Partial Differential Equations
Prof. Sivaji Ganesh
Department of Mathematics
Indian Institute of Technology — Bombay

Lecture — 5.7
Qualitative Analysis of Wave Equation
Propagation of Waves

Welcome. In this lecture, we are going to discuss about the propagation studies for the wave
equation and with this lecture; we are going to end up discussion on wave equation.
(Refer Slide Time: 00:29)
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Chapter 5: Qualitative analysis of Wave equation

o Propagation of confined disturbances

e Propagation of singularities
o Singularities travel along characteristics for d = |
@ Propagation of Singularities in higher dimensions

© A few results on Decay of solutions

Outline for this lecture is as follows. First, we discuss about propagation of confined
disturbances. We will mention what they are later and then propagation of singularities and
we give a few results on decay of solutions with the proof.
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Propagation of confined disturbances

(Refer Slide Time: 00:47)
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We are going to study propagation properties associated to the Cauchy problem

U=y = (Mpys U+ Hlige] =00 XERY >0,
ulx.0) = plx). XE

i x,0) = plx). XE

where the Cauchy data . v : B
compactly supported.

» R is contined /.e., the functions ; and | are

Propagation of confined disturbances: So, we are going to study propagation properties
associated with the Cauchy problem where the wave equation is homogeneous and we have
the Cauchy data phi and psi which is confined. It means, the functions phi and psi are
compactly supported.

(Refer Slide Time: 01:05)



Remarks

¢ As Cauchy data, we choose the functions - and 1 to be piecewise constant

functions.

o With such functions, the computations are easy and transparent.

o We have to bear in mind that the corresponding ‘solutions' given by formulae
like d'Alembert and Poisson-Kirchhoif are to be interpreted as ‘weak
solutions' {see Lecture 5.6).

onstant Cauchy data will also help us in analysing

[‘,fl".l“:fi‘.:lfil'll“.l' Ot ?Il‘ll]llifil'mi""u

As Cauchy data, we choose functions phi and psi to be piecewise constant functions with
such functions, the computations are easy and transparent. We have to bear in mind that the
corresponding solutions given by the formulae like d’Alembert, Poisson-Kirchhoff, are to be
interpreted as weak solutions or weaker solutions that is why | put them in quotes. Of course,

we have introduced the notion of weak solutions in the lecture 5.6.

Considering piecewise constant Cauchy data will also help us in analysing propagation of
singularities in the Cauchy data.
(Refer Slide Time: 01:50)
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Example1: d = 1, =0

o Assume that v is such that wix) = 1 forx e 0,1 and (x) = Oforx & [0, 1],
o Assume that ' = 0.

o Thus Support of the Cauchy data is (0. |, which is a compact set,

@ Solution to the Cauchy problem given by d'Alembert formula is

wlx —ct) + @lx + o)

(x.t) =
ux, ! >

@ Fix a1, We would like to find the support of ux ).

A Cvrerendad Equatons
Let us see an example dimension 1; 1 dimensional wave equation, psi is identity equal to O

and phi is such that it is equal to 1 on the interval 0, 1; O otherwise, outside the interval 0, 1

function is 0. So, it is a discontinuous function but piecewise constant function 0 up to 0, 1,



from 0 to 1 once again 0 from 1 to infinity that is the function phi. The support of phi is

precisely 0, 1. So, we are assuming that psi identically equal to 0.

Therefore, as we see the support of the Cauchy data is the interval 0, 1 which is a compact
set. Support of phi is 0, 1; psi is identically equal to 0. Now, a solution to the Cauchy problem
given by d’Alembert formula is this. Fix a t 0, we would like to find the support of u of x, t 0.
So, we want to study the support of the solution to the wave equation ata timet =t 0.

(Refer Slide Time: 03:02)
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e Solution to the Cauchy problem given by d'Alembert formula is

oo plx=ct) (x4 ct)
ulx, ) z ;

o Fixa . Then

i ¢ [ 1 ifx e oy, 1 +ctal,
PEZDI= 0 othenwise

4 S J I oifx ‘ cly, 1 = cty).
A 1 0 otherwise

o Note that ulx.,) is non-zero for all those x for which x ¢ fegy, | 1 ety OF

YE =t | = oyl

Fix at 0, then what we need is u of x, t 0. So, it depends on x —c t 0 and x + ¢ t 0. Therefore,
we will find out what is phi of x — ct 0 and phi of x + ¢ t 0. We can easily see that these
formulae hold because phi is equal to 1 whenever the argument is an interval 0, 1. The
argument is interval 0, 1 means X is in the interval. Similarly, here this argument is an interval
0, 1 means x is in the interval. So, note that u of x t O is nonzero for all those x for which x is
in this interval or this interval.

(Refer Slide Time: 03:50)



Example 1: d = 1, " = 0 (contd.)

o Thus for sure, ulx,5) = (h when x clo. 1+ ctgl.

o In other words, Support of the function x — ulx, 1) is contained in the
compact interval |—cty, | + ctq,

o By the same reasoning, the support of u(x, f) is contained in the compact
interval —ct. 1+ ct),

This example illustrates that if Cauchy data has compact support, then the
solution at every time instant will also have compact support.

Thus, for sure u of x, t 0 is 0 when x is not in the interval — ct 0, 1 + ct 0. In other words,
support as a function x mapping to u of x, t 0 is contained in the compact interval —ct 0, 1 +
ct 0. By the same reasoning, the support of u of x t that is x going to u of x t is contained in
the compact interval — ct, 1 + ct. This example illustrates that if Cauchy data has compact
support, then the solution at every time instant will also have compact support.

(Refer Slide Time: 04:32)
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Example2: d=1,,=0

o Assume that » = 0, and u,ix. ()} = {x) has compact support, say 0, 1].

o Fix ¢ = 1. d'Alember! formula gives the solution ulx. t,) to the Cauchy
problem as

uix, fp) = = / i(s) ds.
“(‘ v X =y

o Thus for sure, ulx.t,) = Owhenx ¢ [~ |+ etgl.

o In other words, Support of the function v - u{x. t,} is contained in the
compact interval |—efa, | + cio. Draw a line diagram.

A3l Dvoren bl Equadons

Now, let us like another example where phi is 0 but psi will be there. In the example 1, psi is
0, In example 2, phi will be 0. Psi has compact support say 0, 1. Now, fix t in t 0, then
d’Alembert formula gives you this as a formula for the solution. Thus, for sure, u of xt0 =0
when x is not in this interval. This is — ct 0; this is 1 + ct 0. So, when X is not in this interval,

let us say x is here, what happens?



x is bigger than 1 + ct 0 that means x — ct 0 is bigger than 1. What does this mean? If | take
the interval O, 1, x — ct 0 is here. So, where will be x + ct 0 this side. What does this mean?
Psi is supported in interval 0, 1 and x — ct 0, X — ct 0 which is the domain of integration is not
intersecting O, 1. Therefore, the integral will be 0. Similarly, if x is here because if x is not in
this interval means x is either to the right side of 1 + ct O like here or to the left side of 1 — ct
0.

So, if x is like this, what does it mean? x + ct O is less than 0. What does that mean? x = ct 0
is here. Where will be x — ct 0? It will be here. Once again this interval on which we are
integrating side does not intersect with 0, 1 therefore, this we have this u of x t 0 is 0. In other
words, the support of this function x going into u of x t 0 is contained in this compact
interval. That is what we have drawn the diagram and shown.

(Refer Slide Time: 06:41)
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Example 2: ¢ = 1, y = 0 (contd.)
No decay of solutions

o Now fix x = x,. For f = max{ 2, =}, we have x, — ¢t < 0 and also

Ay ||’| |

® Thus fort = 1, we have

l rl
H(xp,t) = - / (s ds.
2¢ Jo

o Note that RHS is a constant, and is non-zero if [, vi(s]ds £ 0.

@ This shows that we are in for a big trouble if sound waves propagale
according to the 1-d wave equation.

No decay of solutions. This is another property that there is no decay when we are dealing
with 1 dimensional wave equation. Fix x equal to x 0, what is the meaning of decay? You
stand at a point x 0 and look at u of x 0, t as t varies as t goes to infinity. So, for t 0 bigger
than this quantity, we have x 0 — ct 0 to be less than 0 and x 0 + ct O bigger than 1. Therefore,
what will happen is that 0 and 1 are here; x 0 —ct 0 and x 0 + ct 0 will be here.

If you recall the d’Alembert formula that will be an integral on this interval x 0 —ct 0, x 0 +
ct 0. So, if tis bigger than thist 0, x 0 — ct 0, x 0 + ct 0, this interval will always contain the

interval 0, 1 on which psi is supported. Therefore, the solution is actually 0 to 1 psi s ds that



the integral part. So, 1 by 2 ¢ will be there. So, we have this. This will be the solution. Let us

see that. So, for t bigger than t 0, this is a formula that comes from the d’ Alembert formula.

Now, RHS is a constant because as | told you this integral is from x 0 —ctto x 0 + ct but x 0
—ctand x 0 + ct always contains 0, 1, the moment t is bigger than or equal to t 0 where t 0 is
equal to this or bigger than this whatever equal to we can set. So, and it is nonzero, this is not
0. It all depends on what the integral of psi on the interval 0, 1. If it is not equal to O, this is

nonzero constant for all t.

It means, the solution does not becomes 0 or does not decay at it stays constant. So, we are in
a big trouble if sound waves propagate according to 1D wave equation, because of this
reason, luckily, they do not.
(Refer Slide Time: 09:02)

Example3: d=3,c=1,90=0
Solution to the Cauchy problem

D=0, x=(x,x,x5) R’ >0,

ux,0)=px) =0, xeR’

‘ | 1 if ¢ <1,
udx. 0 =dx)=¢ = . - xeR
0 if ||x|| > L.

is given by

(Refer Slide Time: 09:17)



Example 3: d = 3,¢ = 1, = 0 (contd.)

t  H0<r<1—|x,

(1={t=|X])7)
41X

0 fO<t<|x|-1ore>1+]|x|.

Uty = ] ol = 1] << ] + 1, x #0,

il CVerenal Equatons

So, d = 3. Straight away we do the example for dimension 3. | assume speed is 1, ¢ = 1 and
phi = 0. So, solution to the Cauchy problem, this, we have worked out in an earlier lecture to
be this.

(Refer Slide Time: 09:24)
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Example 3: ¢ =3, ¢ =1, p =0 (contd.)

o Consider an x with x| = 2.

o From the formula on the last slide, we get u(x,¢; — 0 for ¢ < 1 and also for

HORE”
[ g

@ The function r — uix, ) is increasing in the interval |1, 2, and is decreasing in
the interval 2,3.

o This behaviour is very different from that for d — 1 as illustrated by

Example 2, where the solution becomes non-zero after some time, and
remains constant (could be non-zero) thereafter

Now, consider an x with norm x = 2 and analyse what is it? It says here, | fixed an x with
normal x = 2 and | want to study u of x t as t goes to infinity, what is the behaviour? From the
formula on the last slide, we get u of x t = 0 for t less than 1 and for t bigger than 3. The
function t going to u of x t is increasing the interval 1, 2; decreasing in 2, 3 and then becomes
0 after t greater than 3.

This is what we have already learned in earlier lectures that in 3 dimension solution for the

wave equation, there is a time upto which information has not reached that is up to 1, after



that image information has reached and after this information goes away, 0. So, this is the
leading edge and trailing edge that is what we have seen even the pictures when we discussed

Huygens principle, we have discussed.

So, this behaviour is very different from that for d = 1, we have just seen as illustrated by
example 2. So, where the solution become nonzero after some time and remains constant, that
could be nonzero if integral of 0 to 1 of psi is not 0.

(Refer Slide Time: 10:49)
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Example4:d - 3,c - 1,0 =0
Solution to the Cauchy problem

\ 3
Le=0, x={x;,x.x5)€R. 1>0,

| 1 if x| < 1,
ulx.0) = wlx) = :
' 0 if x| > 1.

h(x,0)=¢x)=0, xel’

I8 given by

LUy V- :‘-\

=3
S Dl S ]

faa

ux, 1) ‘zl—‘,\' il =1 <t< x| + 1,20,

0 if0<r<|x|-Tore>1+|x|.

Now, d =3, c =1, psi =0, this Cauchy problem we have solved in course, maybe a weaker
notion of solution; we got u to be like this.
(Refer Slide Time: 11:05)
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Example 4: d = 3, ¢ = 1, v = 0 (contd.)

o Consider an x with |x| = 2.

o From the expression for solution, we get ulx.t) = 0 for: < 1.
o The function ; — ulx, ) is decreasing in the interval [1.3] {from ! atr =110
atr=3)
3 )
+

Once again consider an x with norm x = 2, from the expression for solution, we get u is 0 of a
t less than 1. It is function is decreasing in 1, 3; in fact, this, please verify all this assertions by
yourself by looking at the formula and then becomes 0 for t greater than 3.

(Refer Slide Time: 11:23)
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Propagation of singularities
Singularities travel along characteristics for d = |

Now, let us discuss propagation of singularities. Singularities travel along characteristics for
d=1
(Refer Slide Time: 11:38)
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Singularities travel along characteristics for d = |

o Let« be a solution to the homogeneous wave equation.

o Assume that for a fixed time #, the solution « is NOT a C* (smooth} function
at the point ix,. 4).

o Asuisgiven by wlx.t) = Fix — ¢f) + G{x | cf). this means that either F is not
smooth at x; — ¢ty or G is not smooth at xy + cfy. Why?

o Now, observe that there are two characteristic lines {one each of the two
families) passing through (x,. 1}, given by

X=Cl=Xy-Cly, Xtct=x d&

Let u be a solution to the homogeneous wave equation. Assume that for a fixed at time t 0
that means that at a fixed time t O, the solution u is not a C 2, sometimes we just call smooth
function at the point x 0 t 0 that means that formula for u has a trouble at x 0 t 0. u is given by
this expression F of x — ct + G of x + ct. u has a trouble at x 0 t 0 means F should have a

trouble at x 0 — ct 0. Or else, G should have a trouble at x 0 + ct 0 or both.

So, this means either F is not smooth at x 0 — ct 0 or G is not smooth at x 0 + ct 0. Why?
Please justify this. If they are smooth, then you can conclude that u is smooth. Smooth, if you
think it is continuous, it is continuous; if it is differentiable, it can be differentiable. If you
think it is C 2, it is C 2. Now, observe that there are 2 characteristic lines which pass to the

point x 0t 0.

Recall that there are 2 families of characteristic lines for the wave equation. One member
each passes through this point x 0t 0 namely x —ct=x0—ct 0, x + ct =x 0 + ct 0. These are
2 characteristic lines which pass through the point x 0 t 0.

(Refer Slide Time: 13:07)
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Singularities travel along characteristics for ¢ - | (contd.)
uix,t) = Fix—ct) + G{x+ct)

o If /" is not smaoth at x, - 1y, then « will not be smooth at all the points lying
ontheline x — et = X — e

o If G is not smooth at x, + cty, then u will not be smooth at all the points lying
onthe line x | ot = xy | ety

o This shows that the singularities in solutions to the wave equation in 1-d are
travelling only along characteristics. B

o Note that the nature of singularity also does not change.

rsal DVl Equatons

Now, in view of this formula for u, if F is not smooth at x 0 — ct 0, then F will not be smooth
at all those x and t such that x — ct is equal to x 0 — ct 0. After all, it depends on whether F as
a function of one variable, what happens to at a particular location x 0 — ct 0? So, therefore,
whenever x — ct is equal to x 0 — ct 0, you have the same problem that is why it is not smooth.
So, if G is not smooth at x 0 + ct 0, u will not be smooth at all points on this line x + ct = x 0

+ ct O for the same reason.

This shows that the singularities in solutions to wave equation are travelling only along
characteristics. Note that the nature of singularity also does not change. That is what | said, if
F is not continuous, u will not be continuous. If F is not differentiable, u will not be
differentiable. If F is not C 1, u will not be C 1 and so on. So, the nature of singularity does
not change.

(Refer Slide Time: 14:14)
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Propagation of singularities
Propagation of singularities in higher dimensions

3 84y Gareh

(Refer Slide Time: 14:18)
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Let « be a radial solution to the Cauchy problem in 3-d

w=0 xR ;" t =),

ulx.0) = ¢lx), reR?
1 (x,0) = ix), rel?

where the Cauchy data o, i : B* — R are radial functions /.e., there exist
functions j and ¢ such that
ele)=fll), xe®,

d

wix) = g(lx|[), x€eR.

Let o & CHRY), v e C*(R?). This means that / « C*[0, ) and g € */0, x|

Arsal De¥oronhad Equains

Let us look at what happens in higher dimensions. Let u be a radial solution to the Cauchy
problem in 3D where functions phi and psi are also radial. What do you mean by radial? It
means that the function depend only on the distance to the origin. So, phi of x will be a
function of norm x that there exist f and g such that phi x = f of norm X, psi x = g of norm x.
In other words, phi and psi are constant at all points of any sphere with centre at origin.

Since, phi and psi are functions of norm x only.

In other words, it depends on the distance of x to the origin. These functions are called radial
functions. Because if you consider a sphere with radius norm x, norm x is the radius. That is
why these are called radial functions. Let phi belongs to C 3 of R 3 and psi belongs to C 2 of
R 3. These are the assumptions that we need. So, that this problem will have a classical



solution given by Poisson-Kirchhoff formula and that in turn means that f and g, they are C 3
and C 2 on this interval 0, infinity.
(Refer Slide Time: 15:39)
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We look for solutions wlx. () which are radial. i.e., u(x,t) = (/x| ), where |
w=ulrt).

Note it := it[r. 1} solves the Cauchy problem

& o & AN : ;
—ulrt (—"1"7""‘“' ulr. th, re Ff =),
- o= rar,

iw(r,0) = fir), rek.
i, . _
—(r,0) = glr), reR,
ot

@ Here (¢ denote the extensions to L¢ of the given /. g, such that the extended
functions are even functions, and f ¢ C*(I%) and ¢ & CX(R).

o This requires that /() = f"10} = &'(0) = (1. Assume these.

So, we look for solutions. u of x t which are radial, that is, u of x t is looking like u tilde of
norm X, t where u tilde is a function of R, t; R is in the interval 0, infinity and t is in 0, infinity
once again. So, note that u tilde solves the Cauchy problem, which is given here. It is very
easy to derive. In fact, we have already done this before, when we are trying to get solutions
to the Cauchy problem.

So, this is in fact what is called as radial Laplacian. Here, f and g denote the extensions to R
of the given f and g because the given f and g are defined only on the closed interval 0, open
infinity, whereas here, we need r belongs to R, because we are trying to pose a problem for r
belongs to R and hence, we extend the given f, g to f, g. So, we still use the same notations f

g, such that the extended functions are even functions.

And of course, fisin C 3 and g isin C 2. This requires that f dash of 0 and f double dash of 0
is 0. Similarly, g dash f of 0 equal to O. If f and g satisfy these conditions, then we can do this
extension as mentioned here in this point; assume these conditions.

(Refer Slide Time: 17:07)
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o Defining vir.t) = ri(r, t}, we observe that v satisfies the following Cauchy
problem for the one-dimensional wave equation:

M. . v, . Y .
—(rtl=—(rt), rek.t>0,
o -
vir,0) = rflr). rek,
A'")]" " y
—(r,0) = relr), rel.
/]

o Using d'Alembert formula, we conclude that i r 1] is given by

4 ) l i X { I Mg
ura)==[lr-nflr—1t +(r ’Ilfif f va| f / sgls)ds.
Ny | v 7’.

- LN T

Now, defining v of r, t = r into u tilde of r, t, we see that v satisfies the Cauchy problem for
the 1D wave equation because under this change of the dependent variable, the radial
Laplacian will simply become dou 2 v by dou r square. So, this is exactly 1 dimensional wave
equation for v and these are the Cauchy data, v ofr,0isrfr;douv by doutr, Oisrtimesg

ofr.

Now, using d’Alembert formula, we conclude that u tilde r, t is given by this formula. So, of
course, the d’Alembert formula gives you v of r t, but once you know v of r t, you know what
is u tilde r t is divide with r. Therefore, | divide with r, I get this formula for u tilde r t.

(Refer Slide Time: 17:56)

[ doooom o ool SRS TN R QIC &
e From now onwards, assume that i = (. This results in ¢ = (..

o In this special case, solution of the Cauchy problem is given by

ur ) =—r=1fir—+ :r+1:]1/'+r‘:).
I\ \ A

¢ Using L'Hospital's rule, and that the function / is even, we get

i(0,1) = limu(r,t) = f{1) +1f(1).
i)

v
Yel another illustration of “loss of derivatives”.

Ayl O Forontd Exquitions

From now onwards, assume that psi is identical equal to 0. This means that there is no g. g

identical equal to 0. So, the formula simplifies in this special case to this formula, u tilde r t =



lby2rintor—tinto fofr—t+r+tintofofr+t Using L’Hospital's rule and that the
function f is even we get u tilde of 0, t equal to limit of this quantity as r goes to 0 which

using the L Hospital’s rule turns out to be f of t + t times f prime of t.

This is yet another illustration of loss of derivatives, because we have assumed f is C 3, but
now you have f dash so, that means it is just C 2. So, u tilde will only be C 2. u tilde of O tif
it exists, it will be only a C 2 function. So, we have lost the derivatives.

(Refer Slide Time: 18:56)
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The formula
i(0.1) = limu(r, ¢) = f{t) + 1f'(1)
suggests that something worse may happen when [ is not a differentiable
function.
To find out what may happen, let us consider the Cauchy data
1 if r<i.,

M0 st

@ The Cauchy data f{.) is smooth everywhere except for all the points on the
sphere r = 1 at which f is discontinuous.

@ Since f is discontinuous at r = |, we expect trouble for i(r, 1) for r near (.
This is because (1) appears in the expression for @0, 1)

So, the formula u tilde of 0 t equal to f of t + t times f prime of t suggests that something
worse may happen when f is not a differentiable function. To find out what may happen, let
us consider the Cauchy data f of r given by this formula f of r = 1 if r is less than or equal to
1, 0 if r is bigger than 1. In other words, this Cauchy data f takes the value 1 on the closed
unit ball with centre at 0 and outside the closed unit ball, it is 0.

The Cauchy data f of r is a smooth function everywhere except when r = 1 at which the
function is discontinuous. Since f is discontinuous at r = 1, we expect trouble for u tilde r, 1
for r near 0. This is because f prime of t appears in the expression for u tilde of 0 t and f prime
of 1 is not meaningful because function itself is discontinuous.

(Refer Slide Time: 20:03)
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o Indeed,
(0, 1) = limu(r, 1) = lim=—((r=1)f(r=1)+(r+1)f(r4 I])
r() r) l/" W,
. r(f(l=r)+flr+ 1)) =f(1=r)+f(r+1)
= 1t
r0 o
| fll=r)+f(r+1) L —f{l =r)+flr+1)
= Im—+1lim
- 2 e 2r
1 fll=r) | I |
= m = 11
2 =04+ 2 2 r=0:2r
o The above computation shows that ii0, I} is not only not meaningful but also
@r.1) = —=as ¢ —+ 0. Thus «is unbounded near the point [x.:) = (0.1)

Indeed, u tilde of 0, 1, let us compute; it is limit r goes to 0 of u of r 1. We do not know
whether limit exists or not, let us compute. So, what is u of r 1? | use a formula on the
previous slides there is a u of r, 1. Now, let us simplify this expression after the limit. So, |
take r common, I get fof r— 1 + fof r + 1. | have written r — 1 as 1 — r because f is an even

function. So, fof r— 1 equal to fof 1 —r.

Now, what is remaining is — f of r — 1 which once again writeas—fof1 —-rand + fofr +1
by 2 r. | have not done anything, I have just rearranged the terms in this expression to be this.
Now, there is a r here; these is r here, | can cancel these 2 r, so | will separate these into 2
terms. This limit can be computed as limit of this plus limit of this provided these 2 limits

exists. Now, we see what is the limit of this and what is the limit of this separately.

The first term is just 1 by 2 because when | am coming to r from the right side of 0, 1 + r is
always bigger than 1 and f is 0O, if the argument is bigger than 1, so, this term is not there.
What | have only this term and that term f of 1 —r; 1 —r is always less than 1 and hence, this
is always 1. So, 1 by 2. So, in fact, this quantity does not depend on r by the nature of the

definition of the function f that we are considering.

Then we have once again f of 1 + r is 0. So, | dropped that term and | take this minus sign
here, limitrgoesto0 +fof 1 —rby 2r; fof 1 —ris 1. I have 1. Now, | know this 1 by 2 r has
no limit, which is a real number, but legally speaking, this is going to infinity and half minus
infinity is like minus infinity. So, there is no limit here. So, after observing this limit equal to

this minus this tells you that this limit exists if only if this limit exists.



And we now just check this limit which is actually this limit that does not exist. So, u tilde of
0, 1 is not only not meaningful, but also u tilde of r, 1 goes to minus infinity as r goes to 0.
Thus, u is unbounded near the point xt=0,1; x=0,t=1.

(Refer Slide Time: 23:04)
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@ Thus not only u(x, | ) is undefined at x = 0, but also u(x, |} is unbounded as x

approaches the origin.
o The singulairty in / which was initially confined to a two-dimensional surface
{(which is the unit sphare} gets concentrated at a point (the origin) at time

I

¢ This s called focusing of singularities, and it is also said that caustics are
formed.

o This is in complete contrast with the nature of propagation of singularities in
one space dimension.

o Ford = |, the solution was as good {bad) as the Cauchy data

Thus, not only u of x 1 is undefined at x = 0, but also u of x 1 is unbounded as x approaches
the origin. The singularity in f which was initially confined to a 2 dimensional surface, which
is the unit sphere gets concentrated at a point which is now the origin as time goes to 1 that is
at the time t = 1. This is called focusing of singularities and one also says that caustics

formula.

This is in complete contrast with the nature of propagation of singularities in one space
dimension. In one space dimension, the solution was as good or as bad as the Cauchy data.
(Refer Slide Time: 23:50)
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Assume that Cauchy data o, i+ have compact support.

Solution to Cauchy problem in 1-d is given by d'Alembert formula

x—ct) +e(x+et) | ¢
s ) 1 d L6 / el "
ulxt) = = & / () ds,
2 o

Even for a fixed x = [2, large time behaviour of solutions is dominated by the term
involving ¢ when compared to that with . Due to this, we may assume that
=0

Now, let us look at decay of solutions. Assume that the Cauchy data phi and psi have
compact support. So, throughout our discussion on decay of solutions, we assume that the
Cauchy data is having compact support. Otherwise, we do not expect such results. Solution to
Cauchy problem in 1D is given by d’Alembert formula which is given by this formula u of x t
equal to phi of x — ct + phi of x + ct by 2 + 1 by 2 c integral x — ct to the x + ct psi s ds.

Even for a fixed x in R, large time behaviour of solutions, solutions given by this formula, is
dominated by the term involving psi. We saw this in one of the tutorials, where we saw the
point wise u of X t converges to a certain constant in that example. Phi never played a role
there. So, due to this, let us assume phi = 0.

(Refer Slide Time: 24:54)
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Recall from Lecture 4.5: Solution to Cauchy problem in 3-d is

, |7 / ; Y 1 / | \d
wx.tf) = ——11 elX + ) dw — WX+ ctv)dw
dar ot J|=1 b dn J)|=1 '

Here the terms involving > and » behave similarly. Due to this, we assume that
o =1 If pis non-zero, the estimates get moditied by addition of new terms

featuring - and its gradient, (The guaranteed) Decay rate of the solution will not
- change.

iy Sasedt (1T Borvtay)

Now, recall from lecture 4.6 and 4.5, the Poisson-Kirchhoff formulae for the Cauchy problem
in 2D and 3D which are given by this formula. Here, the terms involving phi and psi behave
similarly. Due to this, we assume that phi is identically equal to 0. If it is nonzero, the
estimates get modified by addition of new terms featuring phi and its gradient. The guarantee
decay rate of a solution will not change.

(Refer Slide Time: 25:31)
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In this lecture

o We study the decay properties of solutions to the Cauchy problems for
homogeneous wave equation ford = 1,2, 3.

o We assume that ; = 0 and the Cauchy data » has compact support.

In this lecture, we are going to study decay properties of solutions to Cauchy problems for
homogeneous wave equation across all the 3 dimensions 1, 2 and 3. We assume phi 0 and
Cauchy data has compact support. So, we are going to assume Cauchy data has compact
support.

(Refer Slide Time: 25:50)



No decay for d - |

We do not expect decay of solutions to one dimensional wave
equation unless 1 satisfies

/ w(y)dy =0,
JE

This is the content of Example 2.

No decay for d = 1. We already saw this in example 2. We do not expect decay of solutions to
one dimensional wave equation unless psi satisfies the integral over R equal to 0, in fact, 0 to
1 in example 2, because we assumed psi supported in 0, 1. That is the content of example 2.
(Refer Slide Time: 26:11)
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Theorem. (Decay for d = 3)

Let 1 be a compactly supported function having support in 8.0, R} ¢ [*

Then for 1 = 0, the following estimates hold:
‘ r ;
sup [ufx,7)| <~ sup [v{vi
XeB! “t YeR!
sup |uix.1)| < Vio(y)|| dy
r}l| | 4‘.‘&‘3!‘/@” A

Pursal [V Yoronial Equitins

So, theorem for decay for d = 3, let psi be a compactly supported function with support in the
ball of radius r with centre origin. Then for t positive, we have the following 2 estimates. If
you notice here, this is a uniform estimate because this will go to 0 as t goes to infinity, as t
goes to infinity, RHS goes to 0. So, this goes to 0 and the way, it goes to 0 does not depend

on x at all because this is valid for all x.

The right hand side does not depend on x that is why this is called a uniform decay estimate.

The only difference between these 2 estimates is that here we have supremum of psi; here, we



have integral of norm psi. So, whenever these 2 things are meaningful, we are assuming, it
has compact support. So, both are meaningful. So, we have these estimates. Of course, we do
know that u of x t is actually 0 after some time for every fixed x, but these are uniform decay
estimates.

(Refer Slide Time: 27:11)
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Recall from Lecture 5.5

o No sharp signal propagation for d=2, but there is decay of solutions.

o Even though tha solution u(x,. 1, doas not bacome zero eventually,

neverthelass iy, /| =1,
o In this lecture, we will state two results on decay without proof.
o Foreach lixed xy, a decay eslimale on uixp, 1), called pointwise decay eslimale .
o Uniform decay estimale on ulx. ).

o NO prools, as the discussion s inter ded only lor an exposure [0 decay
properties. as « vanes

Q)
So, recall from lecture 5.5 that there were no sharp signal propagation for d = 2, but there is a
decay of solution, this what we mentioned. Even though solution u of x O, t it does not
become 0 eventually that means there is a time after which u of x 0 t is 0 for d = 3 that does
not happen here. Something becoming 0 eventually means, after some time, it is equal to 0

that is the meaning of saying eventually 0 that does not happen.

Nevertheless, u of x 0, t goes to 0 as t goes to infinity. In this lecture, we will stick to results
on decay with the proof, of course, even for d = 3, we are not given proof. For each fixed x 0,
a decay estimate on u of x 0, t that is one decay estimate. It is called point wise decay
estimate because x 0 is fixed and we are talking about the decay of u of x 0 t. Second one is
uniform decay estimate on u of x t. No proofs as a discussion is intended only for an exposure
to decay properties as d varies.

(Refer Slide Time: 28:23)
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Theorem. (Decay at a fixed x € i’

Let 1" be a compactly supported function having support in the disk D[0, k) C R,

Then for each x £ 7, there exists a constant K = K(x) such that for all + = 0, the
following estimate holds:

G K e
luelxe. 1)) < — sup [y} .
I yeg:

So, decay at a fixed x that is the point wise decay. As before, psi will be compactly supported
function. Now, in a disk of radius r centred at the origin in R 2, then for each fixed x, there is
a constant K which appears in this inequality that depends on x such that for all t, this
estimate holds. So, as t goes to infinity, right hand side goes to 0 and therefore, left hand side
also. But this estimate depends on K and K depends on x. That is why it is called decay at a
fixed x or point wise decay estimate.

(Refer Slide Time: 29:03)
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Theorem. (Uniform decay estimate for d - 2)

Let 1 be a compactly supported function having support in the disk (0. R) « &*

Then there exists a constant K and t, == 0 such that for 1 = «, the following
astimate holds:

K/ . \
s [ulx, 1)) < — ( / |0l |dy + / W."uﬁy)“dv) :
Jr Jr /

Xer?

’

-1

-

Uniform decay estimate: same assumption as before on psi, then there exists a constant under
t 0 such that whenever t is bigger than t 0, this estimate happens. If you are interested as t
goes to infinity, it is okay, this goes to 0. t goes to infinity means t will become bigger than t
0 after some time. So, estimate is valid. So, this goes to 0. Therefore, this goes to 0, so,
uniform decay, but notice, it is a root here in the point was decay, it was 1 k by t.



Now, it has become root t because of the uniform decay. So, you are having a stronger
statement here. So, you have a weaker estimate. That is what is true in general.
(Refer Slide Time: 29:48)
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Summary

@ Propagation of singularities

o Ford = 1, the nature of singularities in the selution did not change from that of
Cauchy dala

e Ford =3, lhe nalure of singularities in the solution could be drastically dillerent
fram that of Cauchy data. Similar results ara expacted for d = 2.

o Ford = 3. we observed that 'nice’'weak' singularities like discontinuities in the
Cauchy data propagate and result in 'stronger’ singularities in the solution
which was found to be unbounded near the point (x.:) = (0, 1)

@ Decay properties of solutions of wave equation for 4 = 1. 2. 3 were compared.

Pursal CV¥eren bl Equatons

So, let us summarize. Propagation of singularities for d = 1, the nature of singularities in the
solution did not change from the Cauchy data at different timings. For d = 3, the nature of
singularities in the solution could be drastically different from that of Cauchy data. This, we
would be expected even from the Poisson-Kirchhoff formula where even if phi isa C 3 and

psi is C 2, eventually the u, you get is only C 2.

Therefore, if you fix time t and look at u of x, t 0 for example, this is not C 3. It is only C 2.
So, there is a loss of derivatives there. So, therefore, that is the reason behind this. Similar
results are expected for d = 2. For d = 3, we observed that nice or weak singularities like
discontinuities in the Cauchy data propagate and result in stronger singularities in a solution

which was found to be unbounded near the point x t = 0, 1 in that example that we saw.

Decay properties are solutions of wave equation for d =1, 2, 3, we have compared. d = 1, no
decay; d = 3, there is a uniform decay of 1 by t type and for d = 2, we had a point wise decay
and a uniform decay, one was like 1 by t, one was like 1 by root t. Thank you.
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