Partial Differential Equations
Prof. Sivaji Ganesh
Department of Mathematics
Indian Institute of Technology — Bombay

Lecture —5.6
Qualitative Analysis of Wave Equation
Generalized Solutions to Wave Equation

Welcome, in this lecture, we are going to introduce notions of generalized solutions to wave
equation. The outline is as follows.
(Refer Slide Time: 00:28)
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Chapter 5: Qualitative analysis of Wave equation
Generalized solutions to Wave equation

@ Notion of Classical solution is inadequate
o Arriving at a generalized notion of a solution

o Generalized solutions to Wave equation in 1-d

o Generalized solutions to Wave equation in higher dimensions

First, we mentioned that the notion of a classical solution is inadequate and thus, there is a
need to generalize the notion of a solution and then in step 2, we show how to arrive at a
generalized notion of a solution and then we demonstrate some generalized solutions to wave
equation in 1D and in higher dimensions.
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In this lecture

o We discuss the inadequacy of d'Alembert formula, Poisson-Kirchho flormula
for a classical solution to the Cauchy problem for wave equation for
describing physically relevant situations.

o We present the standard procedure to arrive at notions of generalized
solutions (also known as weak solutions for the purposes of this lecture) to
Cauchy problem for wave equation.

o Generalized notions of solutions 1o IBVPs may be defined similarly.

In this lecture, we discussed the inadequacy of d’Alembert formula, Poisson-Kirchhoff
formula for a classical solution to the Cauchy problem for wave equation for describing
physically relevant situations. We present the standard procedure to arrive at notions of
generalized solutions also known as weak solutions for the purposes of this lecture to Cauchy
problem for a wave equation. Generalized notions of solutions to IBVPs may also be defined
similarly.

(Refer Slide Time: 01:22)
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Given functions ;v - B+ Rand f: 2 x (0. x) - [, Ca

a solution to
g = ey — I (g, F gy -0 F g, ) =flX. 1), X € B >0,
(NHWE-dd)
ulx,0) = plx), xeR (IC-1)
ulx,0) = vix), xeR% (IC-2)

where x denotes the point (x), x.+.x;) ¢ B, and ¢ = (.

So, recall the Cauchy problem for a wave equation. Here, the data is given phi, psi and f; and
we are required to solve non-homogeneous wave equation d’Alembert u equal to f and u x 0
is equal to phi x; u t x is equal to psi x for x in R d.

(Refer Slide Time: 01:43)



Notion of Classical solution is inadequate

(Refer Slide Time: 01:45)
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This formula represents a Classical solution to Cauchy problem if

o € CHR), v € C'(R), f € C(R x [0,00)). f; € C(R x [0, 0},

o When the string is plucked at a point x,, the initial profile {i.e.. graph of ()
looks like a triangle.

o In this physically relevant example, the function iz is NOT differentiable at x,.

Recall from lecture 4.7, where we have derived this solution as given by this formula in 1D.
This formula represents a classical solution if phi C 2, psi C 1 and assumption on f is that f x
is continuous apart from f itself being continuous. So, when the string is plucked at a point x
0, what does that mean is this; suppose this is a point x 0, so, string is pulled up. So, as a
consequence of this string looks like this is lying up to here and then let us say like that, like
that, like that.

So, at this point x 0, it is raised. This is a graph of u of x here. These are situation clearly such
a function cannot be differentiable at this point x 0. The initial profile that is a graph of phi of
x looks like a triangle as we have seen in this physical irrelevant example, the function phi is

not differentiable at x 0. Therefore, this formula does not make sense as a classical solution



because the function will not be, u of x t will not be C 2 because phi is not C 2. It is not even
differentiable. So, therefore, this formula is inadequate in this scenario.
(Refer Slide Time: 02:24)
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Cauchy data are not smooth in practice
e In such a case, the formula

oo k=) telate) L ! B TR sy
ot b’ e " Tidsdr
X 3 :‘./ ' P dy 3, / / ‘ fis,7hdydr.

does not give a classical solution to the Cauchy problem

o Worse, Cauchy problem may not even have a classical solution!

o Thus there is a clear need to change the concept of a solution.

So, in such a case where the Cauchy data is not smooth, this formula let us call it d’Alembert
formula even if we have a right hand side the source term here, right hand side in the wave
equation. So, this, let us still call it by the name d’Alembert formula. So, this does not give a
classical solution to the Cauchy problem. Worse, Cauchy problem may not have classical

solutions; not only that this formula is not a classical solution.

It may not even have a classical solution. Thus, there is a clear need to change the concept of

solution.
(Refer Slide Time: 04:02)
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Can we recover some lost ground?
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Recall from Lecture 4.7: Solution to Cauchy problem in 1-d is
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This formula represents a Classical solution to Cauchy problem if

¢ € CY(R), ¢ € C'(R), f € C(R x [0,00)). f; € C(R x [0,00)).

o The formula itself makes sense for much bigger classes of functions . v, f

o For example, &, 1 € C(R), f € C(R x [0, %))
o Or,p.i € LIMER), fe L) (R x[0,00)).

So, can we recover some lost ground? Say, this is a formula we have developed in 1D for the
solution of Cauchy problem. It is a classical solution if these conditions are satisfied by the
data phi C 2 psi C 1 f should be continuous on this domain and f x should also be continuous

on this domain. The formula itself makes sense for much bigger classes of functions.

Because what all you need for this phi can be any function because there is no
differentiability requirement on this. It can be any function this makes sense. Here | have a
psi, | need to integrate. Therefore, psi should be integrable. But, this is for every x and t, it
should be integrable on the interval x — ct and x + ct. Psi need not to be integrable and whole

a part, it is enough.

It is integrable on every interval of this form or more generally any interval of the type a, b,
closed interval a, b. Similarly f; f has to be integrable on certain as we already observed this
domain is nothing but a triangle, this integral integration is done on a domain which is a
triangle which is called characteristic triangle. So, we need f to be integrable on that. So, let

us see some assumptions on phi psi f, which guarantee that the right hand side is meaningful.

Therefore, it defines a function. The question then is: is it a solution or in which sense is a
solution etcetera? For example, if phi psi are continuous functions as I told you, they can be
any functions, f is continuous and hence, it will be integrable on any triangle that you take.

Psi is continuous therefore, this integral is meaningful for every x and t that is what | have



written here phi and psi are L 1 loc. L 1 log simply means that this function is integrable on

every compact set or equivalently on every bounded set.

So, similarly, f is assumed to be L 1 loc, locally integrable. These are notation for that. Please
note that we are using this notation L 1 loc just to mean, these are locally integrable
functions. It means functions are integrable on every compact set. Please do not confuse this
with the Libic function spaces of L 1, L 1 loc because these kinds of things, the point wise
evaluation do not make sense if | say that this is the Libic spaces.

But, when we see the weak formulation, their L 1 loc, it makes sense. So, there is no problem.
So, whenever we see point wise evaluation like this, L 1 loc stands simply for those functions
which are integrable on every compact set. And when we see in the weak formulations, this
stands for the usual Libic L 1 loc spaces.

(Refer Slide Time: 07:07)
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Recall from Lecture 4.7: Solution to Cauchy problem in 2-d is

dz

1 / wlx + ciz) + etV lx + crz).g + mo(x + ez)
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This formula represents a Classical solution to Cauchy problem if
§ € C(RY), 4 € CHR?), f € C(R* x [0,00)),
Vyf € C(R* x [0, 00)), Dj,f € C(R? x [0, 00)).

Porsal DiYeronnal Equatons

Now, look at the formula in 2D. 2D formula is slightly more complicated than the formula in
1D because here, phi comes along with the derivative also. Psi appears like before. So, it is
not a problem, but phi has a derivative. Now, these are classical solution to the problem
where phi C 3 and psi C 2 and f should have this kind of smoothness properties.

(Refer Slide Time: 07:36)
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Cauchy problem in 2-d (contd.)
The formula

ux, (=

1 / plx +cre) + ctVolx + cz).2 + nid(x + crz) J
VL

el

b . 7)
4 S_./ / —”4—1 dydr.
STCH Joixetr-n) /€ = =y

is meaningful for the following classes of functions

2 € C'(R?), ¥ € C(RY), f € C(R? x [0,0)).

A

we CRY, ¥ e L} (RY, f € LL(R? x [0, %)),

But the formula itself is meaningful for the following class of functions when phi C 1. So,
these are continuous functions and they are integrating on a closed disk. So, it must be fine,
integral religious similarly, psi continuous. So, integration is not a problem and f continuous.
We can further weaken the smoothness requirements on phi psi f by saying phi should be C 1
that seems to be there, seems to be no alternative because grad phi appears in the formula.

Now, we are looking for conditions on the data so, that this integral makes sense. So, phi
should be C 1 because grad phi is there and psi is L 1 and f is L 1. Of course, this is not the
exhaustive list of classes or functions. There are much bigger class of function for which this
is meaningful and discussion of such things is beyond the scope of this course.

(Refer Slide Time: 08:35)

Recall from Lecture 4.7: Solution to Cauchy problem in 3-d is

. R . .
ux,t) = —— / {rely) + oly) + Vly).(x -y} } do
e Jsixa) '
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el el
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This formula represents a Classical solution to Cauchy problem if

v € C(RY), v e CHRY), f € C(R® x [0, 00)),
Vf € C(E® x [0,00)), Dif € C(B? x [0, 00)). H




Now, solution in 3D. The same issue here because phi comes with the derivative. So, the
formula represents a classical solution to Cauchy problem if phi is C 3, psi is C 2 and f has
the regularity or smoothness properties, which is given here.

(Refer Slide Time: 08:57)
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Cauchy problem in 3-d (contd.)
The formula

ux, 1) = — dz

| / gl +cr) = Vol + etz) 2 + m(x + crz)
& Jpio

V1= [

ko (y.7)
o / / t!——_~ fydr.
“RCJo JDx cle-r)) \f T Jlx =yl

is meaningful for the following classes of functions

A Ovoronal Equdong

Formula itself is meaningful when phi C 1 psi is continuous and f is continuous or more
generally psi, you can allow it to be local integral function and f also local integral function.
(Refer Slide Time: 09:13)
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From the last few slides . . .

o Itis apparent that each of the d'Alembert formula, Poisson-Kirchhoff formula
defines a function ulx. 1}
o even when the Cauchy data and Source term do NOT have enough
smoothness Lo guarantee thal i is & classical solution
o We have identified a few classes of functions to which such Cauchy data and
Source term may belong to.
® This gives us a hope for the recovery of some lost ground (due to lesser
smoothness of the data).

@ Indeed, there exist notions of weak (or generalized) solutions which admit
such functions « as solutions to the Cauchy problem.

So, in the last few slides, it is apparent that each of these formulae d’Alembert formula,
Poisson-Kirchhoff formula defines a function even when the Cauchy data and source term do
not have enough smoothness to guarantee that the function is a classical solution. We have
identified a few classes of functions to which such that Cauchy data and its first term may

belong to in order that the expression for u of x t is meaningful or makes sense.



This gives us a hope for the recovery of some lost ground due to lesser smoothness of the
data. Indeed, there exists a notion of weak or generalized solutions which admits such
functions u as solutions to the Cauchy problem.

(Refer Slide Time: 10:05)
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On solutions which are less smooth . £

¢ We understood the need to admit such functions as softlio

o |t may happen that solutions defined by the formulae (d'Alembert or
Poisson-Kirchhoff) may give rise to a classical solution in a restricted [x. 1}
domain.

@ We may use the formulae to study how the lack of smoothness in the Cauchy
data propagates /.e.. propagation of singularities in the Cauchy data with
time (to be discussed in Lecture 5.7).

We understood the need to admit functions which are less smooth as solutions because
Cauchy data itself, we have to admit which are lesser smooth. It may happen that solutions
defined by these formulae dAlembert or Poisson-Kirchhoff may give rise to a classical
solution in a restricted x t domain. We have seen that such things happened in the case of

Burgers equation some conservational 10ss.

We may use a formula to study how the lack of smoothness in the Cauchy data propagates
with time that is propagation of singularities. Lack of smoothness means it is called a
singularity; something is not smooth, at some point that point is called a point of singularity.
So, propagation of singularities in the Cauchy data with time. This, we will discuss in lecture
5.7.

(Refer Slide Time: 11:02)



Arriving at a generalized notion of a solution
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Guidelines for relaxing the notion of a solution

1=

3 requirements on a relaxed solution

Any notion of a "relaxed solution” ("weak solution”) MUST have the following
properties:

@ Any smooth solution should also be a weak solution.

Q Any weak solution which is smooth should be a classical solution

° he notion of 4 relaxed sol motivated by (1) has
[ | exercise as the ment ifar fa t :
Lecture 2,16,

Arriving at a generalized notion of a solution: How to do that? So, there are guidelines for
relaxing the notion of a solution. We have seen this in lecture 2.16 where we have introduced
in the context of Burgers equation and consideration form of that. Three requirements on a
relaxed solution: any notion of a relaxed solution or weak solution or generalized solution,

whichever word you may use, must have the following properties.

What are they? Any smooth solution should be a weak solution. This requirement is usually
the guiding factor in defining any notion of a relaxed or generalized or weak solution. Any
weak solution which is smooth enough should be a classical solution; proving that the notion
of a relaxed solution that we are going to introduce soon motivated by 1, the point 1 that is a



requirement 1 has this property is left as an exercise because ideas are very similar to what
we did in lecture 2.16.
(Refer Slide Time: 12:08)

3 requirements on a relaxed solution (contd.)

o Any notion of a solution is useless when reasonable problems do not admit
salutions,
o Discussion of this requirement for the notion of weak solution that we introduce

later, is beyona the scope of 1his course.

Now, the third requirement. Any reasonable problem should have a weak solution or a
relaxed solution. Any notion of a solution is useless when reasonable problems do not admit
solutions. Discussion of this requirement for the notion of weak solution that we are going to
introduce soon is beyond the scope of this course, we will not discuss them.

(Refer Slide Time: 12:34)
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Deriving a notion of generalized solution to Cauchy
problem

o All the details will be presented in one space dimension.

o For higher dimensions, obvious modifications are needed.

So, deriving a notion of generalized solution to Cauchy problem; all the details will be
presented in 1 space dimension. For higher dimensions, obvious modifications are needed
and we get a similar formulation. We are going to show that formulation.

(Refer Slide Time: 12:50)



grasse lsoll- 0B WY
Arriving at a notion of weak solution
o Let ( « Cj(I® x ). Multiply the equation

Fu S0P

— - — =
o oys

with (, and integrate w.rt. (x.1) € i x {0, &) to obtain

. [dU 50U ‘ s
Clx. 1) [ — — ("— | [x.f) dxdt flx.t) C(x,8) dedt.
Jato \ (- ox- JE

’J

Nothing much to do on RHS. We would like to integrate by parts on
_ the LHS.

.IT,‘ m

So, let zeta be a C 2 function on R cross R; this 0 stands for compact support. That means the

support of zeta is a compact set. So, support is contained in a big enough ball equivalently.
So, multiply the given equation non-homogeneous wave equation with zeta and integrate
with respect to x t over this domain R cross O infinity. What we get is this. It is simply

integrating both sides after multiplying with zeta, you can see equation.

There is nothing much to do this side because you really do not f to do anything. Here, we
can do something. Here, we see that there are derivatives on u and we are not looking for
smooth solutions to the wave equation. Therefore, we would like to relax this requirement
and that can be done by transferring these derivatives to zeta which is integration by parts.
So, nothing much to do on RHS. We would like to integrate by parts on the LHS.

(Refer Slide Time: 13:59)
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Arriving at a notion of weak solution (contd.)

3 i : ) o ; u
/ / Cn )= ndedt = - / / =x0=ix.t)dvdi - / 0 —1x, 0 dx
Jido of Jadp O ot J ul
CRRL O [ )
- - / —ix ) =X L) dxdt — / Clx, 000 x ) dx
Jedu o 2l Sz
b e

{ . 0 Lot
= / / —{(x,t)ulx,¢) dvdt - / 0 0)pel e, 0) dx
Jedo OF Ja i

/ CLa, 0 ) d

oA r,"";‘» " . l‘.'L;
= —(x.thulx, () deds - / —{x, 0)20x) dx
JEJO o vt "'l" :

- / ¢x, Ohix) dr




So, this is the LHS. First term in the LHS because there is also a dou 2 u dou x square term.
So, this on integration by parts, you get this one derivative shifts to zeta and a minus sign,
welcome and there will be a boundary term with respect to 0 infinity, t 0 infinity, because t =
0 is a lower limit, you will get another minus sign, minus zeta x 0 dou u by dou t x 0. Upper

limit will not contribute because zeta has compact support. So, this is what we have.

But, what is dou u by dou t of x, 0? That is psi x so, we have to apply. So, we are done one
integration by parts. So, let us do once more transfer this dou u by dou t to this one. That will
make this minus as plus and the transfer is done. And similarly as you had this term coming
out of the integration by part, we have one more term coming from this. So, that is this. And
the other term, which we had here is written here. But now, what is u of x 0? It is phi x. So,
this is what we get by integrating by parts in the first term on the LHS.

(Refer Slide Time: 15:21)
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Arriving at a notion of weak solution (contd.)

X

j P, R A O -
/ / ((x,8) —(x.1)dxdt = / / (X, 0] —Ilx.t)dxdr+0
JRJ( JE .

oy fp x0T ok

g OC o Ol s o
= (x.t) - (x.tldxdr
Jrly Ux ox
. X ")~
(. — '
= // —(x. 1) ulx, ) didr =0
JrJo X
e r_)?'\ i
= / St ulx. ) drdt
Jnty Ox

Now, let us take up the second term, which involves zeta dou 2 u by dou x square. Again
integration by parts, here there will be no boundary term because with respect to x, zeta is
supported once again compactly. And we do not have this situation of O infinity in when we
are doing with respect to x. That is why there will be no boundary terms that is why 0. So, it

is this.

Once more integration by parts, we get this, no boundary terms because integration by parts,
when you do, you get an integral on the domain and you get an integral on the boundary. So,
this is what we have.

(Refer Slide Time: 16:11)
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Arriving at a notion of weak solution (contd.)

Thus, in the standard notation, the equation

/ / i, 1 I: 7”2 = T” 'l o dede = /A / : flx) CIx drdt

JEJ0

takes the form

// i) Cle, o) deds // e 0 telx. 1) deat

VR JO JEJD

As a result of the integrations by parts, the above equation yields

N "X

// fix ) {lx. 1) dxdt // ul(x, 0L, Clx ) d dt
Jr i Je i

i | -
: / = (x,0)(x) dx / Clx, 0)en(x) dx
Jp Ol JE

So, this equation, we are going to use the standard notation, this we call d’ Alembertion one,
sguare one. So, in that notation, I am going to write, so | have just interchange the LHS and
RHS because this is where we are going to write expression for this. So, expression for this
that we derived using integration by parts. That is why | am writing here. So, this is what we
get. In fact, what we got by integration by parts is this term on RHS equal to this term on the
RHS.

(Refer Slide Time: 16:48)
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Arriving at a notion of weak solution (contd.)

We observed that any classical solution « to the Cauchy problem satisfies the
equation

/ / fix ) C(x.t)dedr = / / alx ) ot dxdt
JR VO JEJD

(R, It
/ S x O)plx) dx / Clx, 0)r(x) dx
Jp Ul JE

forevery { £ (R x R).

o The above equation is meaningful for i which is not necessarily C* .

o A notion of weak solution gets defined once we mention what kind of
functions « we would like to be ‘solutions’,

So, what we did is that any classical solution to the Cauchy problem satisfies this equation
which we have derived. So, this is the requirement 1 in fact, that was a guiding principle now,
we are going to define what is the weak solution based on what we have got here. So, the
above equation is meaningful for u, which is not necessarily C 2 because nowhere there is a

derivative one u; u is only here nowhere else.



Zeta is a smooth function with compact supports; C 2 function is compact support. So, these
are continuous function with compact support essentially, you need to integrate and a
compact set. So, if uis L 1 loc locally integrable, this is meaningful. So, a notion of weak
solution gets defined once we mentioned what kind of function we would like to be solutions.
(Refer Slide Time: 17:43)
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Arriving at a notion of weak solution (contd.)

In d space dimensions, any classical solution « to the Cauchy problem satisfies
the equation

/ / fle ) Cix. ol dedt / / wlx, )0, (. ) e et
o RSO

[k f .
/ —(x. (M) dx / (e 0hx) de

4
O

for every { € C3(BY x ).

o The last equation is meaningful for locally integrable L} . funetions f. u, . i:.

o We are now in a position to define a notion of general zed:rum:r:ed."/ve;r

solution

So, in d space dimensions, any classical solution satisfies this equation. Derivation is exactly
the same, we are shown the derivation when d = 1, but exactly the same step will give us this.
The last equation is meaningful for locally integrable functions, not only u, for phi psi f also.
So, we are now in a position to define a notion of generalized or relaxed or weak solution.
(Refer Slide Time: 18:18)
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Definition of weak solution

Let g, € L} (B, and f € L} (B? x [0, x)).
Letu & L} (R x [0,00)).

The function « is said to be a weak solution to the Cauchy problem for the
wave equation if

/ f Jx ) Clx.ndedr = / { ulx. ) Ol (x o) e dt
JED JRy

i { f :
/ —(x. 0} wix)dx /L,t_.r.llh'lxﬁr.'.r

~7 (md 4
holds for every { € Cj{IR* x E).




Let phi and psi be local integral functions and f be local integral function on this domain R d
cross 0 infinity. Let u be also a L1 loc function. The function u is said to be a weak solution
to the Cauchy problem for the wave equation if this equation is satisfied by every zeta which
is C 2 un-compactly supported in R d cross R.

(Refer Slide Time: 18:48)

Good weak solutions are classical

@ The requirement (1) is automatically satisfied.
o Every classical solution to the Cauchy problem is a weak solution.
¢ The weak formulation itself was derived based on this requirement
© Proof of the requirement (2) is similar to the idea presented in Lecture 2.16,

o [f u is smooth, then it can be shown that u is a classical solution deing
integration by parts in the weak formulation

o i is smooth means u ¢ CHE x (0,00)), u ¢ C(& % (0,201, & CIR x [0.5c]’,

o Itis left as an exercise!

Requirement 1 is automatically satisfied. Every classical solution to the problem is a weak
solution. The weak formation itself was derived based on this requirement. Proof of the
requirement 2 as | told before, it is similar to the idea which we presented in lecture 2.16 if u
is smooth, then it can be shown that u is a classical solution by doing integration by parts in a

weak formulation.

So, in the definition of the weak solution, we had an equation valid for all zetainC02,C20
functions that is called weak formulation of the Cauchy problem. So, u is smooth means this
because this is what we need for a classical solution. If all those conditions are met by our
weak solution, then it is actually a classical solution. And that is left as exercise.

(Refer Slide Time: 19:48)
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© It was easier to define the notion of a weak solution,
o [0 we know some of the weak solulions?

o Do the d Alembert formula, Poisson-Kirchhoif formula represent weak solutions
| to the Cauchy problems?

© As mentioned earlier, we are not going to discuss the existence of weak

| solutions.

» We limit ourselves to checking whether the named formulae queted above are

weak solutions

Important questions: it was easier to define the notion of week solution is always easy to
define something that is not a difficult job. Do we know some of the weak solutions? Do the
d’Alembert formula, Poisson-Kirchhoff formula represent weak solutions to the Cauchy
problems? These are the questions. As mentioned earlier, we are not going to discuss the

existence of weak solutions.

We limit ourselves to checking whether the named formula quoted above namely the
d’Alembert formula or Poisson-Kirchhoff formula are week solutions.
(Refer Slide Time: 20:27)
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Example 1. u(x.1) := F{x - cf) = Glx + ct) Is @ weak solution

o Recall that the general solution to the homogeneous wave equation is
uix,t) = Fix - ¢1) + G{x = ¢},

where F o C1lR)and G ¢ CHR).
o We are going fo show that u(x.t) := Fix —ct) + Glx +ct) is a weak
solution even if F and G are not (7,
o We willl show that #(x - ¢f) is a weak solution.

o Similarly one can show that ¢i{x + ¢t) is a weak solution.

o Thus It follows that u(x. s} := Fix = cf) + Gix = et 1S a weak solution since the
equation is linear and homogeneous

Let us look at some of the generalized solutions to wave equation in 1D. Recall u of x t = F of
X — ct + G of x + ct, we have obtained this as a general solution to the wave equation
whenever F and G are C 2 functions. Now, we are going to ask the obvious question. Is this a
weak solution when F and G are not C 2 functions? So, we are going to show that this

formula F of x — ct + G of x + ct is a weak solution even if F and G are not C 2.

We will show that F of x — ct is a weak solution. Similarly, we can show that G of x + ctis a
weak solution. Therefore, it follows some of 2 weak solutions is a weak solution because
equation is linear and homogeneous. Here, what do we require if you want to say F of x — cta
week solution? Definition of week solution wants local integral functions. So, we can as well
take F may be local integral function.

(Refer Slide Time: 21:34)
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Since we are interested in checking that Fix — ¢t is a weak solution to the Wave
equation, and thereby not worrying about Cauchy problem. Thus the weak
formulation
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Since, we are interested in checking the F of x — ct is a weak solution to the wave equation.
And thereby, we are not worried about the Cauchy problem. So, this week formulation where
we insisted that zeta is C 2 0 R cross R now, it reduces to exactly same equation without
these terms. And zeta, we can take to be open 0, infinity. Then automatically these terms are

not there.

So, essentially, F is not their homogeneous wave equation. So, F is 0 and phi and psi are not
there because zeta is compactly supported in open 0 infinity. Therefore, what we have is just
this and | want u of x t, the candidate | am proposing is F of x — ct. So, we want to show this
equal to 0. We need to show this.

(Refer Slide Time: 22:26)
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Example 1. (contd.)
Let ¢ € CHR x (0. ).
/ /. Fix = of)[h{x.thdvdr = / /“ Fix —ct) :u“ ( jq Sdxdi
:. / FiE) wy déd
=) / F(E) i€, €)dE =0
Here wil.n) = ( ( "':;f). As the support of ¢ is contained in I x {0, x¢),

So, let zeta be a compactly support function C 2 in defined on this domain R cross 0 infinity.
We would like to do integration by parts here. But unfortunately, we cannot do that, because
we are assuming F is not a C 2 function. Therefore, | cannot transfer all the derivatives to this
by integration by parts. So, we have to do something else. In particular, we are looking for F

to be a weak solution.

Therefore, this will be a L 1 loc function. We want to show that this integral is 0. Therefore,
there is no way we can do integration by parts, but here somebody helps us we namely
change the variables. Let us set x — ct = psi and x + ct = eta, then this integral becomes this
integral; this is F of psi and this wave operator dou 2 zeta by dou t square — C square dou zeta

by dou x square becomes — 4 C square w psi eta of psi eta.



w is nothing but zeta expressed in psi eta coordinates. Then dx dt become d zeta deta by 2 C
and the integration domain is the upper half plane is given by eta bigger than psi. Now, we
can do integration by parts in this formula with respect to eta because F is L 1 loc depends
only psi. So, there is no eta dependence. So, once we do integration by parts here, the domain

integral will be 0 and only boundary contribution remains.

On the boundary of this domain is precisely eta = psi, which is nothing but the x axis. So,
therefore, we should know what this quantity is and this is equal to 0. Here, w of psi eta is
nothing but zeta of psi + eta by 2, eta — psi by 2 c. So, we will differentiate this with respect
to psi and evaluated eta = psi. As a support of zeta is contained in R cross 0 infinity, w psi of
psi psi is nothing but zeta x derivative of psi with respect to x at the point psi, 0 into
derivative of this with respect to psi which is 1 by 2 — 1 by 2 c zeta t at the point psi, O.

And that is equal to 0 because the support of zeta is contained in the upper half plane. And
here, evaluation is happening because of the t = 0, we are in x axis, therefore it is 0.
(Refer Slide Time: 25:16)
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Example 2 of a weak solution

o d'Alembert formula whenever meaningful, is a weak solution to the Cauchy
problem.

o However, the proof is not as simple as thatin Example 1, in which a
change of variable yields the desired result.

o We will handle this proof using approximation procedure.

Let us look at the example 2 of a weak solution. d’Alembert formula whenever meaningful is
a weak solution to the Cauchy problem. However, the proof is not as simple as the one we
saw an example 1 in which a change of variable yields the desired result. We will handle this
proof using approximation procedure.

(Refer Slide Time: 25:16)
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Example 3 of a weak solution

In Lecture 4.11, an IBVP for wave equation was solved. A formal series

X |

U1y 7% x (? /“. Pl sin (”,: \') d\') sin (”,_l) cos (i?.‘{.‘(‘{’-’-' :

n=1
was proposed as a candidate solution,

o It was shown fo be a classical solution under the assumption v € C*[0.1.

o However, the series converges uniformly when 2 € €7 0, /] thus defining a
continuous function.

In lecture 4.11, an IBVP for wave equation was solved. A formal series was proposed as a
solution. It was shown to be a classical solution if phi was C 4, which is unreasonable, we
saw the example of clustering is unreasonable. However, if phi is C 2, the series nevertheless
converges uniformly and it defines a function that function, let us call it u of x t, because the

series converges, this is meaningful.

So, that will be only be a continuous function, not more than that, so it cannot be a candidate
for classical solution. But it can be candidate for week solution.
(Refer Slide Time: 26:29)
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Example 3 of a weak solution (contd.) £

In the series
% el
. 2 (AT . AT nTC
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;

o Thus the series for » may be written as sum of two series one is a function of
A — ct while the other is & function of x -+ ¢t

ing the arguments in Example 1. it follows that » is a weak solution lo

) gquation
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So, the nth term may be written as forget about this, these are numbers, look at this term that
can be written as this using sin A cos B formula. We get this. Now, something interesting is



happening here. This is a function of x + ct; this is a function of x — ct. So, each of the terms

here is sum of 2 terms, which is a function of x + ct and other one is a function of x — ct.

So, we can split the series into 2 series, then what we have, one series will be a function of x
— ct, one series will be a function of x + ct. And whenever you see a function of x — ct alone,
it has a weak solution to the wave equation, homogeneous wave equation. Similarly, other
one x + ct, so and therefore, it is a weak solution. This represents a weak solution to wave
equation.

(Refer Slide Time: 27:27)

LY L O

- ey - - — b S|

Example 4 of a weak solution

e In Lecture 5.1, the following equivalence was established for a C* function w:
e 1115 d solution to the homogeneous wave equation.
o o satisfies the parallelogram identity on every characteristic paralielogram

o Parallelogram identity is meaningful for any function a.

o If a function « satisfies parallelo

parallelogram, then is it a wea

gram identity on every characteristic

olution to the Wave equation?

e The answer to the above question is Yes!

AT Dbl Equatons
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Let us look at another example. In lecture 5.1, the following equivalence was established for
a C 2 function. What was that? u is a solution to the homogeneous wave equation if and only
if u satisfies the parallelogram identity on every characteristic parallelogram. Parallelogram
identity is meaningful for any function, it just involves values of the function at the 4 vertices

of the characteristic parallelogram a relation between the values of the function.

So, if a function u satisfies the parallelogram identity on every characteristic parallelogram,
then easily weak solution to the wave equation. That is the question. What we are shown is
that if u is C 2, then it is a classical solution to the wave equation. Now, the question is, u is
any function which satisfies parallelogram identity nothing more than that. No extra

hypothesis on u will be being C 2.



Therefore, we asked this question: is it a weak solution? Of course, to define the concepts of
weak solution, you have to start with L 1 loc function. So let us assume u is L 1 loc function,
can | do this? The answer to the above question is yes.

(Refer Slide Time: 28:40)
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Example 4 of a weak sblution (contd.)

o Any function « salistying parallelegram identity on every characteristic
parallelogram may be written as

uix.t) = Flx—ct) + Glx = ct)

for some functions £, G.
@ This proves that « is a weak solution to homageneous wave equation in view

of the arguments in Example 1.
Question. How to getidefine the functions F. G as above?

Pause the video. Try to find F, and then (; using the requirement before you
.. resume the video.

So, any function u satisfying parallelogram identity on every characteristic parallelogram
may be written as u of x t = F of x — ct + G of x + ct for some functions F and G. This proves
that u is a weak solution to homogeneous wave equation. In view of the arguments we gave
an example 1 because the sum of 2 functions, one is a function of x — ct alone and other is a

function of x + ct alone.

But, how do | get this F and G? | am given a function u, which satisfies the parallelogram
identity on every characteristic parallelogram, how do I get F and G? How do | catch them?
At this point, I would suggest you to pause the video; try to find F and then G using the
requirement which is here is the requirement before you resume the video. It is fun.

(Refer Slide Time: 29:49)
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Example 4 of a weak solution (contd.) &

Question. How to get/define the funclions F. G salislying

uix, ) = Flx—ct) + Glx+ct)

o In the characteristic coordinates & = x — cf, = x + ¢, itis @asy to find F. G
such that

wiEn) = F(&)+Gln)

o Fix [,k . Any F.G as above (if exist] satisfy

wil k) = Fll) + Giy)

Let us see how to get these functions F and G. In the characteristic coordinates, it is always
easy. It is easy to find F G such that w psi eta = F psi + G eta. Now, exactly do the same
exercise as before, pause the video, try to find F and G from this requirement, first you get
the F and then you get G. Once you try for some time, then even if you are not successful,

does not matter, but you have tried.

So, now you can easily follow what is being done on the next slide. | have also tried like this,
I was not successful, I tried to define a function F of psi. | have defined. Then G of eta when |
am using this equation directly that is involving w psi eta — F psi that is not a function of eta
alone because psi is also there. Then | also pause for some time thought about it and then |

got answer. So, please try yourself.

Let us see now. Fix I, n, k in R because we have to use parallelogram identity. Without using
that any formula that you try to do will not work. I am sure about that. Once you try, you will
also be sure. So, fix I, n, k, any F and G as above should satisfy this. If they exist, w of | k
must be F I + G k.

(Refer Slide Time: 31:19)
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Example 4 of a weak solution (contd.) NG

@ Define

F(E) = w(& k),
Gn) = wil,n) —w(l.k)
o Letus compute F(¢) + Giiy) now.
F(&)+Gln) = wi&k)+w(l,n) - wilk)
= wi&n)

since (&, 1), (E.k), [1k), (1) are the vertices of a characteristic
parallelogram.

o Writing the proof for [, r)-coordinate system is left as an exercise.

So, define F of psi = w of psi k, G of eta equal to this. Now, you see there is no psi in this
expression that is a trick which works. So, let us compute F psi + G eta to show this is equal
to w of psi zeta. So, this computation will give us this and that is equal to w psi zeta because
these 4 points are the vertices of a characteristic parallelogram but in the characteristic
coordinate systems, it is a characteristic not parallelogram but rectangle.

So, these are the vertices and you know the parallelogram identify wholes. Therefore, this all
the combination of 3 terms is giving you a w psi zeta. So, we have shown what you want to
show. But in characteristic coordinate systems, writing the proof for x t coordinate system is
left as an exercise to you. If you recall in lecture 5.1, we are shown the equivalence of a
function being a solution to the homogeneous wave equation and if it is satisfying

parallelogram identity on every characteristic parallelogram.

In that proof, we have presented only x t coordinate systems. But if you think of a proof in psi
zeta coordinates, it is very easy as | have presented here in this context. So, what we have
done there, we have to imitate that here in x t coordinate systems. So, that is a hint for solving
this exercise. So, please go back and watch lecture 5.1 again carefully; try the proof of the
theorem in characteristic coordinate systems and see how we have written the proof in x t

coordinates.

Now, exactly you should be able to do that by translating these ideas into a x t coordinate
systems.
(Refer Slide Time: 33:15)
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Generalized solutions to Wave equation
in higher dimensions

(Refer Slide Time: 33:19)
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Recall .
In d space dimensions, any classical solution « to the Cauchy problem satisfies
the equation

f
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for every { € C5(R* x ).

o In particular, when the Cauchy data is smooth as required, the function u
defined by d'Alembert formula, Poisson-Kirchhoff formula are weak
solutions.

o We would like to show the same even if data is not that smooth as required
for classical solution but good enough to make the named formulae
meaningful and define a function u.

Now, let us look at some generalized solution in higher dimensions. So, in d space
dimensions, any classical solution satisfies this that is how we have defined the notion of
unique solution based on this. In particular, when the Cauchy data is smooth as required, the
function u define by d’Alembert formula or Poisson-Kirchhoff formula or weak solutions, if
you are thinking of d which is greater than or equal to 2, we need not mention about the

d’Alembert formula.

We would like to show the same even if data is not that smooth as required for classical
solution, but good enough to make these named formulae namely Poisson-Kirchhoff for d = 2
and 3 and d’Alembert formula for D = 1. They are meaningful and define a function.

(Refer Slide Time: 34:09)
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Weak solutions iﬁ-hi.gﬁer dimensions

Mt b

o The idea is to approximate the non-smooth data (f, . v with smooth data
o The named formulae then define classical solutions 1, comesponding to the
smooth data (f,, .7, 1, ) and hence are also weak solutions, Thus we have

/ / fixe ) C(x.Ndedt = / / wlx, 130,Clx, 1) d e
JiYJo RSN
""n ’ I N
/ ) ix) dy / e, 0h () dx
O Jpd
forevery { € Ci(I7 x &),
o Ifthe convergence of /.. 2, 1) 1o {f. 2, ¢} is good enough to allow

passage to limit in the above equation: then we would get that « is a weak
solution.

So, the idea is to approximate the non-smooth data F phi psi in the Cauchy problem with
smooth data f n, phi n and psi n. What are the meaning of smooth data? Smooth data means it
is that data which when you take the Cauchy problem, it has a classical solution and is given
by those named formulae. Let the solution be denoted by u n; u n is a classical solution
corresponding to this data.

Once it is a classical solution, it is also a weak solution. So, therefore, this is satisfied. Now, |
have written this with the n everywhere, it will be very nice if you can pass to limit f n goes
to f; u n goes to u; phi n goes to phi; psi n goes to psi, so that the corresponding integrals will
go to; the corresponding integral where there is no end that is a dream always. If the
convergence is good enough to allow passage to the limit in the above equation, then we
would get that u is a weak solution.

(Refer Slide Time: 35:16)
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Weak solutions in higher dimensions (contd.)
e Requirement on the data (f, ¢, v/} :
o [f,.17) should be such thal the named formulag defing a function.
o In14, (f,p, 02} inLj_ is enough,

¢ In2-d, 3-¢, the formulae feature derivative of ;2. So assume that 2is C*, f, o
canbel) .

o Requirement on the approximations (f,, ¢y, i)

o They should be as smooth as required to guarantee that the named formulag
give classical salutions.

¢ The following convergences are guaranteed

fi=fen=e = s uinl, 0

So, what is the requirement on the data? F, phi, psi should be such that the named formula
define a function in 1D and define a function which is also L 1 loc. In 1D, f phi psiin L 1 loc
is enough as we already observed. In 2D 3D, the formulas feature derivative of phi therefore,
we assume phi or phi is C 1. F psi can be L 1 loc. So, requirement on the approximations;
they should be as smooth as required to guarantee that the named formulae give classical

solutions.

The following convergence is must be guaranteed also which is that f n goes to f; phi n goes
to phi; psi n goes to psi and u n goes to u, because please note that u n, you have a formula in
terms of f n, phi n and psi n. So, u n has a formula and that u n should go to some function u
in L 1 loc, then we can pass to the limit in in this integral and get that u is a weak solution.
(Refer Slide Time: 36:12)
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Remark on Weak solutions in higher dimensions

We wont further elaborate on the existence of smooth approximations as
proposed.

@ Our intention was to present the ideas that would convince us to deal with
bad Cauchy data without worrying much.

o We deall with many examples involving discontinuous dala, and we
promised to justify it [ater,

e Constructing approximations as required needs more background in
Analysis, This is another reason for skipping the technical details,
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So, remark on weak solutions in higher dimensions: we will not further elaborate on the
existence of smooth approximations as proposed. Our intention was to present the ideas that
would convince us to deal with bad Cauchy data without worrying much. We dealt with
many examples involving discontinuous data and we promised to justify it later and we have

fulfilled to an extent that promise.

So, constructing approximation as required needs more background in analysis. And this is
another reason for skipping the technical details. But the idea we have presented that is good
enough.

(Refer Slide Time: 37:01)
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Remark on Weak solutions in higher dimensions
(contd.)

Requirement on the data (f, i, ') |

o In 2.d, 3-d, the Poisson-Kirchhoff formulae featured derivative of ;.. So we
assumed that ¢ is C'.

o What to do if ;7 is discontinuous?

@ Perhaps, we need fo go for a weaker notion of solution than the notion of
weak solution introduced in this lecture.

Q)
So, we had the requirement on the data f phi psi. In 2D 3D, the Poisson-Kirchhoff formula
feature derivative of phi. So, we assume phi is C1. So, what to do if it is discontinuous? In
fact, one of our examples in lecture 4.6 there, we have solved problems in higher dimensions.
There, we have used a discontinuous function for phi. So, what happens? Perhaps, we need to
go for a weaker notion of solution than the notion of weak solution introduced in this lecture.
(Refer Slide Time: 37:40)



Summary

@ During our discussion on Wave equation, we have derived in many a context
formulae for solutions.

o |f data is smooth enaugh, the formulae gave nsa to classical solutions
o Attimes, we naed to work with non-smooth data.
o Insuch cases. there are questions on what actually the formulag stand for

o Inall those contaxts, we hava given an assurance that we can make sense of
the formulae to yield solutions in a generalized sense

o This lecture is an attempt to introduce notion of generalized solution in the
conlext of Wave equation

Let us summarize what we did in this lecture. So, during our discussion on wave equation, we
have derived in many a contexts, formulae for solutions. If data is smooth enough, the
formulae gave rise to classical solutions. At times, we need to work with non-smooth data. In
such cases, there are questions on what actually the formulae stand for. In all those contexts,
we have given an assurance that we can make sense of the formulae to yield solutions in a

generalized sense.

This lecture is an attempt to introduce notion of generalized solution in the context of wave
equation. So, this is at the expository level.
(Refer Slide Time: 38:32)
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Summary (contd.)

@ In this lecture,

o (d — 1): d'Nlembert formula, parallelogram identity, series solution for IBVP
wiere analyzed for their candidaiure for weak solutions

o (d = 2.3): We had partial success in interpreting Poisson-Kirchhoff formula
as a weak solution in the sense that we needed to assume « = C'(R*). Thus
we could not handle - which are discontinuous functions.

o Insuch cases. one has to introduce notions of more weaker solutions than
weak solution

We are not presented really details. In this lecture, d = 1, d’Alembert formula parallelogram
identity series solution for IBVP. They were analysed for their candidature for weak



solutions. If you recall, wherever we use d’Alembert formula with discontinuous initial
conditions, parallelogram identity and the series solution, we promise that we do not have to
worry, there may be some new notion or a generalized notion of solution, which will admit

them as solutions, go ahead and compute.

So, this lecture was an attempt to justify those statements. D = 2, 3, we had partial success in
interpreting for some Poisson-Kirchhoff formula as a weak solution. In the sense that we
needed to assume phi C 1; we assumed that. That is why only partial success. We could not
handle phi which are discontinuous functions. In such cases, as | mentioned earlier, one has
to introduce notions of more weaker solutions than weak solution. Thank you.

(Refer Slide Time: 39:45)
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