential, this is applicable for all d greater
than or equal to 3. So, if you have one second C 2 function with compact support and define
the Newtonian potential by this formula. Then the following assertions can be proved
Laplacian u = f, u goes to 0 as norm Xi goes to infinity and this is the only solution to
Laplacian u = f which is C 2 and vanishes at infinity.

(Refer Slide Time: 04:00)
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Remark

o Fundamental solutions help in obtaining solutions to Poisson’s equation

Au=f in R%
o Once the fundamental solution is known, a single formula gives solution to

Au = f, for any f suitable!

o Question: Is there a function (which behaves like Fundamental solution
does), by knowing which, ANY Dirichlet problem for Laplace equation can be
solved?

o Answer: Yes, itis called Green's function.

Partiad Difterarial Ecqualions Locture 03 /83

Remark fundamental solutions help in solving Poisson's equation Laplacian u = f in R d this
is the essence of the theorems that we saw. So, once the fundamental solution is known, a
single formula gives solution to Laplacian u = f. Tt is logarithmic potential if itist =2 it is
Newtonian potential if d is greater than or equal to 3 for any f and suitable. Question, is there
a function which behaves like fundamental solution does by knowing which any Dirichlet

problem for Laplace equation can be solved?



The answer is yes, it is called Green's function. Understand the difference between Green's
function and fundamental solution. These 2 names are often blurred in the literature. So, pay
specific attention to the difference between these 2.

(Refer Slide Time: 04:58)
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Green'’s function is defined as a solution to th

AG(x,é) =48 in ©,
Gx.&)=0 on 00

Since the fundamental solution K (x. ¢) satisfies AK (x, &) = d¢ in €, we look

for G(x,¢) having the form
G(x, &) = K(x, &) — p(x,§),
where ¢ solves the following boundary value problem
Ap(x,£)=0 in

px,§) = Klx,§) on 0.

Partial Ditierontial Equations Lectre 0 11/5)

So, definition of Green'sfuntion Green's function is defined as a solution to the boundary
value problem Laplacian G =delta Xi in omega, G of x, Xi = 0 on boundary of omega. Since
the fundamental solution K already satisfies Laplacian K = delta Xi in omega, we look for G
that is a Green's function having this form that G = K - phi. Now, you know the equation for
G you know the equation for K and also the condition for G on the boundary therefore, you
know what is the equation phi was satisfied.

So, phi solves Laplacian phi = 0 in omega and phi of x, Xi = K of x, Xi on the boundary of
omega. So, if you want to know the Green's function, since we already know K what remains
is to find this phi.

(Refer Slide Time: 05:52)
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Does Green’s function always exist?

o Laplacian operator is the simplest elliptic operator that we can think of.

o Itis a non-trivial matter to show the existence of a Green’s function, leave
alone finding explicit expressions for them for arbitrary domains (2.

o P.D. Lax Functional analysis, Wiley-Interscience, 2002 for Existence of
Green's functions on arbitrary domains in &%,

o P.D. Lax On the existence of Green's function, Proc. AMS, pp. 526-531, 1952
for Existence of Green's functions on arbitrary domains in R/,

o For special domains like a Ball, upper half-space, it is easy to construct
Green's function.

o We will construct Green's function for a ball in R/, d > 2.
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The question is does Green's function always exist? Laplacian operator is clearly the simplest

elliptic operator that we can think of. It is a non-trivial matter to show the existence of a
Green's function, leave alone finding explicit expressions for it for arbitrary domains omega.
These are the 2 references | am going to give where you can find the discussion on Green's
functions existence one is a book by P.D. Lax on functional analysis. Here you can find the
existence of Green's functions and arbitrary domains in R 2.

Then there is a paper on the existence of Green's function in proceedings of AMS by P.D.
Lax, where he discusses Green's functions on arbitrary domains in R d. For special domains
like a ball or upper half space, like the upper half plane and so on, it is easy to construct the
Green's function, we will construct Green's function for a ball in R d, d greater than or equal
to 2. So, ball when d = 2 is called disk. So, computing Green's functions we use what is called
a method of images.

(Refer Slide Time: 07:07)
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Method of images

o The method of images (also called, method of electros
used to obtain Green's functions.

o The method prescribes that (X, £)isthe potennal due to an imaginary
charge ¢ placed at a point & " with £ ¢ é , and such that

o ForX € 0X), the value of (X, € ) equals the potential K (X, € ) created

by the unit charge at £. That is,

p(x,&) = K(x,€) forallx € 09.

Partial Diferentinl Equat

So, what is method of |mages’7 The method of i |mages it is also called method of electrostatic
images will be used to obtain Green's functions. The method prescribes that phi of x, Xi is the
potential due to an imaginary charge q placed at a point Xi star, which is not in the domain
omega which is outside the domain omega and such that for every x on the boundary of
omega, the value of phi of x, Xi coincides with the value of K x, Xi which is created by the
unit charge at Xi that is phi x, Xi = K x, Xi for all x in boundary of omega.

(Refer Slide Time: 07 54)
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Green’s function for ball B(0,R) in R (d > 3)

Partal Ditarentisl Equationd L0

So, Green's function for baII inRd,dis greater than or equal to 3, we will deal the case when

Lacture 6.3

d = 2 separately because of the way the formula for the fundamental division looks is
different.
(Refer Slide Time: 08:05)
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Method -of.i'lhageé for d >3

o The potential due to a charge ¢ at a point £* ¢ (2 is given by

I q

wa(2 - d) | - €*[|4-2

@ Thus we take I

(
ofx,€) = :

B

W‘ll(:" d‘] X E’ i“ o

o In order to determine Green's function, we need to find ¢ and ¢* so that

o(x, &) = K(x, &) forallx € 00

is satisfied.

(1T Boenbay
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So, method of images for d is greater than or equal to 3, the potential due to a charge q at
point Xi star which is not in omega is given by exactly the fundamental solution this is a
charge q fundamental solution is for the charge 1. So, now it is g now, location is Xi star.
Thus, we take phi x, Xi is equal to this. In order to determine Green's function, we need to
find g and Xi star. So that phi x, Xi = K x, Xi for all x in boundary of omega. So, using this
constraint we have to find both g and Xi star.
(Refer Slide Time: 08:43)
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* Green'’s function for the domain B(0. 8|

That is, we need to find ¢ and &' such that

| q I

— = ‘ - forallx s.t. |x
wg(2=d) e =142 wy(2-d) [|x = ||

On simplification, the above equation reduces to

g7t =& = x =& forallxs.t. ||| =R

Squaring both sides of the last equation, and re-arranging terms yields

R+ 6°1P - g=2(R + [|€]F) = 2x.(€" - g¢)

Partial Diterential Equations Lacture 6.3 (haf )

That is, we need to find g and Xi star such that this equation holds for every x such that norm
X = R, because a boundary of the ball of radius R is a phi of radius R which is norm x = R.
On simplification the above equation reduces to this because straightaway you can see that
this cancels with this both are same factors and then you get g into norm x - Xid - 2 = norm x

- Xi star power d - 2 and take the power 1/ d - 2 we get this. Squaring both sides of the last



equation and rearranging the terms will give you this. At this point of time pause the video
compute for yourself and make sure that you are getting this equation.
(Refer Slide Time: 09:40)
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Green’s function for the domain B(0.R) (contd.)'

Since the LHS of the equation

bl ‘ 0] 2 )

R+ e - 73R+ J¢IP) = 206" - 736)

is independent of x, and RHS depends on x, both LHS and RHS must be equal

to zero (why?) That s, >
x.(€' - g€) =0,

R+ - g2 (R +[i¢]) =
Since the first equation holds for every x € S(0,r), we get
=)

= How?

§. Sivaj Ganesh (IIT Bombay Purtial Diorential Equations Loctue 63 18/83

Now, assume since the left hand side of this equation is independent of x and right hand side
depends on x both must be constant and that constant must be 0. Please justify for yourself
why should the constant be 0? That is this is 0 a first equation and LHs are 0 that is a second
equation. Now, the first equation holds for every x in S of 0, R that is sphere. Therefore Xi
star - g power 2 / d - 2 Xi that itself is 0, what it says is that division some vector in R d
whose inner product with the x is 0 for every x on the sphere of radius R, if that happens, then
that vector has to be 0. So, | have already given you the hint it is work it out.

(Refer Slide Time: 10:39
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Green’s function for the domain B(0. R) (contd.)

Thus ¢ and ¢* satisfy the conditions

{i — (ld ::_

R+ l6"]° - g2 (R + €] = 0.

Substituting the value of ¢* from the first equation into the second one gives

) 4 5 2 ’ "
R+ g2 €] - q72(R° + i€]°) = 0.

Partial Ditorential Equations lectandd  19%

Thus g and Xi star satisfy these 2 equations now substitute the value of Xi star from here into
this at this point that will give us an equation like this.
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Green’s functlon for the domain B(0.R) (contd.)

On the last slide, we obtained

,
) < |
§lI” — g7 R+ |[€

o lfg=1,then ¢ = ¢andthus ¢ € B(0.R). Since &* must be in the
complement of B(0,R), ¢ # 1.

o Thus for £ # 0, the above equation yields

R
(/.: 25— "
€]

on solving a quadratic equation.

Partial Dilerontial Equations lectm 8y 20/59

So, on the last sllde we obtalned this equation, now we need to solve for q there is no Xi star

here only g. So, let us observe that if g = 1 then Xi star = Xi and thus Xi star belongs to the
ball which is not allowed we want to Xi star out at the ball. Therefore g cannot be equal to 1,
thus for Xi is nonzero, the above equation yield this how do I get this, | just see that the
quantum quantity is g agreed, but then g power 2/ d - 2 and it is queries here g power 2 /d - 2
whole square is precisely this. So, it is a quadratic equation in g power 2 / d - 2 think that is
lambda and solve this quadratic equation you will get this.

(Refer Slide Time: 11:46)
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Green’s function for the domain B0, R) (contd. )

Summarizing the computations, we obtained

Recall that I
o(x, &) =,
T -(I‘ ([\\x (b‘d,

Thus the function o (x, &) for £ # 0 is given by

Partial Dilerential Equations Lecture 8.3 25

So, summarizing the computatlons we have obtained q power 1/ d - 2 equal to this in other

words, we have g and Xi star is given in terms of g, g is already known from here. Therefore
we know @ and Xi star and this is nothing but R square / norm Xi square into Xi. So, recall

that phi of x, Xi we started with this. So, therefore phi of x, Xi is equal to this | have just



substituted what is q here and I have not substituted what is Xi star the value of Xi star inside
this Xi still retain it as Xi star. Xi star = R square / norm Xi square into Xi.
(Refer Slide Time: 12:25)
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Green'’s function for the domain B(0. R) (contd.)

Our search for Green's function G proceeded by the decomposition formula
Glx,6) =K(x,¢& (X, &

Thus Green's function G(x, ¢) for £ # 0 is given by

Pastial Dflerential Equations

So, our search for Green's function proceeded by the decomposition formula G = K — phi
therefore, K is already known, we have just found phi therefore G is known and that is given
by this formula G of x, Xi is equal to this formula where Xi star is this.

(Refer Slide Time: 12:47)
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Green’s function for the domain B(0. R) (contd.)

Since

oy VR =R x + [T
\‘.\‘ e ‘ = H‘ :
S

we get

| * / ‘ £0
€]l e = €[l = VR - 2R% x + |le|P[l€]* = R

Thus we may define G(x, 0)) by

Gl 0) I ( | | )
(X, 0) BT > I
wi(2—d) \ |x|[9-2 Rd-2

Partial Diarantial Equations

Since norm x - Xi star, you get this expression compute this then you get that multiply norm
Xi this side then you have norm x in norm x - Xi star equal to this numerator that as | goes to
0 goes to R square. Therefore, we can define G of x, 0 to be this. Now let us turn our
attention to finding Green's function for disk in R 2.

(Refer Slide Time: 13:14)



&IILIII \::E B |
jod

Method ofﬁégeé?

o The potential due to a charge ¢ at a point £* ¢ (2 is give

B ,
;ulnl.\' £

o But we take q C
‘J(x.f) = e In ‘Y = E ] T

&I

.)

=

where C € R

o In order to determine Green's function, we need to find ¢, C, and ¢* so that

o(x, &) = K(x,€) forallx € 0Q

i sansned

Partial Diterential Equations

Once again method of images the potential due to a charge q at point Xi star not in omega q /
2 pi log norm x - Xi star. But we take phi of x, Xi =g/ 2 pi log horm x - Xi star as above plus
a constant which | have written as C / 2 pi for convenience. Without this | have tried but |
could not get anything. So, we have to add this constant then life is simpler, this idea is taken
from all verse partial differential equations book. So, in order to determine Green's function,
we are determined what ¢ Xi star and C such that phi = K on the boundary of the disk.

(Refer Slide Time: 14:02
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Green’s function for the domain D(0. R

That is, we need to find ¢, C, and ¢* such that

I
—nllx—¢| forallxsdt. || =R.

q "
7—_111 ‘.l'—i |+

"
On simplification, the above equation reduces to

e llx—€'|" = |w—¢|| forallxst. x| =

" Itis not clear how to solve the above equation for the unknowns ¢, C, and ¢*.

Partial Ditterantial Equations Lectum 0.9 015

So that is we need to find g, C and Xi star such that this equation is satisfied for every x such
that norm x = R. On simplification exponentiate both sides you get this equation. So, it is not
clear how to solve that equation for the unknown g, C and Xi star. A geometric idea helps
here.

(Refer Slide Time: 14:32)
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Green's function for the domain D(0. R) (contd.)
‘/1

Geometric construction S
. i : ‘ ™
o Choose £"as &' = ¢ insuch away that forall xs.t. x| =R,
o The triangles formed by the vertices 0, x, £&* and by the vertices 0, &, x are’2 3 1"‘

similar

o Similarity requirement yields

( X \x = f
o= “L ,‘ = ‘_‘ = constant ®/i’
x €] Ji=igs

o The above equalities suggest that L‘«:_‘ [H¢l] = R*

— et
Q’ }\N‘Smﬁu\r ;(UIR)

€] = —

R

¢
S

S. Sivaj Ganesh (IIT Bombay Partial Diferential Equations lecire6d  27/%3

The geometry construction is as follows choose Xi star as Xi star = ¢ Xi that means, it is
along the line joining origin and Xi. So, in the direction of Xi in such a way that for all x as
the norm x = R. The triangles formed by the vertices 0, x, Xi star and by the vertices 0, x, Xi
are similar. Similarity requirements yield these equations, let us draw a circle just for

explanation, this is our region let us say this point is Xi.

So, now we take a point outside the ball with what property is that you take any point x on
the boundary, we have this triangle this now choose Xi star, which is actually C Xi, so, such
that this angle equals this angle, note that for both the triangles this and this this angle is
common. Now, we have chosen Xi star such that this angle o, Xi, x is another angle o, x, Xi
star. Therefore, by similarity what we get is that the sides are proportional. So, whatever side

it is opposite to this angle here angle x, o, Xi or x, 0, Xi star.

One of them is norm x - Xi, other one is norm x - Xi star that will give us this, what is the
side opposite to this angle o, Xi x that is x norm x and what is the side opposite to angle o, X,
Xi star that is Xi star, so similarly you get this. So, the above equality suggests that norms Xi
star = R square / norm Xi. So, if you observe norm Xi star into norm Xi = R square. R will be

chosen Xi star with some property correct. So, Xi is here origin is here Xi star is here.

So, product of the length of Xi star and length of Xi = R square, hence this Xi star is called
inversion with respect to the sphere in real numbers, let us look at 0, let us say 1. And | take a
point here, it is a half what are the inverse of half multiplicative inverses 2. So, why 2 into 1/



2 = 1. So, this is exactly the same thing here that is what is called Xi star is the inversion of
Xi with respectto a S of 0, R.
(Refer Slide Time: 17:44)
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Green'’s function for the domain D(0. R

o Since R
€| = —,
C

we get ¢ = £, and thus

o Thus it follows that

¢ | |
;/:]n =&+ —===nlx-¢| forallxst [x|=R

&l ~ll &

holds with ¢ = 1, C such that ¢ = 1

e

8. Sivaj Ganesh (IIT Bombay) Partial Ditarantial Equations lectr0d 20/5)

Since norm Xi star = R square / norm Xi we get ¢ = R square / norm Xi square and thus Xi
star = R square / norm Xi square into Xi. Thus it follows that this equality for all x such that
norm X = R holds with g =1 and C is such that e power C = norms Xi/ R.

(Refer Slide Time: 18:15
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Therefore, we have phi =1/ 2 pi log norm x - Xi star + 1/ 2 pi log norm Xi / R which if you

take 1 / 2 pi common it becomes this now, it is like log A + log B that means log AB. So, you
have this and substituting the value of Xi star we get this, so this is phi of x, Xi.
(Refer Slide Time: 18:41)
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Green’s function for the domain D(0, R) (contd.)

Our search for Green's function G proceeded by the decomposition formula

Glx,€)=K(x,€) - olx,

P

Thus Green’s function G(x, ¢) for £ # 0 is given by

|
G(x.£) In [[x — ¢
\A “Pipaad] o S ¥ 7 S
27 2] \ R ENl° ||

§ Ganesh (IT Bombay Partial Diterential Equations Loctre 6.3 0%

Our search for Green's function proceeded by the decomposition formula G = K — phi now,
we know phi also K is already known, therefore G is known. So, G has this expression given
in this equation. Now, let us discuss Poisson's formula for the solution to Dirichlet boundary
value problem on the ball and also on the disk in R 2.

(Refer Slide Time: 19:06

PEeia -l B
= -

. E 4Ly

Recall from Lecture 6.2 Remark

Q The formula

u(é) = / K(x,&)Audx / K(x,&) Opudo +/ uopK(x.&)do
( Joo Jon

Ji

gives a representation of the solution u(¢) (if exists, in which case it is
unique) in terms of values of « and its normal derivative dyu on the boundary
o9

© For Dirichlet problem only u is given on 9¢2, and duu is an unknown function
on df2. Thus the formula given above is not useful for computing the solution.

Partial Dlerential Equations Lectre 83 0

So, recall from lecture 6.2 we made a remark there that this formula which we have proved it
gives a representation of the solution u in terms of the Laplacian u and omega that is fine and
it is boundary values dou n u and u. For Dirichlet problem only u is given and dou n u
unknown. Therefore, the formula given above is not useful for computing the solution.

(Refer Slide Time: 19:49)



Solution to Dirichlet BVP using Green’s function

UPDATE : We can use the formula and obtain an expression for the solution to
Dirichlet BVP by eliminating the term involving du. We will do it shortly.

Dirichlet Boundary condition is u(x) = g(x) for x € €

Partial Dierential Equations

But there is an update now, we can use the formula and obtain an expression for the solution

to Dirichlet boundary value problem by eliminating the term involving the normal derivative
of u. That is what we are going to do shortly. So, Dirichlet boundary condition is u = g for x
belongs to a boundary of omega.

(Refer Slide Time: 20:12)
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Solution to Dirichlet BVP using Green
(contd.)

The formula

ué) = / K(x.E)Audx—/ K(x.ﬁ)()nudﬁ+/
Ja Jon :

JOO

u (‘),,K(x.{)da

takes the form

v u(é) = /KH-()_)"(x)dx—/

J i)

K(I.{]()nlldﬂ—/ 2(x) nK(x,€)do.

J K

Partal Déorental Equatans

So, this formula takes this form if Laplacian u = f you have this and dou n u unknown, u is
known g.
(Refer Slide Time: 20:27)
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Solution to Dirichlet BVP using Green
(contd.)

.

Applying Green's identity |1

/(Mu—u.&\*)(x]dx:/ (\’(‘)uu—ui)nv) do
0 a0

with u = uand v = p(x, &) yields

0= —/;(x.f)j'(x)dx -r-/ ;(x.f)i),,zldn—/ glx) dno(x,€)do.
JQ J o) J o)

Now, let us apply Green's identity to which is given here with u = u and v = phi of x, Xi that
will give us an equation which involves dou n u.

(Refer Slide Time: 20:41
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Solution to Dirichlet BVP using Green’s functi
Thus we have the two equations

u(§) = /K(x.E),/'(x)dx—/ K(x.{)(')nudrr—/ ‘
Jil J o)

J ok

0= /,(x )/(x)dx*/ o(x, € )()nlm'ﬂ'—/ 2(x) dpp(x, &) do.
JQ J i)

- 1'12

Adding the above two equations, and using the definition of G(x. ), we get
ué) = / 5(x, f[x)dx+/ Lb’)dn(:(x
1] a0

asK(x.£) = p(x,€) for x € 0.

So that is we have these 2 equatlons |f you add these to the term involving dou n u gets

cancelled, because on the boundary K - phi is 0. Thus, we get a formula for u, which involves

only g dou n u is eliminated.
(Refer Slide Time: 21:08)
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Solution to Dirichlet BVP using Green’s functi

The solution to Dirichlet BVP is given by

u§) = / G(x.€)f(x)dx / 2(x) InG(x.€)do.

JO

In the special case, when « is a harmonic function in €, i.e., f = 0, then the above

formula reduces to

uE»:/ 2(x) nG(x. &) do.
J 8

All that remains is to compute dp G(x. &) ford = 2and d > 3

Partial Dferartial Equations Lactre 6.3 w9

So, the solution to Dirichlet boundary value problem is given by this and the special case
when u is harmonic this term drops out and we have just this term. In fact, we are going to
solve harmonic functions such that u = g on the boundary. Therefore, this is what we are
going to find a new expression first and dou n G is what all needs to be computed. So,
compute dou n G for d greater than equal to 3 n = 2 separately and substitute in this and see

what the formula we get. And that formula is called Poisson's formula.

If you are given Laplacian u = f, but f is not equal to 0, this will give you the solution, this
will be the representation for the solution, we have to be very careful, this will give a solution
means we have to prove something, but what we have done so far is if there is a solution,
which is smooth enough, then you have this expression, that is what we are doing. So, we are
getting an expression for solution if exists, existence is to be proved. Hopefully, the Poisson's
formula will help us improve the existence of solutions to Dirichlet boundary value problem.
(Refer Slide Time: 22:24)
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Solution to Dirichlet BVP using Green’s function (d > 3)

For © = B(0, R), the quantity dyG(x. &) for x € S(0,R) and £ # 0 is given by
I Glx. £) I 5 | ' I
onUiX,q) = Un 3 3 TP

5 wi(2 — d) |wx £ d-2 1€ d-2 ‘x :»“,J 2

| | Ra-2 |
wi(2 - d) "(.r =2 Tl - &1 >

1 [ x-¢ Ri-2 x-¢ X
Wy x*{':” ‘:’]"’3 -"*i' d R

Parsial Dferantial Equations

| =

So, for omega equal to ball of radius R center 0, dou n g computation, please do this
computation by yourself, I just put the value of g it is a constant so this came out. So, | had to
find out the normal derivative of this which is nothing but gradient dot, the normal to the ball
is along the radius therefore, x, but if you want to unit normal x / R because norm x = R, this
will be unit normal outward normal. So, therefore, dou n is nothing but grad x of this quantity
dot x / R. Now, it is a matter of carrying out the differentiations.

(Refer Slide Time: 23:03
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Solution to Dirichlet BVP using Green’s function (4 > 3)

Recall
[ R
x =& = g7k~ €| = 7|l = €|
€
Thus
] . l X*S Rd 2 "._:- 2
InG(x.€) = ‘ d - Tend= ey i
wi \ e =€l ll€l= e - €0/ R
| €]
= — - k=€) ] x
J,/HX*{ aR R:
R - € 1
R Je=ge
S. Sivaj Ganesh (IIT Bombay) Pvsial Ditrendial Equations lectum6d /S

Please do the computations on your own | will skip the details, but | will keep the slide for
some time so that you can note down. So, this is the final expression we get for dou n G here,
it is simplified very nicely. In fact, even d we are going to see that same formula will come
for doun G.

(Refer Slide Time: 23:29)
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Solution to Dirichlet BVP using Green’s functif

-

Substituting the value of dpG(x, &) from

InGlx. €) R - ¢ 1
InGlx.§) = —_—
" wik =g
into equation
u(f) = / 8(x) 0nGl(x, ) do
J o)
gives

]

R - |l¢| / g(x)
=— = do.
*dR Js0.r) Hx = &‘J

__ The last expression is known as Poisson’s formula for 4 > 3 .

u(f)

anesh (IIT B¢

Lectire 0.3 /5

f dou n G into this equation will give us this formula which is
called Poisson's formula of course we have handled d greater than equal to 3.
(Refer Slide Time: 23:41)
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i

B3 ecEd
Poisson’s formula for 4 = 2
Computing dpG(x,€) for d = 2 is left as an exercise.

Substituting the value of dyG(x.£) into equation

ulf):/ g(x) OnG(x.€)do
JUQ

gives

u(§) =

R - ||¢]|® / g(x)

21R  Ji0p lIx — €]

The last expression is known as Poisson’s formula for d = 2

Now computing dou n G is left an exercise when d = 2 and substituting in this formula for
dou n G we get this expression look exactly the same formula d = 2 that is it.
(Refer Slide Time: 23:56)
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Poisson’s formula

Poisson’s formula has the same form for all 4:

2

R ¢

ué) =

/‘ )

_( .
waR  Js0p [lx — €|

Pitial Diterential Equations Lectant &/%

So, Poisson's formula has the same form for all d = 2 which is u Xi = R square — norm Xi

square / omega d R integral over the sphere or circle if it is 2 dimensions of g / norm x - Xi
power d d sigma, you may also write instead of g u itself after all it is a notation for values of
u on the boundary. Now let us look at Harnack’s inequality.

(Refer Slide Time: 24:26

Letu : B(0,R) — [0, 00) be a harmonic function. Let u & C(BI0.R|).
Then for any x € B(0.R), the following inequalities hold:

RYR=|ell) o o RHR+|x])
—=—u(0) < ux) < ——=——u(0).
(R+ [l )" (R& ]| )=

Pastial Diterertial Equations Lecture 6. "

So, let B of 0, Rﬁbe center at 0 and having radius R in R d d greater than or
equal to 2. And u be a harmonic function which is non negative. It takes values which are
greater than or equal to O that is very important. And let u be continuous on the closed ball of
radius R that means u is continuous up to the boundary. Then for any x in B of 0, R following
inequalities hold so the value of u x and the value of u at the center of this ball are tied by
these inequalities or they satisfy these inequalities.

(Refer Slide Time: 25:11)
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Proof of Harnack’s inequality

Poisson’s formula has the same form for all d:

2

R — | / u(y)
.— —d( a.
‘WdR . .S'\](lR} H.’_xH

ux) =

Applying triangle inequality, for y € S(0, R) the following inequalities hold:

R— x| < [l -yl < R+ lx].

Pactial Diterantial Equations

Proof is very simple, it follows just from the Poisson's formula, look at this Poisson's formula

and then triangle inequality whenever y is on the sphere of radius R that means norm vy is R.
So, norm X - y by triangle inequality is less than a norm x + norm y, but normy is R therefore
we have this, here norm x - y is greater than or equal to norm y - norm X, which is a
consequence of triangle inequality. Therefore, you get this now use these inequalities in this
denominator, you get Harnack’s inequality.

(Refer Slide Time: 25:45)
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Proof of Harnack’s inequality (contd.)

Using the inequalities

R lxl| < fbe =yl < R+ ]

in the Poisson’s formula
R? - x|
= <
W'rl'R P .S'!O.RA |Dv _xH(
yields
(x) < ki [ / (y) dy
ux) < —mm——— U A
(R~ )" waR 508
R—|x| 1 /
ux) 2 —————— u(y) dy.
( )_(R+“x‘)d[v’;deS:0R’ (y)y x
G

So, this is what Wé get e, these other side, we get this harnack’s inequality did not have this
expression. What was there? Here is R power d - 2 into u of 0. Similarly, here, it was R
power d - 2 into u of 0.

(Refer Slide Time: 26:05)
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Proof of Harnack’s inequality (contd.)

Proof of Harnack's inequality is complete if we knew that

/ uly) dy = R**u(0).
5(0.r)

Wa I\,
The last equation may be re-written as

I

. uly)dy = u(0).
wa R /\ 0%

RHS is the mean value of « on the sphere (circle if d = 2) S(0.R). This follows
from Poisson’s formula.

Purtial Derential Equations Lectewsd &/

So, proof of harmonics inequalities complete if we knew that this quantity which appeared on

the last slide is R power d - 2 into u of 0. The last equation may be rewritten as this, I divide
both sides with R power d — 2 so we get this. Now, if you look at what is the left hand side, it
IS your integrating u on the sphere. And this is the surface area of the sphere you are dividing
with that so this is the spherical average spherical mean of u or this sphere. Now, we are

asking whether that is equal to u of 0 this follows from Poisson's formula.

(Refer Slide Time: 26:472
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Proof of Harnack’s inequality (contd.)
Recall Poisson’s formula:

RZ . !x ‘1 » ”U‘"
ux) = — jrln.
waR S5O Iy — x|

Hence

R [ uly) B

[{["l = — / '*){ do = — T / Ul)‘)(lff,

waR Js0.r) Y| Wy R Jsi0p

Thus

| / | : ;
— uly)dy = R “u(0).
Wik J50 8

Partial Ditlerennial Equations

So, recall Poisson's formula u of x = R square - norm x square / omega d times R integral
over the sphere of radius R u of y / norm y - x power d d sigma. Therefore, u of 0 = R square
/ omega d R, because norm x is O into the integral on the sphere of radius R uy / norm y
power d d sigma because x is 0, but when y belongs to the circle norm y is R therefore, we

get R square / omega d R power 1 + d into integral of u on the circle. Thus, we have this



equation is exactly what we wanted to show. So, this concludes the proof of Harnack’s
inequality.
(Refer Slide Time: 27:54)
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Liouville’s theorem

If u: RY - R is a harmonic function that is bounded below, then u
must be a constant function. o

Partial DiMoranial Equations Lectun 6.3 “iss

Now, as a consequence of Harnack’s inequality, we are going to prove Liouville’s theorem,
what is Liouville’s theorem? If you have a harmonic function on R d which is bounded below
then it must be constant it means no non constant harmonic functions can be bounded below.

Now, as a corollary we can also get that if your harmonic function is bounded above then also

it must be constant.
(Refer Slide Time: 28:18)
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Proof of Liouville’s theorem

o Letm € R be such that u(x) > m for all x € RY, Il |

‘

@ Then the function v(x) := u(x) — m is a non-negative harmonic function.

o Applying Harnack’s inequality to the function v yields for every R > 0, and for
every x € B(0.R)
REYR - |x|l) . » R2(R + |x|) 0)
,_.—_—_l,' | S ) ] 55 _——\! ).
(R+ [l (R — [J[[ )"

Ganesh (1T Bombay' Parsial Ditorential Equations Leclure 0.3 L

So, let m belongs to R be such that u is greater than or equal to m for all x in R d because we
are assuming u is a function which is bounded below. Then look at this function ux - m this
will be harmonic and it will be non-negative therefore, Harnack’s inequalities applicable for

this v. Therefore, for every R and for every x in B of 0, R we have these inequalities.



(Refer Slide Time: 28:48)

" Ry !
i=2

R2(R~ |lx]l)

R2R+ ||x)
—_— < y
(R + [Jx/ )4~

0) <ylx) < ———=
A=

o Fixanx e R’ and R > 0 such that R > |x|.
o Passing to the limit as R — oc in the inequalities above, we get

(0) < v(x) < v(0).

o Thus we get v(x) = v(0).

o Since x is arbitrary, we conclude that v is a constant function. As a
consequence, « is a constant function.

H
6

These are the inequalities coming from harnack’s i'nequality. So, fix an x in R d take R which

IS positive so that R bigger than norm x and pass to the limit as R goes to infinity because
when if you want to pass the limit as R goes to infinity, whatever x you take there will be a
time after which your R becomes bigger than norm x anyway so we have this. So, in the
inequalities table let us pass to the limit as R goes to infinity, what we get is v of 0 less than

or equal vx less than or equal to v of 0.

Rough understanding of this is this is R power d - 2 into 1 here is also the leading term R
power d - 1. Therefore, this limit will be 1. Similarly, this limit will be 1 as R goes to infinity.
So, we have this now what does this mean vx = v0 since x is arbitrary, what we have shown

is that v is a constant function. As a consequence, u is a constant function.

@ Defined Green’s function for Dirichlet BVPs. N (3

~

. M A -y
o Obtained Poisson’s formula, a representative formula for a solution
e CHQ) N C(2) when Qs a ball (or disk) in RY.

o Itis not clear if Dirichlet BVP admits a solution! It can be shown that Poisson’s
formula defines such a solution.

Q As a consequence of Poisson’s formula, we have established

o Harnack's inequality
o Liouville theorem.

Partial Diferantial Equations Locte ) 5218



Let us summarize we have defined Green's function for Dirichlet boundary value problems.
We have obtained Poisson's formula which is a representative formula for a solution which is
C 2 in omega and continuous up to the boundary of omega. When omega is a ball or a disk in
R d. It is not clear if Dirichlet boundary value problem admits a solution. It can be shown that
Poisson's formula defines such a solution. As a consequence of Poisson's formula, we have

established Harnack’s inequality and Liouville theorem. Thank you.



