Partial Differential Equations
Prof. Sivaji Ganesh
Department of Mathematics
Indian Institute of Technology, Bombay

Lecture —5.2
Quialitative Analysis of Wave equation - Domain of Dependence, Domain of Influence

Continuing with our qualitative study of the wave equation, today we are going to introduce 2
properties which we may say are exclusive to hyperbolic equations and hence in the second
order equation that we are going to study namely wave equation heat equation Laplace
equation. So, these properties are exclusive to wave equation and they are known as domain
of dependence and domain of influence we will discuss more on that in this lecture.
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Chapter 5: Qualitative analysis of Wave equation
Domain of dependence (DoD), Domain of influence (Dol)

© Definitions

© DoD and Dol for one dimensional wave equation

e DoD and Dol for two and three dimegsional wave equations

Partial Differential Equations 2/31

So, the outline for todays lecture is first we start with defining what is doain of dependence
and domain of influence and then in short | write DoD and Dol. So, we find out what they are
for one dimensional wave equation and then what they are for 2 and 3 dimensional wave
equations.

(Refer Slide Time: 01:08)
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Cauchy problem for Homogeneous Wave equation

Given functions ¢, v : RY — R, Cauchy problem is to find a solution to
gt = uy — ¢ (y,, + Upyy + o+ Ugy,) =0, XE€ R% >0,
u(x,0) = ¢(x), xeRe
u(x,0) = v(x), xeRe
where x denotes the point (x,.x,,--- .x;) € RY, and ¢ > 0.

So, Cauchy problem foomogeneous wave equatlon is given by thls the wave operator or
D’Alembert’s u = 0 that means, we are considering homogeneous wave equation and this is a
Cauchy data u x 0 = phi x u t x = phi x. So, we have already solved this Cauchy problem in
earlier lectures.

(Refer Slide Time: 01:31)
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Two Questions on interrelationship between Cauchy data and Solution

Question 1.

o Let u be a solution to the Cauchy problem for homogeneous wave equation.
o Let (xg.1) € R? x (0,0)

o Of course, u(Xg. f;) being a solution to the Cauchy problem, would depend
on the Cauchy data ¢, .

o Does the solution u(xy, fy) depend on the values of ¢(x),v/(x) at every
xRN

Set of all x € RY on which the solution 1(x, ) depends through Cauchy data is
called

Domain of dependence for the solution at the point (x, 1)).

Partial Differential Equatios

So, there are 2 questlons on mterrelatlonshlp between the Cauchy data and solution. So, we

are going to post those questions now, question 1 let u be a solution to the Cauchy problem
for homogeneous wave equation let x naught t naught be a point in R d cross 0 infinity
sometimes we say X naught t naught is a space time point in the space time. Of course, u of x
naught t naught being the value of the solution at the point x naught t naught to the Cauchy
problem it would depend on the Cauchy data that is not a surprise.



So, now, the question is does the solution depend on the values of phi x and psi x at every x
in R d. That is a question if the answer was yes or maybe then we will not be devoting a
lecture to this topic. Therefore, answer is not going to be all x in R d there will be a specific
domain in R d we will soon see that so, set of all x in R d on which the solution u of x naught
t naught depends through Cauchy data is called domain of dependence for the solution at the
point X naught t naught.

(Refer Slide Time: 02:53)
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Two Questions on interrelationship between Cauchy data and Solution

Question 2.

o Let u be a solution to the Cauchy problem for homogeneous wave equation.

o Letx) € Rd.
o The Cauchy data at x,, namely o(x,). 1'(xo), is expected to influence the
solution u.
o Does the Cauchy data at x; influence the solution u(x, t) at every
(x,1) € RYx (0,00)?
Setofall (x, 1) € RY x (0, 00) such that the solution u(x, £) is influenced by the
Cauchy data at the point Xy € R is called

Domain (Region) of influence of the point x;.

Lecture 5.2 6/31

Let us move on to t second question let u be a solution to the Cauchy problem for
homogeneous wave equation let x naught be a point R d the Cauchy data at x naught recall
the Cauchy data of phi and psi are defined for x in R d. So, the Cauchy data at x naught
namely phi x naught and psi x naught is expected to influence the solution. Now, does the

Cauchy data at x naught influence the solution u of x t at every x tin R d cross 0 infinity?

Answer is set of all x tin R D cross 0 infinity such that the solution u of x t is influenced by
the Cauchy data at the point x naught in R d is called a domain of influence or region of
influence of the point x 0. So, here once again answer is going to be not every x t R d cross 0
infinity; the Cauchy data x naught is going to influence.

(Refer Slide Time: 04:00)
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Remark on the two questions and their answe

e The two questions could have been asked for nonhomogeneous wave
equation.

o The answers would still depend ONLY on solution to the Cauchy problem
for homogeneous wave equation.

o Reason: The Cauchy data and the source term do not interact.

Remark on the 2 questions and their answers. The 2 questions could have been asked for non-

Lecture 5.2 713

homogeneous wave equation also answer would still depend only on the solution on the
Cauchy problem for homogeneous wave equation, why is that the Cauchy data the source
term do not interact recall the formula that we have derived for the solution of Cauchy
problem to a non-homogeneous wave equation.

(Refer Slide Time: 04:27)
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Past and Future; Cause and effect

o Question 1 (rephrased).
Suppose | am standing at a point x, at time 1, (i.e., at the point (X, 1) in the
space-time ).
What is Causing (or responsible for) the current state u(x, 1))
from the Past situation/data at time 1 = 0?

o Question 2 (rephrased).
Suppose | am standing at a point x, at the initial time 1 = 0.
What are the points (x.) in the space-time,
at which the data/situation at x, (at the current time, initial time)
Influences (or) effects the Future state u(x.7) ?

ssh (IIT Bombay Partial Differe Lectre52 8

So, past and futu?e “ and effect. Thse 2 points of view hat we can present
domain of dependence and influence question 1 let us rephrase it. Suppose | am standing at a
point at x 0 at time t 0 that is at the point x naught t naught in the space time what is causing
or responsible for the current state u of x naught t naught from the past situation or data or
time t = 0 questions 2 rephrased. Suppose | am standing at a point x 0 in R d at the initial time
t=0



What are the points X t in the space time at which the data R situation at x 0 a time t = 0 that
is at the current time or initial time influences or effects the future state u of x t. So, cause and
effect, past and future, dependence and influence.

(Refer Slide Time: 05:46)
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Rest of this lecture is devoted to

o Determine the domain of dependence and Domain (Region) of influence
for Cauchy problems for Wave equation in d space dimensions, for d = 1,2, 3.

o The explicit formulae for solutions to Cauchy problems, namely,
d’Alembert formula (d = 1, see Lecture 4.1), Poisson-Kirchhoff formulae
(d = 2.3, see Lectures 4.5 and 4.6) will be used.

Partial Differential Equatic lecture52 9

The rest of this lecture is devoted to determine the domain of dependence and domain or

region of influence for Cauchy problems for the wave equation in d space dimensions d = 1,
2, 3 the explicit formulae for solutions to Cauchy problems namely D’ Alembert’s formula for
d = 1 for Poisson Kirchhoff formula for d = 2 and 3 they will be used the formulae will be
used. So, let us move on to 1 dimensional wave equation and find out what is the domain of
dependence.

(Refer Slide Time: 06:14)
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d’Alembert formula for the solution to Cauchy problem ==

o(xp — cto) + ©(xg + ctp) 0 e
u(xp, to) = i L/l e L A? —/ U(s) ds.

2 2(‘ Xo—Cly

To compute the solution at the point (xy. 1),

o The values of ¢ are needed at just two points x, — ct and x; + ctq.
o The values of ¢ are needed in the interval [x, — cty, xo + cto|.

Thus the domain of dependence is the interval [x, — cto, X + ctq).

D’ Alembert’s formula for the solution to a Cauchy problem is given by u of x naught t

naught = phi of x naught - ¢ t naught + phi of x naught + ct naught / 2 + 1 / 2 c integral x



naught - ct naught to x naught + ct naught psi of s ds. So, to compute the solution at the point
x 0, t 0 what we need is the values of phi are needed exactly at 2 points x naught - ct naught x
naught + ct naught and the value of psi or needed psi appears here it is an integral on the
interval x naught - ct naught x naught + ct naught.

Therefore the domain of dependence is the interval x naught - ¢ t naught, x naught + ct
naught this is the interval which is the domain of dependence for the solution at the point x
naught t naught.

(Refer Slide Time: 07:18)
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Domain of dependence for solution at (x, 7)

Lectun

So, this is the picture here we have the point x naught t naught this is a

12

interval on the x axis
X naught - ct naught x naught + ct naught if you notice x naught - ct naught is nothing but the
line through x naught t naught the characteristic line given by x - ct = x naught - ct naught
where it touches the x axis is precisely x naught - ct naught, O we are not writing that we just
write x naught - ct naught similarly, x naught + ct naught is the point of intersection of this x
axis and this characteristic x + ct = x naught + ct naught. So, this is the interval on the x axis
on which the value of the solution at x naught t naught depends.

(Refer Slide Time: 08:06)
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The solution at (x, 1) depends ONLY on the Cauchy data from
the interval i.\'() — Clo, Xo + ('I()}

o Let (p, 1) and (¢, ) be two sets of Cauchy data such that
o(x) = pi(x), ¥(x) = vy(x) on the interval [xo — cto, xo + cto].

o Let uand u,; denote the solutions to the Cauchy problems with Cauchy data

(p, ) and (yy, 1) respectively.
Then

o u(Xo, fo) = (X, o).

o Infact, u(x,r) = u;(x,r) for every (x,r) in the triangular region determined by the two
characteristic lines through the point (xo, #y) and the x-axis.

o ltis the region enclosed by the triangle having vertices at (xo. f), (xo — cto,0), and

(xo + cto,0).

Partial Differential Equations

So, the solution at x nht t naught depends only on the Cauchy data from the interval x
naught - ct naught, x naught + ct naught what do we mean by this suppose | take 2 sets of
Cauchy data phi, psi and phi 1 psi 1 so, that they agree on this interval x naught - ct naught, x
naught + ct naught that is phi is identically = phi 1 psi is identically equals psi 1 on this
interval let u and u 1 denote the solutions to the Cauchy problems for the wave equation with

this Cauchy data phi psi and phi 1 and psi 1 respectively.

Then you have x of x naught t naught = u 1 of x naught t naught in fact you have x t =u of x t
for every x t in the triangular region determined by the 2 characteristic lines through the point
X naught t naught on the x axis example, this is the point x naught t naught this is x naught -
ct naught is x naught + ct naught suppose, | take a point which is inside somewhere here of
course, we know the value at this point will depend on this intervals value but on this interval
phi and psi are equal. Therefore, this holds for any arbitrary point that you take the solution
will be the same with both Cauchy data it is not going to change.

(Refer Slide Time: 09:42)
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Domain of dependence for solutlon at (x. 1)

t (xo, 7o)

/ \
/ \

So, this is the domain }' dependence plcture onc agaln X naught - ct naught x naught + ct
naught. So, | have already demonstrated suppose | take a point here then the solution at that
point depends on the values of the Cauchy data on this interval. So, if you take a point here
these are the characteristics passing through this point and very touches on that is all this. So
therefore if the Cauchy data phi psi and phi 1 psi 1 are coinciding on this interval, then the
solution will be same for both the Cauchy data that is u and u 1 coincides on this triangular
region.

(Refer Slide Time: 10:31)
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The solution at (x, 1) depends ONLY on the Cauchy data from
the interval [x) — cty. x) + ct)| (contd.)

o In particular, changing the Cauchy data outside the interval [x, — cty, x + ¢t
has no effect on the solution at the point (xy. ).

e That is, the effect of change in initial data is not felt at the point x, for all times

o Thus we may say that the solution at (x,, 7,) has a domain of dependence
given by the interval [x, — cty, x + cto).

In particular, changing the Cauchy data outS|de the interval x naught ct naught x naught + ct
naught has no effect on the solution at the point x naught t naught because the solution at x
naught t naught depends only on the values of phi and psi in this interval therefore, if you

change it outside does not matter that was what was proved by considering the 2 Cauchy data



that we considered phi psi and phi psi 1 which are agreeing on the interval x naught - ct

naught x naught + ct naught.

Therefore, solution is the same at x naught t naught outside this interval phi psi may not be
the same as phi 1 and psi 1 that does not play any role at all. So, that is the effect of change in
initial data is not felt at the point x naught for all times t less than or equal to t naught let us
have a look at it again. So, this is the point x naught t naught what, does it mean this a point 0
IS X naught - ¢ t naught x naught + ct naught suppose | am standing at the point x naught.

This is a t direction t direction suppose | am standing at some time t = capital T then | am at
this point at this point solution is here it depends only on this interval. So, up to this time it
will depend only on the values here suppose you cross this time on stand here then yes this
part will be new write this piece this this part will be new and here phi = phi 1 psi = psi 1 but

here phi may not be equal to phi 1 may not be true.

So, therefore the solution at this point u of x let us call this point as x naught, t 1. So, u of x
naught, t 1 may not be same as u 1 of x naught, t 1 because in this piece and in this piece phi
and psi we have no information whether they coincide or not. So, that we may say that the
solution at x naught t naught has a domain of dependence given by this interval.

(Refer Slide Tim’e: 13:04)
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Domain of influence of a point x, on the x-axis is the set

= Domain of dependence of solution at (x.:
x,t) ER x (0,00) : . :
contains the point x

A

So, let us look at the domain of influence of a point x naught on the x axis it is this side x t in
R cross 0 infinity such that the domain of dependence of solution at x t contains the point x
naught. So, what is that suppose this is my x these t directions suppose | am a point x 0 now,



what is the domain of influence of x 0 it contains those points x t such that the its domain of

dependence contains the point x naught.

Let us consider a few points and see, let us take a point P the solution at this point will
depend on this interval and this is the domain of dependence for P it does not contain x 0
therefore, this P does not belong to domain of influence of x 0 for example, 1 am at this point
in first time. Now, the domain of dependence for this new point Q is this interval and x
naught falls inside that.

Therefore Q belongs to the domain of influence of x 0. Let us consider one more point.
Suppose | am here R the solution at this point this is the domain of dependence for R of
course X naught is not in it. Therefore, R does not belong to domain of influence of x 0.
Suppose | take another point here at this point if you notice in the domain of dependence for
this point here is x naught belongs to. So, therefore, x naught influences the solution at S so,
S belongs to the domain of influence of x 0.
(Refer Slide Tim’e: 15:23)
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Domain of influence of a point x; on the x-axis is the set

. Domain of dependence of solution at (x. 1
x,t) ER x (0,00) : : :
contains the point x,

Since the domain of dependence of solution at (x, ) is the interval [x — ct.x + cf],
the domain of influence of x; is

{(x,) ERx (0,00) : x—ct <xp<x+ct}.

So since the domain of dependence of solution at x t is this interval x — ct, x + ct the domain
of influence of x 0 is this set.
(Refer Slide Time: 15:40)
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Domain of influence of the point x
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Let us look at this picture here if | take a point here of course x naught will lie in the domain
of dependence for this point whereas if | take a point outside this reshaped region definitely
not similarly imagine this is R exactly same problem have already written dots here the
domain of dependence for R is this interval and x naught is not in that interval. So, any point
is outside the V shaped region x naught will not belong to its u domain of dependence of this
region and another hand any point inside in this region x naught will belong to the domain of
dependence for solution at the points in this region.

(Refer Slide Time: 16:33)
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Domain of influence of an interval

o Let [a.b] be an interval on the x-axis.

o Domain of influence of the interval [a, b| is defined as the union of domains
of influence of each of the points in [a, b].

e Thus domain of influence of the interval [a, 5] turns out to be the set of all
those points (x, 7) such that the domain of dependence of the solution at (x. 1)
has a non-empty intersection with [a, b|.

Domain of mfluence of an mterval we have con3|dered domain of dependence of a point.
Now, we are going to consider domain of influence for the interval, how do we define that,
let us take an interval on the x axis domain of influence of this interval should be the union of

domain of influences of the points of interval a, b. Thus domain of influence of the interval a



b turns out to be the set of all those points x t, such that the domain of dependence or the
solution at x t has a non-empty intersection with a b.
(Refer Slide Time: 17:11)
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Domain of influence of the interval [a. b| i

{(x,f) ER X (0,00) : x—ct <b,a<x+ct}.

vaji Ganesh (IIT Bombay Partial Differential Equations Lecture 5.2 21/31

So, let us draw this Iin and take a F is here, a b is our interval. ow, It us find out certain
things for example, | am at a point here. So, at this point, this is the domain of dependence for
this point P and it does not intersect with a b. So, therefore, P does not belong to domain of
influence of the interval of a b for example, | take another point at this place let us call it Q

here this is the domain of dependence for Q.

And it intersects this interval a b. Therefore, the point Q belongs to the domain of influence
of interval a b. Now, the region which is given here is nothing but this. This is x - ct = b these
X + ct = a. So, if you take any point in this tub shaped region, let us say here, then definitely
the domain of dependence names intersect a, b for this point R and if you take a point here.
Let us call it S then also going to intersect the interval a b, the domain of dependence of that.
So, therefore, the domain of influence of the interval is this particular set.

(Refer Slide Time: 19:09)
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Domain of influence of the interval [a, |

So, here once again l‘ have thls plcture |f you take a point here |s is the domain of
dependence for P is not intersecting a b it is the point Q, the domain of dependences here not
intersecting. On the other hand, if you take a point here, R, then is going to intersect, it is
much bigger than a b but definitely intersects a b and if | take a point here this is S then like
that, still intersecting. So, this is precisely the domain of influence of the region a b.

(Refer Slide Time: 19:56)
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\ , Domain of influence of the interval [a. b]

Let phi psi be supporte |n thls mterval a b can taklng such a data that eans phi and psi are
0 outside this interval a b. So this side phi and psi are 0 and this side phi and psi 0 for each
fixed t positive where is the support of x going to u of xt so let us fix time. So here is the
time. So, there is a t = some capital time T. Now, if you notice a point here, a b will not
influence of this point P or any point which is to the left side of this particular line.



It will not influence therefore, solution is 0 and similarly to the right side of this line to this
side, if you take any point Q u at Q is also 0. Therefore, only on this really it may be nonzero.
So, therefore, the support is contained in this interval, what is this point and what is this point
that you can check it is going to be an interval actually this is a, a has moved this side by time

t we are going to see you can compute ¢ a — ct.

Similarly v has moved this side to this point this is b + ct, this is a - ct. So support will be
contained in this. So support might increase, of course, you see originally a b is a support for
phi and psi and now the support is here. For the solution at the time t = t it might increase.
But notice support is still compact. The support phi and psi inside a b it means it is a compact
set support is a compact set. Now the support inside this interval it means this function has
compact support.

(Refer Slide Time: 22:08)
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o Let . be supported in [a, b].

\ o For each fixed 1 > 0, where is
‘ jhe support of x + u(x, 1)?

\ o Support might increase ast
\  Domain of influence of the interval [a, b increases, hut remains a

“y‘,_ Q/ compact set.
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That is an interesting observation about the propagation of the initial disturbances. Let us
look at the 2 dimensional wave equation and domains of dependence and influence for them.
(Refer Slide Time: 22:28)
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Poisson-Kirchhoff formula for solution is given by

a1 [ oy, )
u(xp, x.t) = / - dy,dy,
Ot D((v.x2 f\(r—t\l—\p—t\—\t

| U(y1, )
& 7_/ — = : ’(i'\'|d'\':.
£TC Jp((x.m)c) VT — (X1 = )1)° — (X2 = 2)*

where D((x;.x,), ct) denotes the open disk with center at (x;, x,) having radius ct.

The domain of dependence for the solution at (x;, x,) at time ¢ is the open disk
D((x;.xy),ct).

Note that the domain of dependence may also be taken as the closed disk
D|(x;,x,),ct] (a Notation!) if we want it to be a closed set. We do NOT take this
point of view.

This is a formula for the 0|sson Klrchhoff formula for the solutlon of he Cauchy problem
for the wave equation in 2d. Now, if you notice the formula depends the values of phi and psi
only on this disk therefore, the domain of dependence for the solution at the space time point
x 1, x 2, tis this disc of radius ct with centre x 1, x 2. One may also consider close this that is

not a problem.

Because it is an integration it is an integration so the boundary what is the difference between
the closed disc and the open disc it is a boundary and that does not make any change to this
integral it does not affect the integral. So there is no plus here there. So, if you want it to be a
close set, but there is no need for asking that. So, we do not take this point of view.

(Refer Slide Time: 23:38)
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Poisson-Kirchhoff formula for solution is given by

g I 'f oy, )2)
uxy,x,t) = — 7—/ dhd\
or ¢ D((x.0) ct) \(,*t\]*\]t*(\*\w\

1 [ Uy, y2)
- / ‘ it — dydy,,
mc J;

2mc Jyy n)a) = (x - \Jl )= (x; - »n)

where D((x;,x,), ct) denotes the open disk with center at (x,..x,) having radius cr.

The Domain of influence of the paint (v, y,) is given by

{(.\']..l’j.f) : H[ﬂ..\'j) - ('\'|.'\'1)

which is the set of all those points x which can be reached within time  from y.

Now, what is the domaln of mfluence that is glven by a set of aII space tlme points such that

the distance between x 1 x 2andy 1y 2 islessthanctthey 1y 2 x 1 x 2 distance is less than



ct that is a domain of influence please convince yourself about this answer everything comes
from this formula. So, this is the set of all those points which can be reached within time t
from y what is this this is a distance between the bold face x and bold face y that less than ct.
If you divide distance with c, so distance by speed is less than this t. So, that means you reach
within, within the time t fromytoxrxtoy.

(Refer Slide Time: 24:38)
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Poisson-Kirchhoff formula for solution is given by

drif I
: _ i d | ) d .
U, 1) ot (4,7(-3[ ./s'x.<.,‘y(y) 0) : 47('3f/‘swxul i

The Domain of influence of the pointy € R is given by

{(x,1) : [x—y| =ct},

which is the collection of all those points x which can be reached exactly at time 1
from the point y.

Partial Differential Equations

2/

So, 3 dimensional wa eation what are the domains of dependence and influence. These
formula Poisson Kirchhoff formula, s of X, ct, ct is this phi. So therefore, the domain of
dependence is s of x ct because that is where the integrals are on and domain of influence of
the pointy in R d is now x - y = ct because of this fear earlier it was a disc that is why it was
less than t. Now these phi therefore, distance is precisely ct. In other words, those points
which can be reached those points x which can be reached exactly at time t from the point y.
(Refer Slide Time: 25:28) i
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Sumn;ary

© Introduced the dual concepts of Domains of dependence and influence.

o like Past and Future.
o like Cause and Effect.

@ Extending the concepts of Domains of dependence and influence to IBVPs is
straight forward.

© Domains of dependence and influence were computed explicitly.

o Explicit formulae for solutions were used.

o In Lecture 5.3, we will arrive at the same conclusions without using
explicit formulae for solutions.

o But we may have to use our experience!.

Partial Differential Equations Lecture 5.2 30/31



Let us summarise we introduce the dual concepts of domains of dependence and influence,
like past and future like cause and effect, extending the concepts of domains of dependence
and influence for IBVP straight forward. Domains of dependence and influence were
computed explicitly, explicit formulae for the solutions were used. In lecture 5.3, we will
arrive at the same conclusions without using the explicit formula solutions. But of course you

have to use something. Thank you.



