Partial Differential Equations
Prof. Sivaji Ganesh
Department of Mathematics
Indian Institute of Technology — Bombay

Lecture — 2.3
First Order Partial Differential Equations
General Solutions to Linear and Semilinear Equations

In this lecture and the next lecture, we are going to discuss how to solve first order partial
differential equations, in sense that of how to obtain general solutions. So, in today’s lecture,
we will discuss about general solutions to linear and semilinear equations, because it is easier.
And we see how to extend these ideas to the case of Quasilinear equation in the next lecture.

(Refer Slide Time: 00:48)

Chapter 2: First order PDEs.
General solutions

° A useful idea in finding general solutions
o Linear equations with constant coefficients
0 Linear equations with variable coefficients

o Semilinear equations

So, the outline of today’s lecture is, first we discuss a useful idea in finding general solutions.
And then we move on to linear equations with constant coefficients, because that is a simplest
case. And from where we get an idea and try to solve linear equations with variable
coefficients. Semilinear equations follows very similarly to linear equations, because the part
where the first order partial derivatives appear in both linear and semilinear equation they
look alike.
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A useful idea in finding general solutions
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o General solutions to Linear and Semilinear equations can be found using very simple
ideas.

o We will see in the next lecture how to generalize/extend these ideas to Quasilinear
equations.

o The method resulting out of these ideas is the famous Lagrange’s method.

So, a useful idea in finding general solutions: So, General solutions to linear and semilinear
equations can be found using very simple ideas. We will see in the next lecture, how to
generalise or extend these ideas to the case of Quasilinear equations. The method resulting
out of these ideas is a famous Lagrange’s method for finding general solutions of Quasilinear
equations.

(Refer Slide Time: 01:49)



Key Idea for solving Linear and Semilinear equations

o PDE s linear in First order derivatives.

@ The terms involving first order derivatives look like a directional derivative.
o A change of independent variables will convert the PDE into an ODE.

o ODEs are easier to solve !

So, let us discuss the linear and semilinear equations now and what is the key idea behind this
method. So, first of all observe that the partial differential equation is linear in first order
derivatives. The terms involving first order derivatives look like a directional derivative. We
will see more on this in the next slides. Now, what happens is change of independent

variables will then convert our PDE into an ODE.

And we are experts in solving ODEs, thus ODEs are easier to solve. So, that is why this
strategy we will follow.

(Refer Slide Time: 02:26)

Recall

Linear equation of 1st order

alx.y)ue +b(x,y)uy = c(x,v)u +d(x,y),
where 0, C B2 a.b,c.d € C'(0y), and a® + b # 0 on (.

Semilinear equation of 1st order

afx.y) g+ bx,y)uy = c(x.y,u), (SL)

where a.b € C'(2y), ¢ € C'((), where ©, C RY (d = 2,3), @ is the projection of 03 10
xy-plane, and a* + b* # 0 on .

Recall linear equation of first order is f this form + =c(x,y)u+d(xYy).
a(m, y)u:r b($7 y)uy

This we denote by L and the coefficients a b c d are - functions of omega 2, omega 2 is a



subset OfR2 . Of course, there is another way to think of this as a special case of Quasilinear

equations in which case a ( x y z )will appear, but a ( x y z ) is independent of z. So, asking it

that a (x y z) is - of omega 3 is same as asking a (x y z) is - of omega 2, because a does

not depend on z.

And we do not want both these coefficients of the partial derivatives to vanish at the same

time, in a sense at the same point in omega 2. So, at every point in omega 2, at least one of

them should be non-zero. And then semilinear equation of first order looks like this )
a(x,y)uy

bz y) the left hand side is exactly same as that of L. Whereas, the right hand side,
T, Y)Uy

¢ (xy u) that is a semilinear equation.

And the assumptions natural are a b or c ,omega 2 and cis c! of omega 3. Of course, omega

d s are subsets of R ; d equal to 1, 3. Omega 2 is a projection of omega 3 to the x y plane.

And a squared plus b squared is not equal to 0 on the domain omega 2.

(Refer Slide Time: 04:06)

Observation

First order partial derivatives appear in the same way for both (L) and (SL) , namely
alx, ) e+ b(x,y) .

If either a or b is the zero function, then 1

o (L) and (SL) reduce to ODEs, as (L) and (SL) would involve derivative w.r.t. only one
of the independent variables x, y.

@ Thus solving (L) and (SL) is not any different from solving ODEs.

o Question: Don’t we like if it is true that either a or b is the zero function in every
Semilinear equation ?

o Answer: Yes. We can make it happen, after a change of variables.
Let us see an observation that first order partial derivatives appear in the same way for both L

and SL, we have already observed this. Namely, this is the part + ; this is
a(xz,y)uy bz, y)uy

the left hand side in both L and SL. If either a or b is a 0 function, what does it mean?



Imagine a 0, then this above expression may simply . and the equation would look
T,Y)Uy

like equal to c ( x,y) u plus d in the case of L. and v (x, y ) equal to c of (x,y )u
b(z,y)uy Ug

in the case of SL.

That means there is no derivative with respect to x will appear if a is 0. In other words, it is
ODE, it reduced ODE. Therefore, solving L. and SL in such a case is same as solving ODEzs;
is no different from solving ODEs. Now, we ask a question. Do not you like if it is true that
either a or b is 0 function in every semilinear equation? Answer is yes, of course we like it.
But we know that we cannot expect that, but we can make it happen. We can make it happen
after a change of variables.

(Refer Slide Time: 05:29)

Linear equations with constant coefficients

the simplest case

We will, we are going to do that now. First, let us understand the simplest case. It is a linear
equation with consta coefficients.

(Refer Slide Time: 05:38)



Simplest case

Linear 1st order PDE with constant coefficients

aity + buy, = 0
for some a,b € R, a* + b* # 0.
Example
=10
Its general solution is given by
u(x,y) = Fly),

where F is any differentiable function.
Question: How did we arrive at the above answer?

Answer: u, = ( looked like an ODE in the variable x.

So, let us look at this equation here N = 0, coefficients are constant. So, a and b are
al, Uy

real numbers. At least one of them is nonzero real numbers. If one of them is 0, it is a ODE.
So, we do not want to discuss. So, you can as well assume both a b are nonzero. Of course, it
is not needed for the purposes of our lecture. But you can imagine that both are nonzero
numbers that is when it is not clear what you wanted, what you can do immediately. If any

one of them is 0, it was ODE already solved.

So, we placed this assumption that one of these a b must be nonzero real number. Let us look

at an example, of course, in this example, I made it, b = 0 and a =e 1. This is just an example.

This will guide us in further proceedings. So, let us look at this example ... €qual to 0, its

general solution is given by u( x, y) equal to F( y), where F is any differentiable function,

because you need to differentiate this and check that derivative is 0.

So, derivative should exist that is reasonable to assume F is a differentiable function. Though,
it does not matter here, even if F is just a function, not even continuous does not matter.
Because when you write the partial derivatives expression with respect to x, all different
coefficients are 0. So, how did we arrive at the above answer? It looked like an ODE in the
variable x.

(Refer Slide Time: 07:12)



Observation

alty + buy =0

means

The directional derivative of i in the direction (4, b) is zero.

That is,
D=0

This looks similar to , = 0. u is constant on every line which is parallel to x-axis. In the

general case, we expect that
“u is constant on any line having the direction (a.h)"

We are going to prove this!
Next slide compares these two equations. we take (a.b) = (I, 1).

So =0 means the directional derivative of u in the direction a b is 0. In terms of the

, +

g by,

notations, it is like this = 0. This looks similar to =0, =0 is nothing but d is
D(a, b)u Ug Ug

1,0; the vector a b is 1,0. So, it is a direction derivative of u in the direction of 1,0 that is a

partial derivative with respect to x. So, of course, u =0 is more general than =0.

D(a,b) Uz

But important thing is that it is a directional derivative, we know the direction derivative is

like one variable derivative. It looks like one of the other variables is not there in the

equation; exactly like =0, y is absent. So, in this case, we have to find out what are the

Uy
variables? One of them is there in this equation, but, another one is not there. We need to
identify. In this case, it is very simple; x is there, because the partial derivative of u with

respect to X is there, y is not in the equation that is very obvious here.

Now, let us understandu = 0 more closely. w 0, it means that u is constant on every line,
T T

which is parallel to x axis. Parallel to x axis means y equal to constant of the equation. So,
solution we saw u (x, y) =F (y). So, if y is constant, u x y is constant. So, in general, we
expect by analogy in this case, u is constant on every line is parallel to x axis. Now, in this

case, I expect u is constant on any line having the direction a b.



In the case of u ,the direction is 1,0 right; parallel to x axis has the direction 1,0. So,

xT

therefore, I expect from this experience that solutions of D b)u =0 are constant on any
a?

line having the direction a b. We are going to prove this. So, in the next slide, we compare

these 2 equations side by side. First, let us look at =0 and a, b we need to make some

Uy
special numbers. So, a, b we take 1, 1.
(Refer Slide Time: 09:35)
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u(x,y) = Fly - x)

So, now =0, solution is F (y). So, whenever y = 1 that is a line parallel to x axis, it has a
x

direction 1,0 and u is F of 1; u is constant. Now, if you take any other line, parallel to x axis

that means any line having the direction 1,0 will look like y = k for some k. And u on that is

F of k. So, it is constant on each line parallel to x axis. Now, in this case, u " 0, this is
x y

having the direction 1,1; 1,1 is this direction, the line y = x has the direction 1,1.

So, u should be constant along each of these lines parallel to the line y equal to x. Any line
parallel to y = x looks like y — x = k for some k. And u = F (y — x) . You can check by

substituting in this equation that this u is indeed a solution to this equation. So, we have

obtained a general solution in the case of =0. So, we need to find what that is. We

+
AUy buy
got from a b = 1,1. If it is generally a b, what will these b? We will see that formula.
(Refer Slide Time: 10:53)
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Extending the ideas to Linear equations with variable
coefficients

General solutions
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Now, how do I extend these ideas to linear equations, but with variable coefficient? How will
we do that?
(Refer Slide Time: 11:01)

What to do for variable coefficients?

Notice that for each (x,y) € (2,

alx,y)u, + b(x,y) u,
is the directional derivative of u at the point (x, v) in the direction (a(x.y). b(x,y)).
Question: Can we generalize from constant coefficient case, and say that solution u is
constant along ‘each line" having the direction
(a(x,y),b(x,y))?

.., lines having slope'

blx.y),

alx.y)

So, what to do? That is the first question. So, notice that for every point in omega 2, this

+ is also a directional derivative of u at the point x y. But, the catch is
a(z,y)us bz, y)uy

that the direction depends on the point x y. It is not constant a comma b as in the constant
coefficient case. Here, the direction is (a(x,y ),b(x,y)) it varies from point to point. This is the

difference. Otherwise, it is also directional divert.

Now, can we generalise from constant coefficient case? And say that u is constant along each

line having this direction; we would like to say that. Of course, what it means that a line



having this direction is questionable, because this changes from point to point right. In the
constant coefficients case, it was just a comma b, it never depended on x y, but now, it

depends that is why I put in quotes.

Can we expect such a result? Having this direction means this is the slope y coordinate x
coordinate, b by a that is the slope of the line. What line? x y is varying; b by a will vary from
point to point.
(Refer Slide Time: 12:21)

What to do for variable coefficients?

Question: Can we generalize from constant coefficient case, and say that solution i is
constant along ‘each line' having the slope

bx.y),

alx,y)

Answer:

o As the direction depends on (x,y) & (2, we can't talk of ‘lines’ “an infinitesimal
version” of lines works!!

o It means that we need to consider ‘curves with slopes "+**." namely curves which

satisfy
dv  blry)

& alxy)

So, as the direction depends on the point answer to the above question is, as the direction
depends on the point x y in omega 2, we cannot talk of lines. But an infinitesimal version of
lines works. What is that? We are going to present that soon. It means that we need to
consider curves with slopes b by a, we cannot say lines all the time. Okay, considered curves

lines are also. After all curves having a constant slope that is why they are lines.

But here, we have to admit now more general things than lines. So, we admit curves with
slopes b by a that is okay. Of course, one condition is that we have a in the denominator, so
we must assume that a is not 0 in the domain. Now, let us assume that we will assume that.
And we will also show that does not make much difference. If you have not assumed that a is

not equal to 0 throughout. It is enough at a point that a is nonzero.

We know that every point x 0 y 0 in omega 2, one of them is nonzero a or b. So, we assume
that a is nonzero and we can do the things. If a is zero, we will work with b. So, that can be

done. So, this means what? Curves with slopes means you are look at solutions are this ODE.



This is the slope of the curve at a point x y and that I am saying should be b by a. So, if b and

a are constants, the solutions are straight lines. So, now these are curves. So,

(Refer Slide Time: 13:58)
What to do for variable coeffts.?

dy  b(x,y)
dv alxy)

Note that « is constant along the curve (x,¢(x)) (as x varies) as

EX, GLY (X, GLY) ) Ty lL \ X =0

Question: Good, but tell me how to get formula’ for solutions?
Answer:

o Dont worry, using the family of solutions to (1), we convert our PDE into an ODE.
o ODEs may be solved to get solutions.
o We will do this shortly.

So, we have got hold of analogous things, 2 straight lines which are curves with slopes b by
a. So, we assume that a is not equal to 0 on omega 2, we will come back to this discussion
after we finish doing this analysis where we say that does not matter if you do not have to
assume that it is nonzero throughout omega 2, because of certain things which will come into

the analysis soon.

There is nothing that you gain by assuming the a is not 0 throughout omega 2. We will come

back to that. So, let zeta be a solution to this. Define as some interval J in x, whenever this

solution, one observation is that u is constant along this curve x , , X , ¢ (x) as x varies

describes a curve andu ( x ), ¢ (x) is constant whenever ¢ is a solution to this ODE.

We can verify that so, p u (%, . (x)), we want to compute this. Now, x dependency is there in

d ¢
dx
both the coordinates here as well as here both the components. So, first we will differentiate u

with respect to x and derivative of x with respect to x is 1, then differentiate u with respect to



y and differentiate ¢ (x) with respect to x that is what the chain rule says. So, that will give us

a zeta dash of x, d zeta by d x through this dependence, we get this.

So, as I told you chain rule will keep coming definitely throughout this lecture and the next
one. But chain rule if you remove them, I think you can do PDE, we can we may also say that
is one of the most fundamental results in differential calculus. It does not look like a big
result to us, but it plays a role everywhere. So, question, good, but tell me how to get a

formula for solutions.

You have observed that if you have a solution that will be constant along curves, which are
solutions of this ODE fine. But from there, how do we get formula for the solution? That is a
question. The answer is that do not worry using this family of solutions to 1 because it is a
ODE. So, solutions will be a one parameter family. So, using that family, we convert our

PDE into ODE, we convert our PDE into ODE.

And ODE may be solved to get solutions. So, now you are as good as your ability to solve
ODE’s. We will do this shortly. Of course, this assumes that you are able to solve this
equation one get the family and then converting the PDE into ODE very simple and your
ability to solve ODE. It hinges on that. But definitely there is an algorithm. So, we follow a
common strategy to solve L. and SL because as we observed the LHS in both the equations
and L and SL is the same, both are the same.

(Refer Slide Time: 17:12)
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So, now we have to do what is called change of coordinates; sometimes called change of
variables.

(Refer Slide Time: 17:19)

Change of variables
Suppose that we have a change of coordinates from (x,y) to (¢, 1), and vice versa, given
by
E=oxy), n=vYxy); (2a)
x=0n), y="Y(En). (20)

A function u(x, y) gets transformed 1o a function w(&, )and vice versa by

w(én) = u(‘ll(f.uw(ﬁqn. (3a)
uxy) = wlplxy),vixy). (3b)

So, suppose that we have a change of coordinates from x y to xi eta and vice versa. Change of
variables are always like you are going from x y description to xieta description and you
should be able to come back only then it is useful. Otherwise, things are lost. So, change of

variable always both sides and vice versa given by this. So, = ¢ (xy). n=v¢ (x,y)and
x= ®&n)sy =¥ (&n).

It is very important to write this kind of setup whenever you do change the variables, so that
you will not have confusion. This is another part. Chain rule will be used. Chain rule as such
is easy, very easy, you can apply. But here, when you do change of coordinates that is where
your real test of understand will come. And to be careful, better you always use these kind of

notations.

Normally people write &= ¢ (xy)_, n=1% (x,y) avoid that that is the first message. So,
this is the change of coordinates. Obviously, it means that a certain domain has this change of
coordinates in R? . A function now, under this change of coordinates, u (x,y) gets
transformed to a new function; call it new function new notation w (& ,n7); donotcallu (¢,

7 )that will cause confusion; w (£ ,n) and vice versa of course.

By this formula, u (x,y) butx= ®(&,n);y =WV (&, n). So, you substitute you get a function
of (& ,n); similarly, here. u (x,y) = equal to w(¢(z,y), ¥(x,y)).



(Refer Slide Time: 19:10)

Change of variables

o [t T
ofg)e (28, 36)

) = o9, Ys)

b= ot

Now, we illustrate this in a picture. So, here we have the rectangular coordinates x y and we
have gone from here to ( £ ,n ) coordinate system through these functions ¢ . v equal to
constant are these blue curves; 7 equal to constant are this black curves. From here, we can
come back where this transformation and if you have a function defined from here x y thing

to R, you can define a function from (& ,n ) description to R.

Basically, it is the address that you are changing with respect to the new coordinates. Earlier
to describe a point in the plane you are giving x address and y address, x coordinate and y
coordinate. Now for example, you are using a different coordinate system, if you want to
describe this, this might be a 7 equal to some number C', this may be £equal to some

number C?, so C!, C?will uniquely fix u.

For example, look at our globe, you can easily give coordinates of any location using the
longitude and latitude numbers. Exactly like that. So, it is a different change, here it is a
change of coordinates. So, you need to give address fully, full address.

(Refer Slide Time: 20:28)



How PDE changes under a change of variables?

Let us transform a(x, y) u + b(x.y) uy into (¢,7) coordinates.
Differentiating u(x,y) = w(p(x, ), ¥(x,y)) w.r.t. x and y yields
(x,y) = we(@(x,3), 00 y)) galx,y) + wy (90x ), (x,y)) Ualx, ),
iy(x,y) = we (06, y), 00xy)) ey(x¥) + wy (9lx ), (6 y)) vy, ).
On substituting for u,, uy in a(x, y) i, + b(x, ¥) uy , We get

a(x,y) g, y) + blx,y) uy(x,y) = (@ + by )we + (@, + bty )wy,

where the functions a,b, v, ¢y, v, v, are evaluated at (9(¢, ), ¥(€, ), while w, w, are
evaluated at (¢, ).

So, how PDE changes under change of variables? V ery important, we need to do that. So,
a(r,y)uy + b (z,y)u, is our LHS in both L and SL equations. Now, we will change it to
(& ,n) coordinates, very easy. We have to look at the relations that we have between u and w
and differentiate and find out what is wu,; what is w,, , substitute for u, and w, . Similarly,

for x and y here, you substitute, then you will get the new expression.

So, wuy(z,y) is derivative of w look x appears both in this location and this location. So
differentiate w with respect the first variable which is 1jat this point, ¢(z,y) ¥(z,y),
o(xz,y) 1(z,y)and then differentiate ¢ with respect to x at the point x y. Then differentiate
w with respect to the second coordinate that is w 7 at this point ¢(z,y) ¥ (z,y). This is

chain rule and then differentiate 1/ with respect to x at the point x y.

Similarly, you do for w,. Now, substitute u, wu, in this expression a(z,y)u, + b (z,y)u, .
So, you get this expression. What have you gained? Nothing, because earlier it was a(z, y)u,
+ b (z,y)u, now, you got something into w 1) or something else in w 7 . Now, the
coefficients are all functions of (£ ,7), you have to convert them into a (£ ,7) . Because ¢
x is a function of x y, a is also a function of x y, but you know, the expression of x y in terms

of (&,n) .substitute that you get this.

So, these are the functions evaluated these points; x equal to this and y equal to this. So, we
have got one expression in x y coordinates equal to another expression. You may call this cap

A (£,m) w 9+ capital B of capital B chi eta into w eta. So, we have not gained anything,



but these were we can play because (& ,n), it is something that I want to make a choice. So,

that it will be useful for me; convenient to me.

In fact, we wanted to convert into ODE. So, we would like to remove one of these
derivatives. How do we remove one of the derivatives? Just ask that ( £ ,n ) should be such
that this guy 0 or maybe this guy 0. Then it becomes a ODE in one of the variables that is the
idea.

(Refer Slide Time: 23:06)

PDE transforms to ... ...

Choose 1 so that

(@py + by we + (at + biy)w,

features only derivative w.rt. .

This forces v to satisfy
a(x, y)Uy(x, y) + bx, y)iy(x,y) = 0.

o Oh! This equation is a first order PDE again!!

So, choose size so, that this features only derivative with respect to v . I decide to let only
derivative with respect 1 to be there. So that means I do not want this term. Therefore, I
demand these guys 0; choose size that is 0. This forces ¢ to satisfy this. Of course, if you said,
there is, I do not want derivative for 7; you would have set this equal to 0, but if you see,
equation is the same write a (x,y )¢, (X, y) +b (x,y) %, (X,y ). So, the equation is the same

equation.

So, let us find a ywith this property. Now, this is also first order PDE right. We are trying to
solve one first order PDE. We ended up with another first order PDE. So, what have we
gained? Thankfully, this equation is a homogeneous equation. So, that helps us; right hand
side is O linear homogeneous. How does that help?

(Refer Slide Time: 24:05)



PDE transforms to ... ...

Observed earlier, that every solution 1 of the equation

a(x, y)u,(x, y) + b(x, y)i(x,y) =0
s constant along curves (x, ((x)) where ( solves
dy  blx.y)
dv  alx,y)
o From theory of ODES, we know that solutions of the above ODE form a one
parameter family.

o Assume that solutions are given implicitly by 5(x.y) = k, where  is a parameter.

We choose v as q
Y(xy) = glx.y). (5)

Earlier, we observed that every solution of this particular equation is constant along solutions

of some ODEs which is this, we observed this. So, from theory of ODEs, we know that
solutions of the above ODE, this ODE for a one parameter family. So, assume that solutions
are given implicitly by 7(x,y) = k where k is a parameter. Why one parameter family?
Because this is the first order ODE one initial condition you give and you get a solution that

is a parameter.

Same thing, we can express a differently but that is why I am assuming that they are given in
this form. Once you have this form, you set ¢¥» =7. So, ¥ (x,y)= n(z,y). So, you know
1 of. Now, you still need to find fine. So, you have set ¢ like this, it means your PDE that
the transformed equation is good, because you do not have this time, but ¢ is still there. So,
we need to find ¢ only then we will have a change of coordinates, we will do that.

(Refer Slide Time: 25:27)



PDE transforms to ... ...

o Having made the choice for 1/, we now choose ¢ to be a ' function such that the
Jacobian is never zero i.e.,

6y o lxy) |
ed b | 7
Uelx,y) Wlxy) |
@ The Jacobian condition above would guarantee that the function

(x.y) = (p(x,y),2(x,y)) has a local inverse by Inverse function theorem.

@ The inverse function may be expressed as

= ‘I’(f»”)u V= \IJ(E, U)

Here ‘local inverse' means that for each paint (x,y) there is an open set on which the

Now, having chosen choose ¢ to be a C' function such that this Jacobian is never 0, the
Jacobian is never 0. The Jacobian condition above will guarantee that this function x y going
¢ (x y )and ¢ (x ,y) has a local inverse and ¢ tbeing C' functions, the inverse will also be
C'function that means we have a diffeomorphism. So, we have to apply what is called inverse

function theorem.

Therefore, there is a second most important theorem in differential calculus of multi variables
inverse function theorem which is equivalent to another theorem, which is called an implicit
function theorem. You can prove one from each other. So, that is why both are equivalent and

you must be thorough with application of these theorems, how to apply these theorems?

So, the inverse function may be expressed; now, thatx =® ({,p)andy =WV (£,n), you can
do that. But if you look at the inverse function theorem, the assumption will be at some point
x 0, y 0, Jacobian is nonzero, then neighbourhood of x 0, y 0, you have this as a

diffeomorphism. So, inverse function theorem conclusion are what are called local.

Even, if you have the Jacobian everywhere nonzero, you cannot say that throughout the
domain x y on which these nonzero; this defines a inverse function diffeomorphism, you
cannot that is why a local inverse is always a conclusion from the standard inverse function
theorem. What is local inverse? It means each point there is an open set on which the above
conclusions hold. And the open set need not be omega 2.
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PDE transforms to ... ...

Thus, the LHS of the equations (L} and {SL} transform to { -':l'

a(x,y)ugx.y) + bix. y) us{x,y) = {agy + bigywe,

where the functions a. b. .. ¢, are evaluated at ({2, ), V(€. 7] ), while we, w, are
evaluated at (£, i),

Satting
AlE ) = (aigy + by} (BIE, ), V(£ 1)),

we gat

alx, ) u(x, ) + blx, y)uslx, ¥) = Al pwel £, 7).

Farbd Dol Bguanss

Thus, the LHS of both L and SL which is here a (x,y ) u, (X, y) +b (X,y) u, (X,y )becomes

this. We are just writing where these coefficients are evaluated that they are evaluated this w

¢or w n . Right hand side is functional, ( £ ,n ). So, we can give a name to that let us call it A

(& ,n) as this quantity. Therefore, this LHS of L and SL becomes simply A ( £ ,n) w(w( & ,n

)). So, no 7 derivative here. So, it is going to become ODE.

(Refer Slide Time: 28:02)
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PDE transforms 10 ... ...

@ The linear equation (L} is transformed fo

Al€.)we = ClE,n)w + D(E,n), " (6)
where C1E 51 = ¢ (${E. ). WEg))and DIE. o) = d (S0, ), Wit q))
@ The above equation may e re-wrilen as
(€ Dign)

W W oy
AL )

© Al

since A(£, 1) # U thanks to the Jacobian condition.

The equation (7) is a linear ODE and can be solved easily,

Sy S |17 Bombag Srhd DoFores Ll Bquanes

The linear equation now becomes this. These LHS; right hand side C of x y is expressed as
(& ,n) by this change variables, u is w and D also we express using the change of variable, D
of x y, Capital D( & ,n) that is the equation. Now, you may write it like this. It is a ODE. It is
a linear ODE. Therefore, it can be solved.
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Semilinear equations

General solutions

(Refer Slide Time: 28:33)

PDE transforms to ... ...

o The semilinear equation (SL) is transformed to

A e = ClE ), ®
where C(&,,w) = ¢ (D(€, 1), V(E,n), w).

o The above equation may be re-written as

since A(¢, 1) # 0 thanks to the Jacobian condition.

Now, let us see what happens to semilinear equations. The PDE will transform to this
because the right hand side, there is nothing to do much. It is just c of small c of x y u earlier;
now it becomes capital C (& ,p,w) .
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PDE transforms to ... ...

@ The equatian .
ClE,n,w)
We = — -
A€ 1)

iz a nonlinear ODE.

# The pasa of finding & solution depends heavily an the nonlinaarity.

@ But we know thal it has a solution as its RHS is a locally Lipsahitz function.
@ Onge the function w is defermined, the function « is obtained.

wrdi {7 Boinlsyi bl O Feradl il Bjuilns

Now, you write like this and the equation is nonlinear ODE. The ease of finding a solution
depends heavily on the nonlinearity the capital C and capital A. But we know that it has
solution as the right hand side is a local ellipsis function, solutions are there. Once the

function w is determined, function u is known now, we know, the correspondence between u

(Refer Slide Time: 28:50)

P o
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il
Recall that we assumed |
0 alx.y) #0on )y, and ;_L o
@ aller E”I('IGSi”I(_l o, analher & funclion » was chosan such thal the Jacobian 18 never
Z810 18,
@dxy) alny) |
4 X =+
wdx ) Uylxy)
However,

o We met Invarse function thaoram on tha way.

Sy s (11T Boribay) Aarial DiFeresial Exuatiss

Now, a small remark on our assumption that we assumed this right a is not equal to 0 on
omega 2. And one more thing we assumed on the way, after choosing 1 we said, choose
another ¢ C 1 function says that the Jacobian is never 0 on omega 2. However, we might
inverse function on the way that theorem even if you go with the global conditions like this,

this is one, it will give you only local conclusions, there is a problem of the inverse function
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Remark

@ Thus we did not gain much despite 'global” assumptions, and we could have
assumed The assumptions to hald at a paint (x, v).

& Despile this we would have got the lecal conclusians,

@ A3 a consequence, the change of coondinates would have Been defined in a
nelghbouthood of (v, v).

@ 'Global' conclusions are passible from ‘global inverse function thearem’ See
Multivariable Real Analysis book volume. |: Differentiation authored by
Duistermaat and Kolk.

8, By G 1T Borrbay) kel DiForoetal Euatinss

So, we did not gain much despite our global assumptions. That tells that hey, there is no need
to assume globally. Assume that a is nonzero at some point x 0, y 0; the conclusion that you
will get it will be around x 0, y 0. In any case, even if you assumed a is not equal to 0 on
omega 2, when you went the inverse function theorem, it only gave you a conclusion around

the point x 0, y 0.

So, as a consequence of change of coordinates, you will find in a neighbourhood of that
point, whichever point you are fixed; here I have fixed x y. So, but there are also a global
inverse function theorems, this is just for you to be aware of. Global conclusions are possible
from global inverse function theorem. For this, I refer you to this book of multivariable real

analysis, volume 1, it is called differentiation. It is authored by Duistermaat and Kolk.

They also have a second volume which is about integration. These are very slightly fat books,

but they write very nicely.

(Refer Slide Time: 30:58)



£ aaan [-=[= i B L0 o
B s e e b e e

Special case of Constant coefficients

d
@ Solutions lo d‘

@ Choose v a3

: = ﬁ are given by bx — ay = &, where kis a pa

wlr, v = hr—av

@ The only canstraint on the choice of - iz

Al ¥l |
""h - a i
@ A simple chaice for ¢ 18 wir. vl = ar + by
Mote that
@ the change of coordinates, namaly the function
V) e o by - ay),

is an invartible linear ransformation on ®* | hence global.

Bl [h ot Edpuidts

8. Bhag Garasd (1T Bk

- .. ) d b
So, let us now specialise to constant coefficients. So, solutions tod—y dy = —, because we have
T a

: b :
not yet solved a u, + b u, =0 so far. Now, we are going to solve. So, equal to — are given by
a

bx- ay =k, where k is a parameter. Choose ¢ as b x -a y, solutions. a dy =b dx. So, b after

integrating you get b x - a y equal to constant that is how we get 1) .

Now, you have to choose ¢. The only condition on ¢, it should be a C' function and the
Jacobian non zero. So, this is the Jacobian. ¢, I know the derivatives, I put in here, this is c
x and 1)y. We want this to be nonzero. In this case, there is a easy choice for phi. It is a x plus
b y. What is the relation between like a x + b y equal to constant and b x - a y equal to

constant? They are perpendicular, they are like x axis and y axis right.

Note that this change of coordinates x y goingtoax + by, b x - ay, you may call this as £ =
Y (Xy) , 1= ¢ (xy),. These are global. It is an invertible linear transformation, not to say
invertible, global.
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Special case of Constant coefficients

o The equation au, + bu, = 0 transforms to (a* + b )we = 0.
o Since a® + b* # 0, we get wg = 0.

o This implies that w(¢, ) = F(1), where F is an arbitrary differentiable function of a
single real variable.

Thus general solution is given by
u(x.y) = w(p(x.y). v(x.y) = F(v(x.y)) = F(bx = ay).

Observe that the solution does not depend on the choice of ¢ at all.

This is a linear. Linear if things are invertible, we will get global. But in the general situation,
these are nonlinear equations. A special case of constant corrections: Let us continue the
equation a u,; + b u, , now becomes( a® +b? ) we= 0. Now, I need not even bother to change

this into some new coordinates because this is nonzero .You can cancel and conclude wg = 0

And solution it means it is a function of 7 alone, right = 0. It is a ODE, say. Froma u, +b
u, = 0, we have gota ODE w¢= 0, of course, after a change of variable. So, this implies that
w is simply a function of 7. Now, what is ? We can substitute back, get the u;

u(x,y) =w (¢ (Y)W x y), but w, I know, is only arbitrary functional second

coordinate that is F( 1(x, y) )and what is your ¢ (x,y),bx-ay.

So, just to connect it back to our original equation u,= 0 that example, u, = 0 equation means
ais 1; b is 0. So, therefore, it is an arbitrary function of minus (. Arbitrary function of minus
 is same as arbitrary function of y. So, we got back. So, observe that solutions do not depend
on the choice of ¢at all. Now, you see b x - ay equal to constant, the function is constant on
that line. So, these again means that u is constant on any line which is having the direction of
ab.
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°  Example 1 (linear equation)

Using change of coordinales, reduce the equation

Xy + vy = 2u

1o an ODE, and find its ganeral solution.

Let - iy, p o oyl beachange of coordinates, and denote
inlx, ¥) = wil, vl el )], The denvalives uy, i, are

X, ¥) Wy (iole, ¥), e, vy bz, ) 4wy (o, ¥), e, ) widx, ¥),

win) = e oln ). 0l ) el 4wy foln, ). el ) vy (x.y).

Substituting these into s, + yur,, we get

(X2 + ¥y we + ':'Qc + ¥y .:Wr,l

Aorhal hFonesh ol Bqualnss

Now, let us look at an example x u, +y wu,= 2 u, here I said using change of coordinates

reduce this equation and find the general solution. So, this is the recall of the change of

variables. We have to do this and then go on substitute for w, , u, expressions inside this

get; the expression ( X ¢, + yp, Jwe plus +(x ¢, +y v, ) w,. Now, set this equal to 0. Find

solutions of this.

(Refer Slide Time: 34:57)
Example 1 (contd)

o Choose 1 0 that xu, + yu, = 0.

o This leads us to solve % = ¥, whose solutions are given implif
parameter.
o Therefore choose v(x,y) = 1.
o Choose ¢(x,y) =y, the Jacobian condition is satisfied.
Thus the change of coordinates is given by

) X

_\?‘{q 5

[+
S

From here it follows that

x=£n y=E

d x
So, that mean,ﬁ is Yand solutions are given by — equal to constant that is the family.
z )

Therefore ¥( x, y) is” . Now, we have to find ¢. Choose ¢ =y and Jacobian conditionally
)
is satisfied. So, we have got £ and 7 , this is a function of p (x,y), 7 is a function of xy. v (

X,y )= g And then you get the relation between x and y and £ andn a,



then the LHS becomes y w, because we made sure that wcoefficient is 0. So, y wg, but

whatisy?yis £. So,itis{ wgis LHS.
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Example 1 (contd.)

Thus the given eguation
(e + pooy g + (T8 +.1={-....}w., =2w

fransiorms 1o

Ewe =2w
Thal is, ﬁ

'-l-"-' ='"I".'.

‘iﬁ
Its solution is given by
wig, nl = Fin)e,

where F is an arbitrary funclion (defined on an apen interval in ).

8. Bniy s iNT Bowli Hrhal CiFones1 ol Equalnss Londirg 23 Hix

w
What is RHS? It is 2 u, so it is 2 w. So, § we¢ =2 w. So,ws =—, it suggests that we should

§

avoid & = 0. So, solution will be this, w (£ ,n) =equal to F ()¢ after solving this. So,
these are the way to solve using change of variables.
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Example 1 (contd.)

@ Thus !
e 5 T
nx vl =vF ( )
i5 the general solution, where F is an arbitrary function.

@ The function w15 defined on the open s&t

{iey) e B} p£0, ! ¢ domainofF].

And then going back to x and y, we get u (x, y ) =¢*y F (f) . Now, it is clear that it is
Y

defined for all x on every y such that x by y belongs to domain of F. So, usually any arbitrary



function that you like have one variable and x by y should make sense that means y should be
nonzero and then it should be in the domain of F. So, you get so many solutions.
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Example 2 (semilinear equation)

Using change of coordinates, reduce the equation

Xy + Yy ="

to an ODE, and find its general solution.

Since the LHS of this equation is the same as that of Example 1 (linear equation), we
directly write the transformed equation:

s
We = =W, £
Y E g
in the new coordinate system (¢, ) where £ =y, n = .
Now, this is another example where the right hand side isu? , nonlinear equation right, but as

a PDE is a semilinear equation, LHS is the same. So, we can skip the computations. Finally,

1
you end up with w¢ w equal to — w?square. Actually, what you get is & we = w

3
So, I take it this side.
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Example 2 (cond)

il

@ Ganeral solution of the transformed equation

L

W W
-
g

is given
wig, nh=—(Flyl+mlE])",

where F ig an arbirary function.

@ Thus ganaral solution is givan by

nlry)=- (F (T) +1n _1'|)_ ;

wherg F is an arbitrary function,
@ Domain of u may be written down as before,

F/bl hFreshdl Exdquilin’s

-1
If you solve, you get this answer w (£ ,n) = m +log ||, F is an arbitrary function. Going
Ui

back to x y coordinates, we get this expression. So, this clearly tells y = 0 has to be avoided



because a logarithm is there. And once y is nonzero, it is is fine. So, (37:23) belong to the

domain of F. So, choose any F of one variable function of one variable with some domain.
X
And then this solution is valid for all those x y such that y is non zero; — belongs to domain of

F.

And log |y| + F (—) is nonzero. So, domain of u may be written down that is not important,
)

one way of said.
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Summary

Summary

Q Linear and Semilinear equations were transformed to ODES by a change of variables.
© General solutions of (L) and (SL) were then obtained.

Q Two examples were presented to concretely illustrate the general algorithm for finding
general solutions to (L) and (SL) .

So, summarise what we did is that linear and semilinear equations were transformed to ODEs
by a change of variables and general solutions were obtained. Two examples were presented
to concretely illustrate the general algorithm that we have presented for finding general
solutions to L and SL. So, in the next lecture, we are going to see how these ideas can be

generalised are extended to the case of Quasilinear equations.

Quasilinear equations will pose a new troubles. We will see how to overcome them. Thank

you.



