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Wave Equation is d space dimensions
Equivalent Cauchy problems via Spherical means

Welcome in this lecture we are going to discuss Cauchy problem for wave equation in d space
dimensions in fact we are not going to discuss fully what we are going to do is? We are going to
reduce this Cauchy problem in d space dimensions to a Cauchy problem for PD which is having
just 2 independent variables that we will do bias spherical means.
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Chapter 4: Wave Equation in 4 space dimensions
o Cauchy problem for wave equation in 4 space dimensions

© Spherical means and the Darboux formula

© Reduction to an equivalent Cauchy problem

Outline for today’s lecture is we start with statement of Cauchy problem for the wave equation in
d space dimension. Then we introduce spherical means and a formula known Darboux formula
associated to that then we reduce the Cauchy problem for the wave equation to an equivalent
Cauchy problem.
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Cauchy problem for 4 dimensional wave equation

Given functions ¢, 1 : R - R, Solve
Ot = uy (,wa F gy + 0 ) =0, XE R >0,
(WE-dd)
ux,0) = p(x), xeRY (IC-1)
u(x,0) = v(x), xeR’ (IC-2)

whereX = (X, Xp, =+, Xg).

So Cauchy problem for d dimensional wave equation reads as follows given functions phi and
psi solve the homogenous wave equation in d space dimension have you see x1, X2, xd are the
space dimensions are the space variables. And u of x o is phi s u t of x; 0 equal to psi x. We are
not yet stating what is regularity or the smoothness of the functions phi and psi required. We will
see them later on.

(Refer Slide Time: 01:42)

Key idea to solve Cauchy problem

0 Reduce the Cauchy problem to an equivalent Gauchy problemin
one space dimension.

o Advantage: The number of space dmensions drop fom d o one,

o T00I: Method of spherical means.

So key idea to solve this Cauchy problem is reduce the Cauchy problem to an equivalent Cauchy
problem in one space dimension advantage the number of space dimension drop from d to 1.
And the tool is method of spherical means.
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Key idea to solve Cauchy problem (contd.)

© When ¢ = 3, the new Cauchy problem may be transformed to that of the one
dimensional wave equation after a change of dependent variable.

o d'Alembert formula gives the solution to the Cauchy problem for the one dimensional
wave equation.

o Asolution of Cauchy problem for the 3 dimensional wave equation is recovered from the
o Alembert formula.

© In'this lecture, we derive the equivalent Cauchy problem, valid for  space
dimensions.

So when d = 3 the new Cauchy problem which we have obtained it can be transformed to, one
dimensional wave equation. Cauchy problem for one dimensional wave equation of course after
a change dependent variable which is straight forward. And then we are on with the d’ Alembert
formula which uses the solution to the Cauchy problem for the one dimensional wave equation.

And retrieve the solution to the 3 dimensional wave equation; the Cauchy problem solution from

the d’Alembert formula that we get here.

So in this lecture we confined ourselves to deriving the equivalent Cauchy problem valid for all
space dimensions.
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A few computations involving
Multiple integrals



So let us see a few computations and notations involving multiple integrals.
(Refer Slide Time: 03:03)

Notations

o We deal with functions of d real variables (not necessarily d = 3).

o Euclidean norm of x := (xj.xp.-+ ,xy) € R is denoted by |lx| : \?i\;‘ F3 42t
@ B(x; p) denotes the open ball of radius p > 0, with center at x € R. That s,

B(x;p) :={y € R : [x-y] < p}

o S(x; p) denotes the sphere having radius p > 0, with center at x € R That is,

Sx;p):={yeR": |-y = p}

e The usage of the word sphere is slightly confusing. Note that ‘hollow sphere'is called
sphere in our course, ‘solid sphere is the union of the ball and the sphere'.

We will start with notations so we deal with functions of d real variables not necessarily d = 3.
Euclidean norm of a vector x is denoted by norm x that is notation and that is given by square
root of x1 square + x 2 square + up to +xd square. The usual length of the vector x B of x, rho it
denotes the open ball of the radius rho of course radius as a positive and with center at x. So B of
X, rho is set of all y in Rd whose distance from X is at most rho that is norm x —y is less than rho.

S of x, rho denotes this sphere having radius rho and center at x that is S of x rho is y in Rd such
that norm x —y equal to rho. The usage of the word sphere is slightly confusing because from our
high school by sphere what we mean is a sphere which is in this case actually the ball union this
sphere the boundary of the ball is this sphere both of them you should take the union you get the
so called solid is sphere.

So what we mean by sphere here is the hollow sphere is called sphere in our course in fact that is
shown in any advanced mathematical courses. And solid sphere is the union of the ball under this
sphere.
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Notations (contd.)

0 4 Genotes the measure of the unitsphere S(0;1)in R
0 4y 15 the perimeter of the circle of radius | having centre at origin uy = 2r.
o wy 15 the surface area of the sphere of radius | having centre at origin, wy = dr.
o Sl )l = Ny

o 15 Used to denote the Surface measure on §(0: 1.

¢ A generic notation o is used to denote the surface measure on any sphere. It varies
with radius of the sphere.

So you should not get confused now omega d demotes the measure of the units sphere S of 0, 1
in Rd. Omega 2 for example d = 2 omega 2 is a perimeter of the circle of radius 1 therefore it is 2
pi. Omega 3 is surface area of sphere of radius 1 and that is 4 pi we also have this relation which
connects the surface area of the unit sphere to surface area of sphere of any radius. So this is a
surface area of the sphere of radius rho that is rho power d — 1 times the surface area of the unit

sphere.

d omega is used to denote the surface measure on S, 0 1 we are going to deal with varies
integrals as S 0, 1. So we write d omega denotes the surface measure now we use a generate
notation d sigma to denote surface measure on any hyper surface in our context since we are
dealing only with spheres it is a d sigma is used to denote the surface measure on any sphere. Of
course it varies from sphere to sphere in fact it varies with the radius of the sphere.
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Multiple integrals: Change of variables, Integration by parts

Consider the following change of variables

Blx;p) — B(0:1)
y-x
/J

y —

Given a function g : B(x; p) — R, define a function w := w(z) by
w:B0:1) >R, wz)=glx+pz)

The function g can be expressed in terms of w by

gy)=w ()j)
/i

Now let us the change of variables from so it is a mapping from B of x rhoto B 0, 1y in B of x,
rho map to y — x by rho. So the ball of radius rho x will be going to the ball of radius 1 and center
0 under this mapping. It is of course it is an inevasible mapping so given a function g defined on
B of x rho we can define a function which is define on B of 0, 1 thatis2 of zforzin B0, 1 by g
of x + rho z.So a function define here can be transferred to function here and vice versa so g of y
is given by w of y — x by rho in terms of w.
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Multiple integrals: Change of variables, Integration by parts

gy)=w (}_x) ;
/)

The equation

gives rise to (using Chain rule )

ysly) = o'V (y #x)
/)

gy ()_)
V

So this equation gives rise to the following equations of course chain rule so we are going to

.Xy,k")')

differentiate both sides with respect to y. So gradient with respect to y is gradient of w with

respect to z and gradient of the inside quantity which is y — x by rho with respect to y that will



give you 1 by rho that is why rho inverse. And Laplacian consist of second order derivatives so

we get one more rho, inverse.

So we have rho power -2 into Laplacian in z of w evaluated at y — x by rho so we have to be as |
told you we have to be comfortable with using a chain rule particularly when there are change of
variables involved.
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Multiple integrals: Change of variables, Integration by parts
(contd.)

y { ) j-X
In view of dy = p“dz, and Aygly) = p~Agw (‘—) :
we have

/ Aygly) dy / p 0w (2) pldz
JBXp) JB(0:1)

= /)" 3/ Agw (z) dz
J(0:1

= ¢ :/ Vaw(z) zdw.
J5(0:1

~ We used change of variables, and integration by parts in the above computations.

So the measure dy is given by rho power d into dx in view of that and the equation that we have
just derived Laplacian yg in terms of Laplacian zw what we get is this particular integral. Now
we are going to do change of variable z = y — x by rho that domain of integration transforms to
this b of 0, 1 and the integrant will be rho power -2 into Laplacian z and the dy the measure

becomes rho power d dz.

So pulling the rho terms outside what | have is rho power d — 2 into integral over ball of radius 1
center 0 Laplacian at w. So now from here we get this by integration by paths or (()) (08:45)
theorem. So we use change of variable or integration by paths in these computations.
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Multiple integrals: Change of variables, Integration by parts
(contd.)

' )-X
Inview of Vyg(y) = p~' Vgw (" ) )
we have

d=2 d=2
/ / Vow(z) zdw f / pVyg(x + pz)zdw
Js(0:) Js(0:1 ’
/)" ] / Vyg(x + pz)zdw
Jsp) °

d-1 Y A
f — (glx + pz)) duw
. \\01 ’)/'
iid o p

= p ,H/ g(x+ pv)dw.
ap Jju=1

\

Now we also had one relation for the gradient under change of variables so using that the last
equation that we obtained on the previous slide can be simplified expressed in terms of g. So this
integrant is precisely dou by dou rho of this quantity and dou by dou rho will come out of the
integral now. So this is the expression that we have got.

(Refer Slide Time: 09:32)

Multiple integrals: Change of variables, Integration by parts
(contd)

Thus we proved

)
Dygly)dy= f = o+ o) do,

JBX:p) ()/) |=|

'l

So this what we have proved integral of the Laplacian G over B of x rho is given in terms of rho
power d — 1 rho by dou rho del derivative of this quantity the integral on the unit sphere with
center origin.

(Refer Slide Time: 09:53)



opnerical means and the Darboux formul

Now we are in the position to introduce spherical means and the Darboux formula.
(Refer Slide Time: 10:01)

Definition of Spherical means

Let ¢ : R - R be a continuous function.
The spherical mean of g, denoted by M, (x. p), is a function

M,: R?x (0,00) » R
(x,p) — My(x,p)

defined by

] .
Mr,p)=—— |  g0)do,
‘L(x /)) |S(x:/'}/3‘1x:p‘g(y) -

where da is the surface measure on the sphere S(x: p), and [S(x: p)| denotes the measure
of §(x: p), which equals p*~'w,.

So take continuous function g defined an Rd to R let them continuous function. The spherical
mean of g denoted by Mg M for mean we are talking about mean of the function g. Because later
on we are going to deal with means of at least 3 functions 1 is means of the solution u and mean
of the initial data phi and psi that is why we introduce g here not to get any confusion later on. So

Mg of x, rho it is a function defined an Rd cross infinity taking values in R.

So Mg of x rho is defined by integral g over this sphere S x rho and divide with the measure of S

X, rho that is why it is called mean. And d sigma is surface measure on this sphere and what is



the measure of S x, rho? That is precisely rho power d — 1 into omega d this we have already
stated.
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Spherical means are Spherical averages

The formula

I

M,(x.p) ::'—/ oly)do
i ’5()‘1/’)\.5‘()(;,” :

Integrates the function g over the sphere S(x: p) and compares it with the surface area of
the sphere |S(x: p)|. Thus Spherical means are averages of the function over spheres,

Spherical means mean spherical averages so this formula which defines spherical means is
integrating the function g over this sphere and compares it with the surface area of this sphere.
Recall how athematic means are defined if this is exactly similar so spherical means are averages
of the function over spheres.
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Cluestion 1, Wy e weconsdeng Sperca mears? Adarages

ARSI, Knowing al shecalmeans o a fncion i equivelent o kning e
Huncton

0 Functon ¢an be retrived from s Sphercal megns

Now we a question why are we considering spherical means? Are there any advantages to be

done? Knowing all the spherical means of a function is same as or is equivalent to knowing the



function itself. And importantly function can be retrieved from its spherical means that is the
idea.
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Cluestion 1, Whyare we consideing Soheal meas? Advanages?

ANSWe, Konigal ol means f a frton i equvlet o knowing e
fncton,

0 Fynction ¢an be retrived from 15 sphercal megns

We will state more precisely results which say which asset function can be retrieved from
spherical means we will do that.
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Cluestion 2. v wecompleaing b nvodueing a alonl vl

Answer,Notatal
9 Once we fixx, Spherical means are funcions o ony ang variabl, namely .

o This willhel us nreducing the Wave equation ind dimensions o an equation wih
{me variablg and one more independent varabl,

So now another question is are we complicating by introducing an additional variable rho? Not at
all once we fix x the spherical means are functions of only one variable namely rho. So this will
help us in reducing the wave equation in d dimensions to an equation with a time variable and

one more independent variable we will see that.
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j 5 — (J \‘, X;
g(y)do L - | g(y)° dy
JS(X:p) JB(X:p) i) oy P

B ! , 0 o e
- p — (glx + pz) zi) pidz

Ja0:) 5 Jzi

g ~ 9
P Z — (g(x + pz) i) dz
JB(0:1 1 J

d—1 N0 e gl Ny
P /\()[‘/—"Ux PZ) 3 duw

- /;‘l |/ glx+ pz)dw
Js(0:1)

Let us look at this computation where we are integrating g over the sphere S x, rho that by
Greens theorem is equal to this. So please compute this quantity on the right hand side you will
get the quantity on the left hand side. Now why, are we doing this we will see at the end of this
computation and the reason for doing this? Now this we are now changing the variable where
ball of x rho becoming ball of 0, 1 and the measure, d by natural rho power d dz and the

derivative dou by i is rho inverse dou by dou z i.

We have already established these facts so finally we have an integral on ball of 0, 1 now we will
write this using once again integration by parts of Greens theorem and express this as an integral
on the sphere S 0, 1. So we end up with this expression and if you notice this is does not depend
on i so it can come out what | have summation i = 1 to d zi square where is z? z is on this sphere

therefore norm z is 1 and summation | = 1 to d zi square is 1.

Therefore we get this expression so we have got integral on S X, rho we have converted that to
integral on S 0, 1 so we did change of variables in spheres.
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; ' de Vi — Xj |
gly)do , gly): dy
JS(X:p) JB(X:p dyi P

/ p —le(x—,))“)p(/”
Je0:) 5

d
/ Z (g(x + pz)zi) dz
B(0;1) = 9zi
/ Z‘ g(x + pz)z dw

01\

=1

= /I(I : /0 \L".x:*/):)(lw'
JS( 1)

So in view of the computation on the previous slide what was it about? We are just answered it is
something to do with change on variables on spheres. Usually we learnt change of variable
theorem for open sets in Rd so that means we know how to handle open sets in Rd whereas S X,
rho is not an open set in Rd. So directly if you write this equal to the last lines there are questions
and this; what is establishing that this is indeed true. So we can be here like yes | know how to
do change the variables even for spheres.

(Refer Slide Time: 14:53)

Remark on Spherical means

In view of the computatlon on the previous slide (What was it about?), and since
S(x:p)l = p*'w,, we may write

In view of the definition of spherical means M,(x, p), we get

I [ -
M,(x,p) = — / glx+pv)dw. |
Wy . vl=1

So that is about it how this is the definition of Mg of x , rho now that we have alternate

expression which is 1 by omega d integral of g of x + rho mu d omega integral over norm mu =



1. So in view of the definition of the spherical means which is actually Mg equal to this now we
have established is equal to this. So we have a new formula for Mg equal to this.
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Spherical means M,(x, p) was defined by

| ;
M,(%,p) == = / gly)do.
| ISCe; o)l S

We obtained |
M,(x,p) = — / gx+pv)dw.
@ vf=1

wi |

Question. what is the advantage of the second formula over the first one?
Answer. Observe the domains of integration in these formulae.

So spherical means was defined by the formula Mg = 1 by measure of S x rho by integral over S
X, rho of g y d sigma and we obtained another expression why are we doing this? What is that
advantage of the second formula over the first one the answer is observed the domains of
integration in these formulae. What is the domain here? S x rho; what is the domain here? Norm
nu equal to 1 what is this function Mg of x, rho so if | want to differentiate either with respect to
S x r with respect to rho here it is difficult.

Because the domain itself is varying with x and rho whereas in this expression it does not depend
on x it does not depend on rho that is the advantage we have.
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Lemma on Spherical means (LoSM)

Hypotheses

o Let ¢ : R” = R be a continuous function.
o Let M, : R x (0,00) = R be defined by

M,(x,p) := gly)do.

l /
’S('x' /))‘ JS(X:p)
So we have a lemma on spherical means we will often be using, we calling it LoSM lemma on
spherical means hypotheses g is the continuous function and let Mg be define by this formula of
the spherical means of g.

(Refer Slide Time: 16:41)
Lemma on Spherical means (LoSM)

Conclusions

0 M, can be extended to the domain R x R sucHe
p+ My(x, p) is an even function, for each fixed x € R,

0 Letk e N. If g € C*(R), then so is the function (x. p) - M,(x. p).

@ The function g can be recovered from M,(x, p) in the following
sense:
lim M,(x, p) = g(x) forall x € R,

/'—?0 :

Conclusion 1 sometime we call LoSM 1 what is it? Mg can be extended to the domain Rd cross
R such that for each fixed x as the function of rho it is an even function. Currently it has defined
only for positive because we needed the ball to have a positive radius. So let k belongs to N if g
is the Ck function in Rd then SO is the function X, rho mapping to Mg of x rho it is function

defined on Rd cross, R.



Note by 1 conclusion 1 we already extended the function Mg of x, rho were rho belonging to R
and the function g can be recovered from the spherical means this is the most important property.
What do you mean by that? You take Mg of x, rho and take limit as rho goes to 0 you get g of x
and this happens for every x.

(Refer Slide Time: 17:46)

Proof of Conclusion 1 (contd.)

The equation

|
M(x,p) —/ g(x = pv)dw
vii=I

w'l{' j
suggests that the function M, can be extended to the domain B x (R \ {0}) such that
p= My(x, p) is an even function, for each fixed x ¢ R".

Setting M, (x.0) = g(x), the function p - M,(x. p) is now meaningful for all p € R. 0

Now let us prove conclusion 1 observe this equality holds why? Because the units sphere is
invariant under the mapping nu going; to minus nu so, therefore these integrals are same
therefore Mg which we know is equal to this is now also equal to this quantity. So in other words
Mg as the function of rho whether you put plus rho or minus rho it is a same that means the

function is even. So we can use the same formula to extend Mg of x rho even for rho negative.

So we can do this for rho negative rho positive we have started defining spherical means for rho
positive we have not extended for rho negative what about 0? So 0 we just take it to g x Mg of X,
0 = g x this also consistent with the third assertion of this lemma then it is defined for all rho. So
just to summarize we have defined Mg of x rho for rho positive then we observe that if repress
rho with minus rho the integral does not change. Therefore we can extend Mg of x rho even for
negative rho and for rho equal to 0 we define by Mg of x, 0 =g x.
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Proof of Conclusion 2.

If g € C*(RY), then from

|
M,(x,p) = — / g(x+ pv)duw,
Jv]l=!

[}
wid |

itfollows that the function (x, p) = M, x. p) belongs to C*(R’ x ). How?

So let us go to the proof of conclusion 2 if g is the Ck faction in Rd define an Rd then from this
formula Mg of x rho = 1 by omega d integral over norm nu equal 1 g of X + rho nu d omega.
Notice that x and rho appears inside the argument of this function g therefore if g CK then Mg of
x rho will be Ck also. So it follows that this function x rho going to Mg x rho Ck of Rd cross R
how? We have to justify the interchange of derivative on the integration and there is an exercise
in an answer.
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Proof of Conclusion 3.

Conclusion 3 re-phrased. For each x € R,

| [
lim — / glx+pv)dw = glx).
v||=I

0 g,

Let = > ( be given. Let us estimate

l

f/ glx+pv)dw - glx)
W J|y)=1

& /| u I(z(Hw) - g(x)) dv

Wi ,

Lt
£ ~ / g(x +pv) - glx)| dw
wd Jv|=!

Now proof of conclusion 3 let us refresh the conclusion this is limit rho goes to 0 this is Mg of x
rho. That is equal to gx this is what we want to show so do you show this? Start estimating the

difference between this quantity and g x so let epsilon be given positive be given let us estimate



this quantity whose limit you want to find you want to show that limited g x therefore estimate
the distance. Now g x can be written as 1 by omega d integral norm nu = 1 because omega d is

after all the measure of the set norm nu = 1.

Therefore we can do that of course g itself cannot depend on nu so we can put it inside now we
take the modulus inside the integral. So modulus of the integral is (()) (21:05) integral of
modulus and we get this. Now this suggest something to be used the property of g here g is
continuous at x. So therefore this can be made small as a result this can be made small and we
achieve what we want to show that is the idea.
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Proof of Conclusion 3.

Since g is continuous at x, there exists a 4 > ( such that for every y with [ly - x| < 4,
l8ly) - glx)| <.
Therefore, we have for || < 4,
lg(x+pv) - glx)| <.
Conclusion 3 follows from the estimate

Ll
—|/ gL+ pv) du - g(x)
4 JJp|=

||
< — g+ pv) - glx)| dw. L
Wi J|jy)=!

Since g is continuous at x there is a delta whenever y is delta close to x g y — g x is less than
epsilon in modulus. Therefore we are not interested in arbitrary y but we are interested in y
which is looking like x + rho nu where nu is having unit norm. So therefore for mod rho less than
delta this becomes mod g of x + rho nu — g x becomes less than epsilon. So now conclusion 3

follows from this estimate because this is less than epsilon.

So the RHC is less than or equal to epsilon by omega d integral norm nu =1 d omega which will
give you omega d. So omega d- omega d cancels and we get epsilon so the conclusion 3 follows.
(Refer Slide Time: 22:27)
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Lemma: Darboux formula

For g € C*(R), the Darboux formula holds:

((‘)2 d-10

——— | My(x,p) = AxM,(x, p),
dp? i p (')/)) i) = BxMyls, )

where Ay stands for the Laplacian operator in the variables x;.x,. -+ .xy, i.e.,

¥ & .

e e e i g,
o 0x il

Now let us prove Darboux lemma for g in C2 of Rd the Darboux formula holds what is the
Darboux formula? It is this Laplacian in the x variable of Mg of x rho is this quantity. So the
Laplas x sub x stands for Laplacian operator the variables x1 up to xd which is here. Actually if
you looking at the Laplacian equation we have not yet looked at Laplas equation and you want to

look at solution which depends on only on the radius R then that you end up with this operator.

So this is actually the radial Laplacian other angular parts are ignored | am not looking at
solution which depends on angles therefore only the radial part this is that.
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Proof of Darboux formula (contd.)

Differentiating both sides of the equation

0 | [ '
/)(/ | . M,\r[j.\'./)J ‘ / ,J/ IA,\' ( / |
(')f‘ wd Jo \/ [[v[| =




Recall that we have proved this Laplacian on d of x rho is given by this quantity this we have
already proved in the beginning. So this quantity is actually this with a omega d 1 by omega d
missing you put omega d so you get this multiply both sides with 1 by omega d you have this
equal. Now express this integral on the ball using polar coordinates R and d omega so you have

this expression.

Now differentiate both sides with respect to rho so LHS is simply this and RHS by fundamental
theorem of calculus is the integrand evaluated at rho which is this.
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Proof of Darboux formula (contd.)

0 d I{) d-|
— [ p" T =M,(x,p) | = p" " Ax (My(x,p)).
()Il ()/)

Computing the derivative on the LHS of the above equation yields

0}

, 0 i ;
d- 1)) ‘M—/‘M, x,p)+ " ]()7,\/,.\:;, 0 A (M, (x, ).

Cancelling the factor /- yields the Darboux formula.
Now we can expand this derivatives which are here and we get this now if you cancel rho power

d -1 on both LHS and RHS what we get is precisely the Darboux formula.
(Refer Slide Time: 24:43)



Reduetion o &n equivlentGauehy poblem

Now let us reduce the Cauchy problem for the wave equation to an equivalent Cauchy problem.
(Refer Slide Time: 24:51)

Equivalent Cauchy problem

Let u € C*(R x R) be a solution to the Cauchy problem for
dimensional wave equation.

For each fixed t € R, x € R?. define

| |
M,x. tp) = — / ux + /W.Il({x.
V=l

W‘(f. |

Apply Laplacian operator on both sides of the above equation.

So for that we have to introduce spherical means associated to the solution or the unknown
function u. So let u be a C2 function be a solution to the Cauchy problem for d dimensional wave
equation for each fixed t and x define the spherical means. A Mu x, t rho earlier when we were
dealing with spherical means there is no variable called t therefore it was missing we had x and

rho but now we have to include that because we are trying to solve wave equation now.

So mu of x t rho is exactly as before now apply Laplacian on both sides of the above equation
what do you get?



(Refer Slide Time: 25:37)

équiv;Ient Cauchy problem (contd.)

Apply Laplacian operator on both sides of the equation

-
M,(x.t,p) / ulx + pv,t) dw.
Wd JIvll=1
we obtain for each fixed 1 € R,

|
AxM,(x,1.p) = — Axulx + pv,t) dw
Wd Jv)|=1

1 / s
= — —u(x 4 pv,t) dw
2wy Jyy=1 07

I = S5 M(x,0)

What we get is? This is just an applying Laplacian and writing so we need to really do here the
Laplacian has gone inside here that is the change. Now u is the solution right so Laplacian x u is
u tt by c square because u a solution to the homogenous wave equation so then we have this.
Now bring dou 2 by dou t square outside and we have this so what we have is Laplacian Mu is 1
by ¢ square dou 2 by dou t square Mu.
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Lemma Equivalent Cauchy problems

The following statements concerning a function u € C*(R’ x R) are
equivalent.

© uis a solution to the Cauchy problem for 4 dimensional wave equation.

@ The function M, (x.t, p) solves the following Cauchy problem

i (® d-10
UTM"(x‘t'm = (W . 72)—/)) M,x,t,p), peR >0,
M,(x,0,p) = M,(x,p),  p€R,
oM,
(TI(X-O-I') =Mylx,p), peER
(

\

Now we have this statement about the equivalent Cauchy problems so the following statement
concerning a function u which is C2 of Rd cross R, are equivalent what are those? u is a solution

to the Cauchy problem for d dimensional wave equation and that is same as saying dou 2 by dou



t square of Mu is ¢ square into this operator acting on Mu and of course the initial data for Mu
and dou by dou t of Nu we will prove this. Very simple proof we have done all the computation |
will just indicate how to go about this proof.
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Proof of Lemma

0 Statement 2 follows from Statement 1 by direct computation using the definton of
M, {x.1.p), in view of the computations immediately preceding the statement of tis
Lemma, and Darboux formula.

o Statement 1 follows from Statement 2 in view of Darboux formula, and Conclusion 3
of Lemma on Spherical means (LoSM) . You are urged to fil in the details of the
proof, ]

So statement 2 follows from statement 1 but direct computation using the definition of Mu we
have done all the computation all the computations immediately preceding the statement of this
lemma and Darboux formula. Statement 1 follows from state 2 in view of the above formula and
conclusion 3 of LoSM that is the function can be retrieved from its spherical means. So you are
asked to fill in the details of the proof very simple details you have to just write down a few
lines. All the computations are already there and | have given you how to go about here.
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Summary

@ Introduced Spherical means for a continuous function.

+ Found that pointwise values of the function may be obtained from the knowledge of al
spherical means.

@ Cauchy problem for wave equation in d space dimensions has an equivalent
formulation involving only two independent variables 1, .

o Thus ‘reducing the complexity' of the Cauchy problem.

© Innext few lectures, Cauchy problems for = 3 will be solved using the equivalent
formulation. Further, solution to the Cauchy problem for d = 2 will be obtained using
that of d =3,

So let us summarize what we did in this lecture we have introduced spherical means for a
continuous function found that point wise values of the function may be obtained from the
knowledge of all spherical means. Cauchy problem for wave equation in d space dimensions has
a equivalent formulation involving only 2 dependent variables. Thus reducing the complexity of
the problem in the few lectures Cauchy problem for d = 3 will be solved using the equivalent

formulation.

Further solution to the Cauchy problem for the d = 2 will be obtained using the solution that we
get for d = 3 case.



