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Prof. Sivaji Ganesh
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Module No # 06
Lecture No # 32
Non-Homogenous Wave Equation — Duhamel Principle
Welcome to this lecture in this lecture we are going to discuss about the non-homogenous
equation how to solve it using a very general principle called Duhamel principle.
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Chapter 4: Nonhomogeneous Wave Equation
Duhamel principle

0 Recall from Lecture 4.1
9 Cauchy problem for nonhomogeneous wave equation

e Duhamel principle
@ Motivation for Duhamel principle

o Applying Duhamel principle to Wave equation

@ One space dimension

@ Two spase dimensions

@ Three space dimensions
So out for the lecture is as follows first we recall certain things from the lecture 4.1 and then
we state the Cauchy problem for non-homogenous equation. Then we introduce to Duhamel
principle after giving a motivation for it then we apply to handle principle to wave equation
will do for 1, 2 and 3 space dimensions.
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CaUohy prolem for nonhomogeneus e equeion
Recal rom Lechre 4

So let us recall from lecture 4.1 certain things about Cauchy problem for non-homogenous
wave equation.
(Refer Slide Time: 01:02)

Cauchy problem for Wave equation

Given functions ¢, v:: R = Randf : RY x (0,00) -+ R, Cauchy problem is to find a

solution to
O = uy ("’QuH Fllggy, 00+ ) = f(X,0), X € R 150,
’ (NHWE-dd)
u(x,0) = p(x), xeR, (IC-1)
u(x,0) = v(x), xeRY, (IC-2)
where x denotes the point (x;.xy.--- .x;) € RY, and ¢ > 0.

A

So given functions phi psi and F Cauchy problem is to find a solution to the wave equation
this is a d’Alembertion operator equal to F on R d cross 0 infinity. Such that u of x is phi x u t
of x 0 is psi x. Phi and psi are generally referred to as Cauchy data and F is referred to as
source term.
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Cauchy problem for Wave equation

Given functions , v RY - Randf : R’ x (0.00) -+ R, Cauchy problem is to find a
solution to

bl w3

Ulglt =ty = ¢ Uy, p, + Uy, 40+ ) =f(2,2), XER1>0

(NHWE-dd)

ux,0) = ¢(x), xeR’ (IC-1)
u(x,0)=v(x), xeR’ (IC-2)

where x denotes the point (x;,xa,-+ .x) € R/, and ¢ > 0,

The d’Alembertian operator is a linear operator since d’Alembertian applied to u + v is
d’Alembertian acting on u + d’Alemberitan acting on v therefore a solution to the Cauchy
problem which was stated on the earlier slide that is the non-homogenous wave equation with
the Cauchy data that may be obtained as some of 2 functions v and v tilde where v the
solution to the Cauchy problem where the wave equation is without the source term it is

called homogenous wave equation.

When there is no source term is referred as homogenous wave equation. And v tilde is the
solution to the non-homogenous wave equation but with 0 initial conditions we will say it
more clearly on the next slide what the problem emphasize is.
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Observation
A solution « to the Cauchy problem for (NHWE-dd) may be obtained as

U=v+y

=0, xeR1>0 v=fx1), xeR%1>0
vix.0) =o(x), xeR", P 0) =0, x

WX 0)=v(x), xE€ vix.0)=0 X

Having analyzed Cauchy problem for Homogeneous wave equation



So u =v + v tilde and v satisfies this homogenous wave equation and the Cauchy data and v
tilde satisfies homogenous wave equation and 0 Cauchy data 0 initial condition so when you
add v + v tilde by the linearity of d’Alembertian operator d’Alemberitian of u will be
d’Alembertian of v + d’Alembertian of v tilde that will be 0 + f therefore f. So you will get
the non-homogenous wave equation satisfied by u and we look at the first initial condition v
X, 0 is phi x v tilde if 0 is 0.

Therefore u of x, 0 is phi x similarly u, t of X, 0 is v t of x, 0 + v tilde t x, 0 one of them is psi
and other one is 0. Therefore the addition will psi the sum will be psi so therefore u indeed
satisfies non-homogenous wave equation. And recall that we have already analyzed these
problems the homogenous wave equation and the Cauchy problem for we have analyzed
already. Therefore it is enough that we analyzed this how to solve this problem then we
know how to solve the non-homogenous Cauchy problem for the wave equation.

(Refer Slide Time: 03:39)

Cauchy problem for nonhomogeneous wave equation

au=flx.1), xeR%1>0,
ulx.0) =10 X

i(x,0) =0 X

+ We want to solve the above Cauchy problem in the space
dimensionsd = 1,2, 3.

o A general principle called Duhamel principle will be used.

So let us look at the Cauchy problem for non-homogenous wave equation with the
homogenous data or genius initial condition or 0 Cauchy data. And we want to solve this
Cauchy problem in dimension 1, 2, 3 because we are discussing only wave equation in 3
dimensions 1, 2 and 3 these are the 3 dimensions in which we are discussing wave equations
so far. So general principle called Duhamel principle will be used.
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Duhamel principle

(Refer Slide Time: 04:11)

.
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Solutions to Nonhomogeneous linear Differential equations
(aka. Equations with sourcg terms) may be ootaingd as

Duhamel principle Says that

a superposition of solutions to the associated homogeneous
Differential equations win il data takred using he source trms.

So what is Duhamel principle? It says solutions to non-homogenous wave differential
equations that is also known as equation with source terms. Maybe obtained as the super
position of solutions to the associated the homogenous differential equations. In other words
what it says this is a rough statements precise statement we are going to see later. If you want
to solve non-homogenous equations it is enough to solve homogenous equations that are what

itis.

Of course the initial data will be tailored using the source terms after all we want to solve the
homogenous equation that means source terms is given to us. We had to use that and make
our manufactured this homogenous differential equation in corresponding Cauchy problem
essentially the initial data will be tailored using the source terms.
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Mofivation for Duhamel princple

VP for  second order linear ODE

Motivation for Duhamel principle we will give using initial value problem for a second order
linear ODE.
(Refer Slide Time: 05:17)

IVP for a second order linear ODE

Let ;1 > 0, yo.y, € R. Consider the following initial value problem

d*y
dr’
¥(0) = yp, Y(0) = y;.

Fity = £(1),

The solution to the initial value problem is given by

sinjut |

(1) = ypcos ut + ) - / sinpu(t—7)f(7)dr.
)

1 It J

So initial value problem for a second order linear ODE is given by this d2y by dt square + mu
squarey by ftyofOisyOydashOisy 1. Sointhisfy 0y 1 aregiven and we are supposed
to find a solution to this ordinary differential equation satisfying this 2 initial conditions. If
you notice this looks like wave equation because in wave equation you have u 2 t term that is

like d 2 u by dt square but instead of mu square y.

We have minus laplasian y equal to f of x t naturally wave equation being an equation being

an partial differential equation you have both x and t variables. But one can view wave



equation to also has an ordinary differential equation. Here ordinary differential equation y is
a function of t given any t y of t will be real number. In the wave equation given any t u of t

will be a function of x that is the difference we will come back to this later.

So first let us see how Duhamel principle works in this example so this solution to the initial
condition value problem one can explicitly solve and write down as this y of tis y, 0 cost mu
t+ylsin mutby mu+ 1by muintegral 0to 2t sin of mu into t — tau into f tau d tau. This is
a formula one can verify this is already used to this course on ODE and got this solution.
Now we want to see each and every term closely. And then we will see how Duhamel
principle comes into here.
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IVP for a second order linear ODE

Let S, (1) denote the solution to the initial value problem

y(0) 0, y(0) = y,.

The map which associates a given y; € R to the solution S, (1) of the IVP is called
the source operator, and has the expression

sin jut

1!

S, (t) =y

So before that introduce this homogenous equation remember Duhamel principle is
something to do with the homogenous equations now where the. So we will make the
equation homogenous and the initial data has to be tailor made using this source term. So
with that we will mind let us discuss homogenous ordinary differential equation with initial
conditions where y of 0 is 0 that is initial position is 0 and initial velocity isyly prime 0 isy
1.

A solution to this we will denote it as S y1 of t so S for solution y 1 remember the y prime 0
is y 1 and solution for this ODE. And ODE is background homogenous ODE and this map
which maps given y 1 given number to this solution Sy 1 of t is a problem is called the

sourced operator and of course we know the formula and that is given by y 1 times sin nu t by



mu. So Sy 1 of t is solution of this homogenous differential equation and with y1 as the
initial speed or initial velocity and initial displacement or position is 0.
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IVP for a second order linear ODE

In terms of the source operator, the solution of the IVP is given by
y(t) =S, (1) +8, (1) 4 /.\', (t=7)dr.

Define
w(t:7) .= S (t—=T7).

Note that for each fixed 0 < 7, the function ¢ ~ w(r. 7) is defined for r > 7 and

@ solves the ODE y' + %y = 0,

o gatisfies the initial conditions w(7;7) =0, wy(7:7) =f(7).
A
So in terms of the source operator the solution of the I\VVP is given by thisy t = S y naught of t
dbydtofthat S+y 1oft+integral 0totS ftaut — tau d tau. What is S f tau? It is the
solution operator what does it do it maps f of tau is given as the initial velocity S of tau of t
will be the solution of the given ODE. Let us define the integrand to be a function of t with

tau hanging around.

So w of t: tau is S of tau f t — tau we will observe what happens to this w what is that w
satisfies? So each tau positive the function w, as the function of t is defined for t bigger than
tau and it is solves the ODE. So it is the solution to the homogenous equation and it satisfies
initial conditions input t equal to tau w will be 0 and w t of tau will be f tau. Remember that is

how will source operator is defined like that.

When t is tau it is defined as f tau at 0 so that is why that is 0 because s of tau solves with 0
initial displacement. And this is the velocity so that is d by d t of this quantity had 0 will be
of, f. Now observe this first 2 terms some of the first 2 terms solution to the homogenous
equation ordinary differential equation and the Cauchy data is satisfied that is why | have 0 is

y 0y dash of O isy 1 is satisfied.

Now this term essentially is solving the non-homogenous differential equation with a 0 initial
condition. And how it is obtained as an integral? We can think integral with a certain some

therefore generalization of the sum therefore this is a super position of the quantity is inside.



But what are the thinks inside and therefore this is a super position of the quantity is inside

whatever the things inside they are solution is homogenous equations.

So this is the explanation of motivation Duhamel principle coming from initial value problem
for second order linear ODE.
(Refer Slide Time: 11:02)

o N e e i

Now let us apply Duhamel principle to wave equation.
(Refer Slide Time: 11:07)

Wave equation as a second order ODE

o One may interpret the wave equation as an ODE in the varible 1.

+ Inthe case of ODES, for each fixed 1, y(1) is a real number or an element
of R depending on the nature of ODE (scalar o system).

+ Inthe case of Wave equation, for each fixed 1, ulx, ) is a function of
x € Y, and thus takes values in space of functions defined on R,

Let us compute the Source operator in the context of wave equation and construct
a solution to the Gauchy problem for Nonhomogeneous Wave equation.

So with wave equation as a second order ODE one may interpret the wave equation as an
ODE in the variable t in the case of ODE’s for each fixed t y of t z is real number r n element

of R d depending on whether dealing with a scalar equation or a system of equations. In the



case of wave equation for each equation of f u of x t is function of x in R d and this R d is in

space of functions defined an R d.

So let us compute the source operator in context of wave equation and construct to the
solution to the Cauchy problem for non-homogenous wave equation.
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Source operator for Wave equation

Let §,,(x, ) denote the solution to the Cauchy problem

Wx,0)=0, X€R

m™(

V(X 0)=0v(x), x

Note. The source operator is well defined for ¢ € C'(R) whend = 1, and for

e C*(RY)whend=20rd=3.
So let us see what is the source operator for the wave equation? What is that x psi of t for the
ODE? For the wave equation s psi of s, t what is this psi represents? The initial velocity and
initial displacement is 0 and you solve the homogenous equation exactly as it was the case in
ODE. So psi of x, t let it denote the solution to this Cauchy problem for homogenous wave

equation and 0 initial displacement and initial speed as psi.

The source operator is well defined we have to ask when it is well defined that means we
have to ask when is that we have a classical solution to this. If d = 1 we need psi to be inc 1
because ewe have d’Alembert formula which is applicable. And then for d = 2 or 3 we need
psi to b in c 2 that is one the source operator is well defined.
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Solution to Nonhomogeneous Wave equation

We expect the function defined by

M

)
u(x,t) = 'L)i (S,(%, 1)) + Sy(x, 1) + / S (x,t —7)dr,
(

J0)
where f,(x) := f(x, 7), to solve the Cauchy problem

Ou=f(x.1), x€R% (>0, (NHWE-dd)
u(x,0)=p(x), xeR (IC-1)
u(x,0)=v(x), xeR’ (IC-2)

)

Now we expect the function this is precisely that S y is 0, dash now it is y 0 is phi and y1 is
psi in the context of wave equation this is S phi 1 and this is integral. 0 to t s f tau which we
now looks subscript tau half t —tau x dependence is S so we write that. So this we expect to
solve the non-homogenous wave equation and the Cauchy data. So f tau of x stands for f of x,
tau so we expect that to solve this Cauchy problem let us call this as an non-homogenous
Cauchy problem.

(Refer Slide Time: 13:33)

Solution to Nonhomogeneous Wave equation
In the formula

J }
Uk, t) == (8,06, t)) + 8, (x.1) + / S (x,t=7)dr,
()’ J0
where f;(x) = f(x.7),
o Sum of the first two terms on the RHS is a solution to the homogeneous wave
equation, satisfying the initial conditions u(x,0) = y(x) and u(x,0) = v(x).
o The integral term satisfies the nonhomogeneous Wave equation

So we have to check that so in this formula some of the first 2 terms on the RHS namely
these 2 terms is a solution to the homogenous wave equation. And satisfies the initial
conditions what are those? Initial displacement is phi and initial velocity is psi so these
condition are taken care by these 2 terms. So therefore what we expect is? These terms will

be solution to the non-homogenous equation with a 0 initial data.



(Refer Slide Time: 14:17)

Remark on First term on the RHS in the formula

i !
) == (S, 1)) + Sk, 1) 4 /S, (x,t=7)dr
ot 0

o The first term on the RHS, is the derivative w.r1.  of a solution to
homogeneous wave equation,

o Thus it is a solution to the homogeneous wave equation.

o Follows from: Derivative of a solution to homogeneous wave equation is also
a solution.

Now remark on the first term we have to check that these are indeed the solutions to
homogenous wave equation we are going to do that. And they satisfies the Cauchy data we
will check that so now let us concentrate on the first term it is dau by dau t of S phi of x, t. It
is a derivative with respect to t of what f phi of S, t what is S, t? It is a solution to psi wave

equation by definition.

Solution to the wave homogenous wave equation initial wave displacement 0 initial velocity
phi x now what we have the first term is the time derivative of a solution to the homogenous
wave equation. Therefore it is itself a solution one can check that if you have a homogenous
wave equation and let us say u is the solution to that then dau u by dau t is also solution. Dau
k u by dau t is also solution we have already mentioned this in one of the tutorials earlier

otherwise you can check.

So it is a solution that is no doubt so it follows from derivative of the solution is a solution for
the homogenous wave equation.
(Refer Slide Time: 15:28)



Remark on First term on the RHS in the formula (contd.)

0 i
ux,t) = —(S,(x, 1)+ Su(x,¢) 4 / Se(x,t—=71)dr
ot 0

Need to check the initial conditions: u(x.0) = p(x) and u,(x,0) = 0.

J

l<.S"<x.r>w 2(x) by defn.
( (=0
>* ,
- (8,(x,1) A (S,(x.1))
on’ e v 1=0
AA(S,(x,0) =0.

A Observation: Instead of A, we may have any operator that does not depend on +.

Now we have to check the initial data so this first term satisfies initial displacement phi and
initial velocity to be 0. So let us check initial displacement that is dou by dau t x phi of x, t at
t = 0. We want to check this is phi x this is by definition because (()) (15:55) S phi is solving
homogenous wave equation with initial velocity as phi this is exactly that dou by dou t of that

is initial velocity.

So that is phi this is by definition now we have to check these condition initial velocity is it O
or not that means. We have to take this term differentiate with receipt to t that means essential
dou 2 dou t square of S phi and check that is 0. So this is what we have to check dou 2 by dou
t square of S phi of x, t at t = 0 compute t what it is. By the equation because it satisfies

homogenous wave equation right so u t, t = ¢ square laplacian u so that is what | have write.

But now | will evaluate at t = 0 that is why both side | out t = 0 now what is laplacian? It is
differential operator with respect to x what am | doing here. | want to take the value of t = 0
therefore I can as well take the evaluated t = 0 and then take the derivative with respect to the
other variable space variables. Or take the derivatives and then take t = O both are same
because the evaluation | am going to take is for t and the derivative that | have front is

laplacian that is with respect to x.

Therefore when | do that I get this but what is s phi of s 0 by definition of s phi the initial
displacement it is right solution. So therefore that is O therefore it is O now if you notice
instead of laplacian you could have heard any operated that does not depend on t this is an

interesting important observation. So that Duhamel application principle is not limited to



wave equation only you can apply u t, t equal to any operator | of u ss long as | does not
involve the variable t.
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Remark on Second term on the RHS in the formula

( !
U, 1) = = (S, (x, 1)) + Sy(x,1) 4 /.S',,(x.r T)dr.
o 0

o The second term on the RHS, is by design, a solution to Homogeneous wave
equation satisfying the initial conditions u(x.0) = 0 and u(x,0) = (x).

o Sum of the first two terms on the RHS is a Solution to the homogeneous wave
equation, satisfying the initial conditions u(x,0) = (x) and u,(x,0) = v(x).

-

So therefore we check the first term satisfies homogenous wave equation and it satisfies the
initial conditions u of x, 0 equal to phi u of x, 0 = 0. Now let us move to the second one
which is more, straight forward because just a different condition the second term is by
design or definition a solution with a homogenous wave equation with initial displacement 0

and initial velocity as psi that is the definition.

Therefore the sum of the Cos 2 terms is going to solve homogenous wave equation because
both of them are solution to the homogenous wave equation and initial condition will be now
u X, 0 equal to phi and u d x, 0 equal to psi done. Now we have to concentrate on the third
term now what about the third term?

(Refer Slide Time: 18:48)



Remark on Third term on the RHS in the formula
J . _ v
U, 1) = = (8,(x,1)) + 3%, 1) 4 / S (x,t=7)dr
o 0

o The integral term satisfies zero initial conditions. Very easy 1o check.
Exercise.

o The integral term satisfies the nonhomogeneous Wave equation, and we
proceed o check this,

So the integral terms satisfies O initial conditions because if you check t = 0, integral
collapses there is no integral will be 0 and check that the derivative is also 0 that | leave it as
exercise very easy to check. So what remains to really check is that it satisfies the non-
homogenous wave equation then we would have proved that this is solution to the non-
homogenous Cauchy problem.

(Refer Slide Time: 19:19)

Derivatives of the integral term

0 ([ "0
T— /S,,lx.r r)dr) = §(x,0)4 / f—(S‘,_(x.r-r))dr
()’ JO / JO ()’

' /‘, ()(9 f 7)) dr
a0 ‘I)"‘,_\x.f [ |

We used Leibnitz rule for differentiation of integrals which is a consequence of
Fundamental theorem of calculus and Chain rule. §j(x,0) = 0 by definition of Source
operator.

Let us do this checking so first we have to compute the derivatives right if you want to check
this is the solution the wave equation we have to compute 2 time derivatives and 2 x
derivatives. Let us compute the first derivatives dou by dou t of this now we are going to use
Leibnitz rule. Whenever you have integrals which depend on variable with respect to
differentiation the rule how to differentiate that particular integral I am going to follow that.



So therefore you get this derivative equal to the inside thing evaluate at tau equal to t that will
give you this. Because tau becomes t S t x, when it was t it is 0 so you get this plus we are
going to differentiate inside the integral. So O to t remains as it is and dou by dou t of the
inside quantity so we have this. What is S ft of s, 0 it is O by definition that is how the source
operator is defined. And not change the integrand as it is so one at a time now let us

differentiates once more.

So we use Leibnitz rule for differentiation of integrals here and it is a consequence of
fundamental theorem of calculus and chain rule. S of t of x, 0 is 0 by definition of the source
operator. So, first derivative of integral term is this now you will compute the second
derivative.

(Refer Slide Time: 21:00)

Derivatives of the integral term (contd)

= flet ~r‘/ A(Si.(x,t=7)) dr

flx.0)+cA (/ St.(x,t=7)dr )

So this is being carried forward from the previous slide this is a first derivative of the first
integral term therefore first derivative becomes second derivative of the first derivative. Now
exactly again by the Leibnitz rule this will be the integrant evaluated at tau = t + differentiate
inside with respect to t. In this quantity is precisely f of x, t once again from the

differentiation of the source operator.

Now here we see that dau 2 by dau square of some solution right s of tau after all is a solution
to the wave equation. Therefore dau 2 by dau t square is written in terms of the Laplacian so
it is ¢ square Laplacian of whatever is here. And Laplacian comes outside on behalf this.
(Refer Slide Time: 22:01)



Computations on the previous slides establish that

/)“ . .
(, - ('“.&) (/ Si(x.1 »rulr) =2,
()"' JO

That s, the integral term satisfies nonhomogeneous wave equation.

Rest of this lecture is devoted to

o writing down the source operator explicitly in each of the dimensions
d=123 and

o obtain explicit formulae of solutions to the Cauchy problems.

Therefore we approved that this integral term satisfies dau 2 by dau 2 square —c square
Laplacian equal to f x, t. Take this term to the LHS then precisely we have this that is integral
terms satisfies non-homogenous wave equation. And rest of this lecture is devoted to writing
down; the source operator explicitly in each of the dimensions 1 to 3 and obtain explicit
formula or solutions to the non-homogenous Cauchy problems.
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Remark on the integrand in the particular solution

/ S (x,t—=7)dr
JA)

o Define w(x,t;7) := S; (x.t = 7).
» The function w satisfies the homogeneous wave equation /.e.,

2 .
we—CAw=0, x€ R t> 1.

o The function w satisfies the initial conditions
wix,7;7) =0, w(x,7;7) =f(x,7) for x€ R?,

o Thus the integral term in Duhamel formula has the form

ot
/ wx,t;7)dr O
JN)
]

Before that let us give a remark on the integrand in the particular solution we may call this
thing as the particular solution this is a nomenclature we use even in ODE’s it is a one
particular solution. That means it is one solution of the non-homogenous equation. So | have
before we already introduced this in the context of ODE’s so integrand you call it as w of x, t,
tau then the function w satisfies the homogenous wave equation and it satisfies initial

condition when t = tau w is 0 and derivative of w when t = tau is f of x tau.



See in other words you see this is a super position of solution to the homogenous equation
with initial data which is tailor made using the source terms this explains Duhamel principle.
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Source operator for Wave equation in 1d

By d'Alembert formula, the source operator is given by

I X+l
JalX. b= () ds.
2(/l ) w(s)ds

Solution to the Cauchy problem for Nonhomogeneous wave equation is

given by
|'/ | X4l | "\ [
ulx,t ' (j / (s (/\') b= / (s) ds
AN Joiy &L Joivs

e
: / - / f(s,7)dsdr.
Jo € Jy—¢(r-1

So let us obtain explicit expressions we have already solve homogenous wave equation on
Cauchy problem so it is a just matter of writing down what is the source operator is? So
d’Alembert formula the source operator S psi is this is 1 by 2 C integral s — ct X + ct psi S ds.
So solution to the non-homogenous wave equation is this dau by dau t of S phi + s psi + the
integral term O to t s psi of some t — tau x tau dt which is there on the previous slide.
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Source operator for Wave equation in 1d

By d'Alembert formula, the source operator is given by

I rp Ol
Sy(x.1) = 2 / (s)ds.
2 )i

'
Solution to the Cauchy problem for Nonhomogeneous wave equation is
given by

o1 [ \ | X+l
ux, ) 0 ( ), / | LS (/\) - 1(..’/ ) V() ds
// f(s,7)dsdr.

JU B0 Jy—el

We can simply this further and we get this expression because here it looks a very

complicated expression we can use the Leibnitz rule and get this expression.
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Question: What is the hypothesis on the data under which the formula

olx=c)+olx+et) 1 [ O e
ux,t) = ——— - — U(s)ds + — f(s.7)dsdr.
2 /8 2 cfo st

is a Classical solution to Cauchy problem?

Answer;

o The formula is meaningful it o, v € C(R), f € C(R x 0, 00)). Why?

o For classical solution, we require ¢ € C*(R), v € C'(R),f € C(R x [0,cc)), and
fi € C(R x [0,00)). Why?

So if you notice the first 2 terms is precisely the d’Alembert formula that means when f is 0
phi and psi that is solution of the homogenous wave equation and the Cauchy problem for
that. And this is the new term which we have added to get solution to the non-homogenous
Cauchy problem. Now of course we have to ask the question when is it classical solution

what are the assumption needed?

Of course if you look at the formula it is meaningful phi let us say continuous integral we
need therefore psi should be continuous again some integral so f should be continuous that is
not enough. For classical solution we require phi in c2 psi in c1 we have already noted down
this. When we discuss the homogenous wave equation problem for the one dimensional wave

equation now what about this?

Remember this f this term what we will get the f went into initial velocity in the definition of
source operator therefore we need some first derivative of f to be continuous. So f should be
continuous so that this makes sense in addition you need first derivative of, f with respect to x
to be continuous. Because that is what we needed to make sure that the source operator is
well defined with this that the initial vecloty done.
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The domain of integration in the integral

I [ pXC=T)
= / / fls.7)dsdr.
-‘..H Jx={{=T)

15 a riangular region formed by the x-axis, and the two characteristics passing
through the point (x.1). Such a triangle is called Characteristic triangle.

Draw a figure.

Now the comment on the domain of integration in this integral what is this? It is a triangular
region formed by x axis on the 2 characteristics which are passing through the point x, t. That
is if you look at this it take a point like this is the point x, t so this is a line which are going to
through this is x — we should have used x naught t naught then this is x - ct = x naught —ct
naught that is the line and this line is X + ct = x naught ct naught and this is x axis so this is

the triangular region.

If you see this is where we plot x and t, here so here this formula you just read with x, 0 t, 0
that is what | am reading x, 0 t, O this is also t, 0. So this point is t, 0 you fix anything in
between let us say t = tau then you are going from this point to this point this is precisely the
2 points here this and this. So this triangle is called characteristic triangle.
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Two space dimensions
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Question: What is the hypothesis on the data under which the formula

I [ olx+ez)+ctVolx +cz)z + t(x +ctz)
dz
DI0.1)

ux,t) = ~

17

\”l - [lz/I*

} ff (y,7)
T / / —!— d}'(’?
2TC Jo Jp@e(i-r) €17 = |IX = Y||*

is a Classical solution to Cauchy problem?

Answer:
o The formula is meaningful if ¢ € C'(R?), v € C(R*), f € C(R* x [0, ). Why?
o For classical solution, we require ¢ € C*(R?), v: € C2(R?), f € C(R? x [0.¢)),

Vxf € C(R* x [0,00)), Dif € C(R? x [0,0¢)). Why?

Now let us move on to the 2 space dimension by Poisson-Kirchhoff formula the source
operator is given by this formula and now this is expression dau by dau t of s phi + s psi +
that integral. So we get this formula it is in a change of variable it is convenient to write it
down disc of radius one under O the homogenous equation part. Again same question where
under what high process is an classical solution.

No need to look at the formula phi integration phi is involved so phi continuous grand phi
integral is there that is what grand phi continuous psi continuous f continuous. We can put
such conditions but then we want a solution for which we need higher smoothness phi should
be ¢3 psi should be c2 and f should be continuous and also gradient should continuous with

respect to x and second derivative should also be continues with respect to f.

Reason is exactly the same as continuous per d = 1 this f is going to shift in according to the
Duhamel principle this f the source term will go to the initial velocity and for initial velocity
v need ¢ 2 (()) (29:02) that is why this condition.
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Which values of / are needed to determine u(x. #)?

From the formula

N | :
(X, fo) 5 / tov(y) + ¢y) + Voly).(x =y)} do
a7 \\ b

note that values of f are needed on the set

{(n7) ER* x (0,00) : [ly—xo] =cltog=7), 0<T <1y}
@D
Let us move on to 3 space dimensions again from Poisson Kirchhoff formula in 3 dimensions
s psi as this expression. And therefore by Duhamel principle u as this expression now which
values of f are needed to determine u at the point x, 0 t, O that is the question we ask. So we
write the expression for u of x, 0 t, 0 of course f is not coming here but if you ask what values
of psi and phi are needed it is clear that we need the values on the sphere on radius ct naught

with center x naught .

What are the values of f which are needed? That is what we are asking here so set of all phi
tau such that tau is here y is here and tau between 0 and t naught is here y is here and tau
between 0 and t naught. So they are needed on this set now what is y is here? y — x naught
now is ¢ times t naught — tau ¢ into t naught — tau exactly that y should belong to that and tau
should be belong to 0 to t naught that is exactly what | have written here. But what is the set
this is the subset of r4, r3 cross 0 infinity.
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Which values of / are needed to determine u(x,,1,|? (contd.)

The set

{(yT) € M X (0. 00) : H)’ *X(]H =C(ly=T), () S 7 S I(}}

is the backward cone with vertex at (xq. fo).
In other words, the value of u(xy. ;) depends on the sources coming
from the backward cone with vertex at (x,. f).

Figure of backward cone on the next slide.

This is a back ward cone with vertex at x, 0 t, 0 we know the cone in 3 dimensions right so
this is a something similar we have to imagine in 4 dimensions | will show a picture. In other
words the value of u at x naught t naught depends on the sources coming from the backward
done with the vertex at x, 0 t, 0.
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Backward and Forward light cones

Backward Cone —Past Cone

So figure of a backward cone is on the next line it is here this is a point x, 0 t, 0 what we are
used to when it is r2 in the plane and you have a cone this is called backward cone or past
cone this is called forward cone or further cone. We will discuss about this in a future lecture
more on this but this is what is needed the values of f for needed on this cone.
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Solution to the full Cauchy problem in 3d

Since y € S(x,c(r - 7)) means that ||y - x| = ¢(t - ), the formula for solution to
the Cauchy problem may be re-written as

l

ux,t) = — / {1y) +oly) + Voly).(x - y)} do
drer JS(X )
| [ f (,V-f— *y‘—x)
Y / / ) ol
4:(.. 0 JSX.clt-=1) Hy —XH

Therefore since y is in this fear that means the normy — x is t into t — tau the formula may be
written like this. Now t — nau — x y by ¢ and now — X earlier it was written t — tau but now that
we can convert in terms of y and Xx.

(Refer slide Time: 31:38)
Solution to the full Cauchy problem in 3d

The formula
I
ux,t) = — / {to(y) +¢y) + Voly).(x = y)} do
47(" S(X ot
e f (y.l ‘ler)

L e
4arc Jo Jsxeli-r Ly = x| =

reduces to

| :
ux,t) = — / {(y) + o) + Voly).(x —y)} do
4!\("’" \‘ !

And if you just combine what you get here is precisely the ball of radius ct with center at x.
So the ball is written as a lot of spheres which are union or so that is what you have. For each
fixed tau you have this fear and then take the union as tau various from union to t we get this.
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Question: What is the hypothesis on the data under which the formula

is a Classical solution to Cauchy problem?

Answer:
o The formula is meaningful if > € C'(R3), v € C(R3), f € C(R3x [0, 0)). Why?
o For classical solution, we require ¢ € C*(R3), v € C2(B3), f € C(R3 x [0,¢)),
Vyf € C(R3x [0,00)), Df € C(R3 x [0,)).
\

So again the same question when is this the classical solution to the Cauchy problem of
course the formula is meaningful under some set of assumptions and phi, psi and f. But if you
want a classical solution you need phi to be ¢ 3 psi to be c2 and f to be here continuous
gradient to be continuous and second order derivative to the continuous on all 3 Cos 0
infinity.
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Remark on the solution to the Nonhomogeneous Cauchy
problem in 3d

o The value of f(y,), for any y € B(x,ct), does not play any role in determining the
solution at the point (x, 7).

o On the other hand, the values of f(y, T) at the retarded time 7 := 1 - ¥"*! plays a
role.

o The situation is totally different for d = 1. Check for yourself!
o The integrand in

dy

1 f ()‘-' r M)
/Ifs.\’..n

dnc? lly = x|
is called a retarded potential. Justify the word “retarded time" after learning
Newtonian potential in the context of Laplace equation.
So the value of f of y, t for any y in this ball of x, ct does not play any role in determining the
solution at the point x, t. On the other hand the values of f of y, t at the retarded time t which
is t — nau — x by c. That is what they place a role if you see the formula and this situation is
totally different for d = 1 I will request you to check what is that different from 3d in 1d and

this integrand is called the retarded potential.



Because instead of t we have t — nau y — x by ¢ so justify the word retarded time after you
learn about Newtonian potential in the context of Laplacian equation which will be done later
on.
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Example

Solve the Cauchy problem

¥

Uy—lUy = xe', XER, t>0, ’4'.

ulx,0)0 = x, xeR,

u(x,0) = 0, xeR.
We may use the formula and compute the solution to Cauchy problem.

(x—ct)+olx+ct) 1 [
ki) = —— = / U(s) ds

2 V7 ofly s x

| [ feet-r
i/. / - fls,7)dsdr.

So let us solve in example solve a Cauchy problem non-homogenous Cauchy problem | have
taken simple initial data because | want the computations to be simpler. Of course we have
already said this is the formula f is smooth function no problem so this will represent classical
solution because phi is smooth psi is 0 and f is definitely smooth. You can compute directly
by applying in the values we do not do that.
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Example (contd.)

Instead, we apply Duhamel principle directly. For the given Cauchy problem
(=0, and thus the solution is given by

( 3
ux,t) = —(8,x,1) 4 /.S', (x,t=7)dr
ot 0

Note that

I PN+l I el
Solt,t) = 7('/ pls)ds = 5 / §ds = xt.
sl i () ol

What we do is? We apply Duhamel principle directly so for the given Cauchy problem psi is
0 and therefore the solution in terms of the source operator is given like this. Now we have to



find the source operator and that is given by this d’ Alembert formula which we can compute
that is x, t s phi of x, tisx t.
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Example (contd.)

l pX+CI=T)
Se.ix,t=1)= 7—/ f:(s)ds =

‘(-\ c(1=T7)

; ’
/S/ (x.,t=7)dr .\‘/ (te” —re") dr
JA) JO)
pf
xt(e' = 1) - .r/ re’ dr
JO

= xtle'=1)-x(te' =€ +1)

rX+(1—-T)
/ se"ds = (t—T1)xe'.
t=(1=T7)

o

= X —Xt—2x

Now let us compute what is S of tau b definition it is this given by this formula and compute
what is f tau as s that is s into e power tau compute this integrals you get t — tau into x e
power tau. Now find this integral because this is what will give you solution to the non-
homogenous wave equation and that is given by this integral and simplification we get this
one X e power t — xt — X.
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Example (contd.)

Substituting in the formula

] "
ux,t) = —(S,(x,1)) 4 / Se.(x.t—7)dr,
(), JO

Solution to the Cauchy problem is given by
ux.t)=x+xé =xt—-x=x(e -1

Now we have to add this 2 dau by dau t of s phi is required s phi was x t so dau by dau t will
be simply x + this we will plug in from the last slide. Solution is x into e power t —t.
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Summary

O Introduced Duhamel principle.
+ Applied it to obtain solutions to nonhomogeneous Cauchy problems.

@ Observed that Duhamel principle works for any operators of the form

Uy = Liu

+ For wave equation L is the Laplacian.
. T'he.toperator L can be any differential operator NOT involving the variable
tinit.
So we have introduced Duhamel principle applied it to obtain solutions to non-homogenous
Cauchy problems we observed that the Duhamel principle works for any operators of the
formu t, t — | u. For wave equation L is Laplacian for what operator it will work is the
operator Laplacian can be any differential operator not involved in the variable t in it thank

you.



