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Lecture — 20
Second Order Partial Differential Equations Classification

In this lecture, we are going to introduce classification of second order partial differential
equations. It is also known as classification by characteristics.
(Refer Slide Time: 00:29)

Chapter 3: Second order PDES.
Classification

o Review of Lectures 3.1 and 3.2
0 Characteristic curves
o Classification

o Remarks on Classification

-8
Outline of today's lecture is we start with a review of lectures 3.1 and 3.2, then we introduce
define what is called characteristic curves. Using which you will define what is meant by
classification of second order partial differential equations. In fact, we are going to classify
second order quasi linear partial differential equations and then a few remarks on
classification.
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Second order quasilinear PDE in two independent variables is of the form

Al + 2bUy, + Cltyy +d = 0), (2QL)
where a. b, c,d are functions defined on an open subset X of &',

In (2QL), the dependence of each of the functions a.b.c.d on the S-tuple (x.y.u. 1. ;) is
suppressed, i.e., a stands for a(x, y. ., uy) €IC,

i
Recall the second order quasi linear equation we do not by to 2QL, it stands for this equation
au xx + 2bu xy + cu yy + d = 0 coefficient a, b, ¢ of the second order derivatives and d R
functions of x, y, u, u x, uy that is why it is quasi linear. When the coefficient depend only on
X, y particularly a, b, ¢ depend only on x, y and d may depend on all the five variables here X,

Y, U, ux, uy. Inthat case 2QL is actually called a semi linear equation.
(Refer Slide Time: 01:33)

Second order linear PDE i wo independent variabies is of the form

(X, V) +2b0x, e, )iy +d(x, v)ucte(x, y)uH(x y)utglx, y) = 0,

(2L)

[
So, this is a linear equation which we will also be looking at. So, in this a, b, ¢ naught depend
only on x, y even d its dependence on u, u X, u 'y is linear u here, u x here, uy are here is a
function of x and y equal to 0. So, this is second order linear PDE.

(Refer Slide Time: 01:55)



Review of Lectures 3.1 and 3.2

3 : 7
So, let us start with a review of the lecture 3.1, 3.2 what we did there?
(Refer Slide Time: 02:01)

In Lecture 3.1 we came across the ODE

where ((y) := (@(¥), y, a2y}, ¥), e (2(¥), ¥), g (2(¥), ¥))
@ If Cauchy data is prescribed on any curve I';
[y x=¢)

where > does not salisfy the above ODE at any y, derivatives of all orders

: for a solution to (2QL) can be determined at all points of I,
%)

In lecture 3.1, we came across this ODE, a of zeta y - 2b zita 'y d phi dy + C of zita y d phi dy
whole square equals 0. Where zeta y is phi tripple, phiy y, u of phiy, y u x at the point phi y,
y, uy phiy,y. So, the Cauchy data is prescribed on any curve gamma 2 given by x = phi y,
yes in lecture 3.1 to start with we considered a parameterized curve regular parameters curve

gamma 2 given by x equal to fs and y equal to gs.

And later if the curve is given by any equation of this form, in other words it is a graph of
function of y, x equal to phi of y then the equation that we got there then namely delta s = 0
reduces to this equation this was already observed. So, if the Cauchy data is prescribed on

any curve gamma 2 in the plane given by x = phi y. The equation where phi does not satisfy



the above ODE, derivatives of all orders for a solution to 2QL can be determined at all points

of gamma 2.

Note here the zeta y of course involves the given solution u of the 2QL the quasi linear
equation, second order quasi linear equation. So, given such a curve gamma to such that the
phi does not satisfy the solution where u is we have to input the given function u. If it does
not satisfy this equation, then we can determine all derivatives of all orders for the solution u
can be determined at all points of gamma 2.

(Refer Slide Time: 03:59)

where ((y) := (L) Yy ul () ¥) @y ) ¥). (2 (y). )

Q Ify: x=p(y)is curve of discontinuity for second order partial derivatives for a
piecewise smooth solution to (2QL)

oA

In lecture 3.2 also we came across the same ODE, | will not repeat the exactly same ODE.
How did we get that? We assumed that a curve gamma given by x = phi y is a curve of
discontinuity for second order partial derivatives for a piecewise smooth solution to the
second order quasi linear equation. Then, phi solves the above ODE.

(Refer Slide Time: 04:28)



o The regular curves I' : x = (v} for which

1 (dy)
agly ZH Y)) Cigl) ( ) ()

where C(v) := (g(y). you( @) ¥), te(20y). v) 1, (2(y). v) ) holds can be determined
for (2QL) only f an integral surface : = u(x.y) is given.

o For semilinear equations the above ODE is meaningful without the knowledge of any
integral surface since a. b. ¢ are functions of (x.y

(%)

The regular curves for which this equation is satisfied they can be determined for a second
order quasi linear equations, only if we are given a solution new. In other words, an integral
surface z equals to u X, y is given is another way of saying that a solution u is given. Because
only then the coefficients are determined and once coefficient are determined we can try to
solve for phi satisfying this ODE.

For semilinear equations as we observe A does not depend on all the five quantities namely X,
y U, U X, Uy, it just depends on x y same thing is with the b and c. So, all the a, b, ¢ functions
that depend only on x and y. Which means what? This u knowledge of u is not required.
Therefore, this ODE is meaningful without the knowledge of any integral surface. Since a, b,
c are functions of x, y only.
(Refer Slide Time: 05:32)

Characteristic curves for Second order Quasilinear PDES



Now, let us introduce characteristic curves for second order quasilinear PDEs.
(Refer Slide Time: 05:38)

Definining the notion of Characteristic curves for (2QL)

o Characteristic curves for (2QL) would be defined as curves satisfying the ODE that
was obtained in Lectures 3.1 and 3.2,

o Detining Characteristic curves for (2QL) requires that a solution to (2QL) is given.

o In other words, characteristic curves for (2QL) are delined w.r.t. a given solution or an
integral surface,

o When the equation (2QL) is Semilinear, it turns out that notion of Characteristic
curves becomes independent of any prescribed solution.

o The ditferences between the Quasilinear and Semilinear/Linear cases will be
brought out after defining Characteristic curves.

A
So, defining the notion of characteristic curves for 2QL, they will be defined as curves
satisfying the ODE that was obtained in lecture 3.1, 3.2 the equation that we saw just now.
Defining characteristics curve for 2QL requires that a solution of 2QL is given. In other
words, characteristic curves for 2QL are defined with respect to a given solution or an
integral surface. So, when the equation 2QL is actually semi linear that happens in that case

a, b, c will be functions of x, y only.

It turns out that the notion of characteristic curves becomes independent of any prescribed
solution, we do not require any solution to be prescribed. The ODE itself determines the
characteristic curves and the differences between the quasi linear and semi linear cases will
be brought out once we finish defining the characteristic curves.

(Refer Slide Time: 06:41)



Definition Characteristic curve ﬂ !

Let I'; denote a reqular planar curve described parametrically by [ d |
Cy: x=f(s), y=gls), s€l,

where /is anintervalin R, f,g € C'(1), (f'(s). ¢'(s)) # (0.0).
Define
A(s) := e(C(5)) (f(s)" = 2b(C())f' ()€ (5) + alC(s)) (&'(s))"

where ((§) = I;/'(.\').g(x].u(f(.x‘].g(.\‘i).Q{{(.\').g(m. y(f(5), &(5))).

So, definition of a characteristic curve. We consider a regular planar curve described
parametrically by x equal to fs y equal to gs and s belongs to some interval | and f and g are C
1 functions and | want to capture the word regular. What does regular means? Both f dash
and g dash cannot vanish simultaneously. So, we consider a regular parametrized planar

curve. Define delta of s by this expression.

We have zeta s equal to this note you need to know u, u x and u y. So, given a u we can
define zeta s. In the definition of characteristic curve, we will see that u has to be defined as a
solution of the 2QL equation then this is well defined. So, delta of s is denoted by this.

(Refer Slide Time: 07:43)

Definition Characteristic curve (contd.)

O I, is said to be a characteristic curve for the PDE (20§
uof (20L)if

Als)=0foralls e/

Q I, is said to be a non-characteristic curve for the PDE (2QL) w.rt. a given
solution u of (2QL) if

Als) #0foralls €/

A

Now, the definition gamma 2 is said to be a characteristic curve for the PDE second order

quasi linear equation 2QL with respect to a given solution of 2QL. If delta s is identically



equal to O for all s and I. At every point on the curve delta s is 0. It is said to be a non-
characteristic curve, it is exactly opposite of what is a characteristic curve. It is a non-

characteristic curve means at no point delta s equals 0 is satisfied.

Of course, because we are dealing with 2QL, we have to write non characteristic curve for the
PDE with respect to a given solution. If delta s is not equal to O for every sE I.
(Refer Slide Time: 08:32)

Remark for Semilinear equations

When the PDE (20L) is Semilinear, A(s) = 0 reduces to

f at " '
Als alfis). elsitels aDUfLS) eis) I (s)eLs clrly

since the coefficients a, b, ¢ in (2QL) depend only on x, y.
Note that A(s) depends only on f, ¢ which define the curve I's.

Iy is given by v = 1/(.x), then the above equation becomes

[ dy )
ax.\ (
\ (X /

A
So, when the PDE is actually semi linear, then delta s equal to O reduces to this. The zeta s
has gone, zeta s is actually fs and gs in this case. Because the a, b, ¢ are functions of x, y only.
Therefore, delta s depends only on f and g. What is f and g? They are the ones who are
describing the curve gamma 2. The curve gamma 2 is parameterized using f and g. So, if
gamma 2 is given by y equal to psi x, what will happened to this equation?

It will be this, psi will be a solution to this ordinary differential equation it is a quadratic in dy
by dx. So, it is a first order ordinary differential equation but degree 2.
(Refer Slide Time: 09:25)



Remark for Semilinear equations (contd.)

We may solve for % from the equation

u\.\'k((ﬁ) 'zf)i.\.‘\'t{i‘-.-('i.l._\'l 0, (1)
dx, dy

and obtain

dy 2+ VAP -dac b+ Vb -ac

dy 2 a

The equation (1) is called the characteristic equation for the semilinear
equation and its solutions are characteristic curves.

A
So, we may solve for dy by dx from this equation and get this expression dy by dx equal to b
plus or minus root b square minus ac by a. The moment we see a square root we are to
become alert. Therefore, if this is negative, then there are no real solutions for this equation
for dy by dx. If it is positive b square - ac is positive, then we have two different ODEs given
by this one corresponding to plus one corresponding to minus.

And this is equal to 0 we only have one ODE. So, the equation one which is given above is
called a characteristic equation for the semi linear equation, and it solutions are characteristic
curves.

(Refer Slide Time: 10:17)

Remark for Semilinear equations (contd.)

Characteristic curves are solutions to the ODE

dy bt Vb -ac

dy a

o If b* = ac > 0, two families of real characteristics exist which are
transversal to each other,

o It b* - ac = 0, there is only one family of real characteristic
curves.

o If b* - ac < 0, there are no real characteristic curves.
A
So, characteristic curves are solutions to this ODE, infact two ODE if b square - ac is

positive, one ODE if b square - ac is 0 and there is no ODE real value if b square - ac is



negative. So, in which case there will be no characteristic curves. So, if b square - ac is
positive, two families of real characteristics exists which are transversal to each other,
because the slope at any point will any point of intersection will be one will have slope b +

route b square - ac by a.

Other one we have b - root b square - ac by a both are different. They are one and the same, if
and only b square - ac 0. If b square - ac is O there is only one family of real characteristic
curves because there is only one ODE here. If b square - ac is negative, there are no real
characteristic curves.

(Refer Slide Time:11:17)

Classification of Second order Quasilinear PDEs

So, this is what leads to classification of second order equations.
(Refer Slide Time: 11:23)

Definition Let « be a solution of the quasiinear PDE

ALYV g U Uy 2b(x, , U My Uy Mty 4 CLY Y 0 B Uy Uy fd{l.\‘,u.u..u.) 0.

Define a function 4 by

1

0(x,y) = (b° = ac)(x, y.ulx.y), u(x. ¥), u,(x.¥))

With respect to the integral surface = = u(x, y), we say that the given quasilinear equation
is

Q of hyperbolic type at the point (x,y) if d(x, y) is positve.
@ of parabolic type at the point (x. y) if d(x, y) is zero.
Q of elliptic type at the point (x.y) if a(x. y) is negative.



So, let u be a solution of the quasi linear PDE here, define a function delta actually it is b
sguare minus ac at this point x, y, u X, y, u X of x, y, uy of x, y that is delta at the point x, y.
So, with respect to the given integral surface that equal to x, y, this delta makes sense now. It
is a function of x, y because you have already given to us. Therefore, all the members of this

five triple are known at any point x, y.

We say that the given equation is a hyperbolic type at the point x, y if delta x, y is positive. It
is a parabolic type if delta x, y = 0. It is an elliptic type if the delta of x, y is negative at this
point remember hyperbolic type at the point X, y, parabolic type at the point x y, elliptic type
at the point x, y is very important. Equation can change types from point to point we will see

such examples also.

So, if you want to define classification only for semi linear equations, we need not start with
a solution of the quasilinear PDE, we say consider the semi linear PDE a of X, y u x X, 2b of
X, yuxy+cofx,y,uyy +dof the same thing X, y, u x y = 0. Define delta f x, y = b square
- ac at the point x, y and exactly the same definition. So, normally people want to avoid this

kind of unpleasant thing that you have to say all the time.

That you have to fix a solution to the quasilinear PDE then only classification is defined
people simply start with semilinear equations, where you need not mentioned this. But it is of
relevance even for quasilinear equations. Therefore, we are presenting it here.

(Refer Slide Time: 13:20)

Example

@ The wave equation u, - u,, = 0is of hyperbolic type at every point (x. 1), since
ofx.t) =1,

Q The heat equation i, - u,, = 0 is of parabolic type at every point (x.1), since

3.0 =0,

Q The Laplace equatiori'u\. + Uy, = 05 Of elliptic type at every point (x,y), since
ox, v) .



Let us look at some examples, look at this equation u tt - u xx = 0 is called a wave equation.
It is a hyperbolic type at every point X, t. See here notice the coefficients here are constants.
Therefore, if you go back to the definition, if a, b, ¢ are constants b square - ac will be
constant. Therefore, given any equation it will be exactly one type at all the points. So, here

what is delta of x t? b square - ac b is 0 here a is minus one c is one.

Therefore, delta is 1, this equation u t - u xx = 0 is called heat equation, it is a parabolic type
at every point. Since delta x, t here b and c are 0 only a is there, a is minus 1. Therefore, delta
is 0, b square - ac is 0. The Laplace equation u xx + u yy = 0 is called Laplace equation. It is
an elliptic type at every point because delta of x, y here b is 0 a and c are 1. So, it is minus 1,

delta is minus 1.

In fact these three equations are the ideal equations, they are the simplest examples of each of
these types of equations wave equation is a canonical candidate for hyperbolic equation.
Whenever you think of hyperbolic equation second order you think of a equation. Similarly,
for a parabolic equation if you want to think of it is a heat equation, elliptic equation means

Laplace equation.

Therefore, given any other second order partial differential equation where a, b, ¢ are not
constants. We will ask the following question is it possible to do a change of coordinates? So,
that after changing the coordinates at least the part which involves second order derivatives,
we have constant cooffecients and looks like this for a hyperbolic equation, looks like this for
a parabolic equation, looks like this for a elliptic equation. These are questions that we will
ask later on.

(Refer Slide Time: 15:37)



Example: Tricomi equation

o Note that a(x,y) = =y, b(x.¥) =0, ¢(x,¥) = 1. Thus (B* = ac)(x.y) = ».

o Tricomi equation is of hyperbolic type in the upper half plane since y > 0,
o Tricomi equation is of parabolic type on the x-axis since y = 0,

o Tricomi equation is of elliptic type in the lower half plane since y < 0.

Tricomi equation is one of the simplest linear PDES which is of mixed type on 2°, A
wealth of literature is available on Tricomi equation.

)
These are very important example Tricomi equation, this is also very simple equation u yy-
yu xx = 0. But these are not with constant coefficients, here a of x, y is minus y, b of x, y is 0
because u X, y is absent, ¢ of x, y is 1. So, b square - ac is y and b square - ac can become
positive can become negative can become 0. So, that is why this equation will have all the

three properties of course at different points.

So, Tricomi equation is of hyperbolic type in the upper half plane, because that is where y is
positive, parabolic type on the x axis because y = 0 is the equation of the x axis. It is of
elliptic type in the lower half plane, because in the lower half plane, the y coordinate is less
than O negative. So, Tricomi equation is one of the simplest linear partial differential

equations, which is of mixed type on R 2.

In fact, not only in R 2 take any domain, any domain which contains x axis, and therefore, it
contains some part of upper half plane as well as some part of the lower half plane of course,
some part of the x axis. So, it will have all the three types the equation will be of all the three
types. Therefore, there will be natural questions, what kind of problems I should be able to
solve for these kinds of equations.

We will not be discussing Tricomi equation as such in this course, in fact, no mixer type
equation will be discussed a wealth of literature is available on Tricomi equation.
(Refer Slide Time:17:19)



Remark

@ Definition of classification is symmetric in a and ¢, which indicates that there is no
preferred variable between x and y.

@ The type of a quasilinear PDE of second order depends on the terms involving
second order derivatives only.

@ Inview of the law of trichotomy for real numbers, at every point (x, y) the quasilinear
PDE (with a given integral surface) must be of one of the three types.

2
Now, definition of classification is symmetric in a and c. Why? The definition is based on b

sguare — ac, a is a coefficient of u xx, c is the coefficient of u yy, but b square - ac will remain
the same even if a and c are interchanged. So, it just says that there is no preferred variable
between x and y. The type of a quasi linear PDE of second order depends on the terms
involving second order derivatives only, because it is involving b square - ac, namely the

functionab c.

What are a, b, c? These are the coefficients of the second order derivatives in the partial
differential equation. Of course, in any given the real number has to be positive, negative or
0, that is what is called law of trichotomy. Therefore, a quasilinear PDE always be able to say
with a given integral surface, it will be one of the three types.

(Refer Slide Time: 18:16)

Remark (contd.)

Q The type of a quasilinear PDE might vary from point to point, depending on the

coefficients.

Q Ifa.b,c are constant functions, then the equation is of the same type at every point
(X y).

Q Ifthe quasilinear equation is semilinear, then the type of the equation depends only
on the point (x,y) in the plane.

o For such equations, the characteristic curves are called characteristic curves for the
PDE without any reference to a given integral surface,



The type of a quasilinear PDE might vary from point to point we already saw that in the
trichome equation. If a, b, ¢ or constant function the type does not change, because b square-
ac is a constant function. If the quasi linear equation is semi linear, then the type of the
equation depends only on the point x, y in the plane. For such equations, the characteristic
curves are called characteristic curves for the PDE without any reference to a given integral
surface.

(Refer Slide Time:18:50)

Classification-type of a PDE is invariant
under change of coordinates

We will consider Second order Linear equations to simplify the notations, Same
assertion holds for (20L) also with same computations.

A
Now, we asked the following question whether the classification type of an equation changes
if you change coordinates what we are asserting here is it is invariant under change of
coordinates. We will consider second order linear equations only for this purpose just for the
simplicity in the notations. Same assertions also holds for two 2QL with same computations.
(Refer Slide Time: 19:19)

Change of variables

Suppose that we have a change of coordinates from (x,y) to (¢, ), and vice versa, given
by

C=0Y) =0, y);

v=0(&n), y=WEn).

A function u(x,y) gets transformed to a function w(¢, 1) and vice versa by
w(én) = ul(P(.n),Y(En).),

ux.y) = wlelxy)vx.y)).



So, change of variables. Suppose that we have a change of coordinates from X, y to psi eta
and vice versa given by these equations psi = phi x, y eta = phi X, y and x and y are given as
function of psi and zeta. A function of u x,y gets transformed to a function of psi eta and vice
versa by this relation.

(Refer Slide Time:19:48)

Change of variables

—
o
A
-
X
2
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\
\ f o\ Ayt
u(r4) = WK1, Yiu4)
S wWivhi, )

y= Gt

A =
This is a picture we have already come across this in the first order equations discussion,

where we employed change of variables to solve some problems for linear and semi linear
equations to find general solutions of linear and semi linear equations in the first order case.
(Refer Slide Time: 20:09)

How PDE changes under a change of variables?

Let us transform

Al Y 2008, )+, Yyt (6 Ve lx, v+ (x v g (x, y) = 0.

(2L)
into (£, ) coordinates.
Differentiating te(.x, v) = w (2(X. v), (X, ¥} w.rl. xand y yields
(X, y) We (QLXY) VI Y @elX¥) 4wy (9L Y), 0LXL V) ) Ul Y)
lylX,y) We (@(XY), VLX) 9ulX, ¥) + Wy (20X, ), U1K, ) Ulx, )).

A

Now, how PDE changes under a change of variables that needs to be understood. So, let us
transform the given equation which is the second order linear equation into psi eta

coordinates that requires for us to, we know what is x and y in terms of psi and eta. So, we



need to compute u xx, u Xy, uyy and u x and u y. So, differentiating u xy = w of phi x, y psi

X, Y with respect to x and y gives you an expression for u x and u y.

Let us see what is u x. So, differentiate w with respect this variable which is psi and then
differentiate phi with respect to x. Differentiate w with respect to eta and then differentiate
psi with respect to X, this is the chain rule. Similarly, we get u y. Please do all these
computations, pause the video, do the computations by yourself because the computations are
spread over many slides. So, it is very difficult to show you all the time all the equations.
(Refer Slide Time: 21:20)

Differentiating the above set of equations once more, we get

Ul X, Y) = H‘;;i,‘.l'l.': ¢ 2\\'_‘_,,\,',"\ Dxty o+ Wy | W) L%

e\ X, Y) Wee (2 1) Prfy + Wi (P 1) Py

(%)) = wee (V) g0 + 2w

tWe (V) Qo + Wy

where the argument of all the functions, namely (x.v), is omitted for brevity.

\

So, differentiate once again because we need to compute u xx, u Xy and u yy. So, that we can
go back and substitute in the given linear equation. So, compute u xx, u Xy and u yy.
(Refer Slide Time: 21:36)

Substituting ey, iy, tee, g, tyy

in the equation

(X, VW t200X Y g+ (X, V)t d (X, V)utelx, vug+Hf (X v Jetgly, ) = 0

(L)

we get an equation of the form

Wee + 2Bwe, + O, + Dwe + Ew, + Fw + G = ()



Substitute them in the equation then you get an equation of the following type capital A w psi
psi + 2 times capital B w psi eta capital C w eta eta + Dw psi + Ew eta + Fw + G = 0. Now,
we have to tell what the coefficients A, B, C, D, E, F, G are. But we want to say what is the
assertion that we wanted to make, the type of the equation does not change. And the type of

the equation is determined by b square - ac.

Therefore, it is enough to know what is is capital A, capital B and capital C, we do not have
to know what the E, F, G, R. Therefore, we do not present.
(Refer Slide Time: 22:16)

where the functions A, B, C are given by

Al&n) = (ay; + 2o, + opy)
\
(v} (®(&.n), ¥(En
B(&,n) = (et + bty + 2ytt) + sty
) V(€
C(&,n) = (a0 + by, + )

SEn) VEN)

Note that there is no need to compute D, E. F, G explicitly since the classification-type of a
PDE depends only on the coefficients of the second order derivatives.

A
So, we just write what are the expressions for A, B, C which are this please do the
computations on your own. As | pointed out, there is no need to compute other coefficient D,
E, F and G because the classification type of a PDE depends only on the coefficients of these
second order derivatives.

(Refer Slide Time: 22:41)



The following equality holds:

]

B -AC (I,.‘\t'.‘ - o) (b - (I('I)
‘ oy "I"\‘“,‘ ‘l'.‘/\“
o Note
OolX, VUYL Y) = (X, ¥) UL, ¥)

is the determinant of the Jacobian matrix corresponding to the change of
coordinates, and hence is non-zero,

o Thus, the type of the equation does not change under a change of
coordinates.

\

So, b square - ac, you get this expression. This is the new B square - AC capital letters. These
are small letters, b square - ac multiplied with somebody square. So, as long as this is non
zero, the sign of B square - AC here, he will be the same as the sign of the b square - ac here,
if this is negative, this will also be negative. If this is positive, this will also be positive. If this

is 0, this will also be 0. So, we need to know that phi x psi y - phi y psi X is non zero.

But it is non zero because it is the determinant of the Jacobian matrix corresponding to the
change of coordinates, therefore, it is non zero. Therefore, the type of the equation does not
change under a change of coordinates.

(Refer Slide Time: 23:34)

Remarks on Classification
A Different Perspective

\
Now we give some remarks on classification. It is a different basically a different perspective.

(Refer Slide Time: 23:40)



The following perspective is presented in the book
G. Hellwig: Partial differential equations.

Questions
o Is the classification necessitated by the way mathematical problem is posed?

o Or, is it because we have “different methods for different types of equations
o Due to our inability to find a common method to deal with all the equations?

Since the questions posed above are purely mathematical, it would be ideal to have
answers based on the first two criteria (Existence and Uniqueness) of Hadamard,

The following perspective is presented in the book of Hellwig on partial differential
equations. Let us ask some questions, Is the classification necessitated by the way the
mathematical problem is posed? Is it inherent to the problem itself? Or is it because we have
different methods for different types of equations? Is it because you know how to solve a

certain type of equation therefore, you give it and classify it and then solve.

Another type of equation you know how to solve separately. So, you give it another name. In
other words, you put it in a different classification and do it is that the reason or is it
something inherent to the way mathematical problem is posed. So, second one could be due
to your inability to find a common method to deal with all equations. Because we are unable

to deal with all the equations in my a common method.

We compartmentalize the equations and then solve them separately. Is that the case that is a
question posed here. These questions are purely mathematical. Therefore, it will be ideal to
have answers based on the first two criteria of Hadamard. Hadamard gave a criterion For a
problem to be well posed, there are three aspects to that the first criterion is the existence of a

solution. Second aspect is uniqueness of a solution.

Third aspect is continuous dependence on the data in the problem. Often the third one is
desirable, because the equation that we are going to deal with the problems that we are going
to deal with are coming from some physical models and measurements in the physical
situations are only approximate. Therefore, by making some errors in the measurements that

namely the data in the equation are in the problem.



We do not get solutions which are very far from the actual solutions. Therefore, the third
property of Hadamard is desirable, but Hellwig can we justify using just existence and
uniqueness. Because these are mathematical questions, how many solutions are there?
Whether there is a solution. Using only these two can you justify the classification. Often
people give an explanation for classification by saying that different kinds of problems are

well posed for different kinds of equations.

There is a justification people give. So, Helwig does not seem to agree with such a
justification. Therefore, he asked himself this question, can | justify using only existence and
uniqueness parts because these are mathematical.
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A different perspective

o We present this perspective in the context of systems of first order PDES

o PDEs of any order (scalar or systems) can be converted into a system of first order
PDEs. (d'Alembert)

o We use PDEs in two independent variables, denoted by x and y.

o The arguments are dimension-independent,

A

So, we present this perspective in the context of systems of first order PDEs. PDEs of any
order scalar or a system of equations can be converted into a system of first order PDEs. In
fact, the same statement was made even for ODEs. This is due to the d’Alembert. We use
PDEs in two independent variables denoted by x and y. Because arguments are dimensioned
independent.
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A different perspective

Theorem 1. Existence theorem of Cauchy-Kowg

Hypotheses

o Consider the Quasilinear system

n

-
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o Lety: sl li=1, 2, .nbe analyllc functionsin a ne'ghboum()()d of the line
V=Y. Denole o = ¢N)

o Let £, be analytic in a neighbourhood of g := (. i, *++ o).

\

In fact, we do not give arguments, | request you to consult the book of Hallwig for more
details. My idea was to bring this kind of thinking to your notice. So, theorem one existence
theorem of course, Cauchy Kowalewski this we have hinted at in lecture 3.1. Now, we are
going to pause the theorem for a very special quasi linear system. Consider this quasi linear
system in these unknowns are u 1, u 2, and u n and there are n equations, u i X means

derivative of u with respect to x, u i with respect to x, i equal to 1 to n.

There are n equation, there are n unknowns, these are quasi linear, because the u k y
coefficient depend on the unknowns also. In fact, the x is not considered here, x and y could
also be included, but in this theorem, it is not included. So, consider this system. What is if
you look at what is that is different from the kind of equation that we are considering? Here
the derivative of x is explicitly given in terms of other derivative, that is the difference.

There is no coefficient sitting in the front of this. Let phi i that is phi i of y be analytic
functions in a neighbourhood of the line y =y 0, denote u i 0 = phi i of y 0. Now, let F i k be
analytic in a neighbourhood of this vector u 0 which is given by u 10, u 20 and u nO which is
nothing but this phi 1y 0, phi 2y 0 up to phiny 0.
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A different perspective

Theorem 1. Existence theorem of Cauchy-Kowalewski (contd.)
Conclusions
The Quasilinear system has exactly one solution u := u(x, y) ..

o 1, is analytic in a neighbourhood of the point x = 0, y = ¥y,
O 1y, 13, .ty ) SOIVES the quasilinear system,
o The initial conditions ,(0,y) = »(v) holds.

A proof is available in Courant-Hilbert's book on Methods of Mathematical Physics.

\

These are the hypotheses, then the quasi linear system has exactly one solution with the
property, that is analytic in a neighbourhood of this point 0, y 0 and this vector solves a quasi
linear system and initial conditions are satisfied. A proof is available in Courant-Hilbert’s
book on methods of mathematical physics.
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Enter your search term

eorem 1, Existence theorem of Cauchy-Kowalewski (contd.)

o The main ideas in its proof were presented in Lecture 3.1
o Ideas can be implemented without any difficulty.
o Ask yourself a question.
o We had  difficulty in the form of A(s) = 0in Lecture 3.1
o Why such a problem is not there in the Cauchy-Kowalewski theorem?
o Compare the differences between the PDES considered in both these contexts.

o Cauchy problem handled by Theorem 1 is similar to that of one of the illutrative
examples seen in Lectur 3.1

The main ideas in the proof are already presented in lecture 3.1. Ideas can be implemented
without any difficulty, we need to ask the following question we had a difficulty in the form
of delta s = 0 in lecture 3.1. We try to determine all the derivatives first derivatives came up
very easily using the Cauchy data second derivatives there was a problem delta s = 0 we

could not determine. So, there was a difficulty that is not there here.



So, you have to remember the Cauchy-kowaleski theorem and the theorem that we stated. So,
compare the differences between the PDEs considered in both these contexts, | already give a
hint, what is the difference. Cauchy problem handled by theorem one looks similar to one of
the illustrative examples that we have presented in lecture 3.1.
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A different perspective

Theorem 1. Existence theorem of Cauchy-Kowalewski (contd.)

o In Theorem 1, the PDE has a special property: x-derivalive of the unknown is solved
for!

o Thatis why, A(s) does not appear and therefore we can solve the problem without
classifying into types!!

o |t means that even in the analytic set-up (best ones) we cannot do away with
Classification.

Go and find out what that is and what the similarities are. In theory 1 the PDE has a special
property x derivative of the unknowns u i is solved for explicitly, that is why delta is does not
appear. And therefore, we can solve the problem without classifying into types. It means that
even in the analytic setup, we use the best of things, because you have nice series for

everything that you have, we cannot do away with the classification. That is what we
observed in lecture 3.1.
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Reference: 0. Perron, Math Z., 27, pp.549-564, 1928,
G. Hellwig, Partial differential equations, Springer, 1977

Theorem
For a € R, consider the problem

=ty =Vy=0, aum = v+ W +f(x+y) =

u(0,y) =0, v(0,y) =0

o The system is Hyperbolic if a > 0, Parabolic if a = 0, Ellipticif a < 0. Systems of first

“order PDES have a claseification. See the book on Pl 7“"“""'“ arabedian.




Now, we are going to look at one example of Perron this is reference. If you wish, you can
consult this journal or it is very much explained in the book of Hellwig. For a real number a
consider this problem it is a system of two equations, ux-uy-vy=0,auy-vx+vy +fof
x +y = 0. Here f is a given function and you are given this condition you have 0, y and we

have 0, y are 0. So, the unknowns are u and v.

There is a way to classify first order systems or PDEs which we are not introduced. But you
can ignore for the moment these names. What matters is these conditions? So, this is a
number depending on whether it is positive 0 or negative, the properties of this term system
changes we are going to give this assertions. So, the system is hyperbolic if a is positive

parabolic if it is 0 a 0, eliptic a is negative.

System of first order PDES have a classification. See the book on PDEs is by Garabedian that
book has.
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A different perspective

Example of O. Perron (contd.)
The system is Hyperbolic if a > 0, Parabolic if a = 0, Elliptic if a

Necessary and Sufficient condition for the existence of solution v ('

0 is f € (" for Hyperbolic case.
e isf € C* for Parabolic case.
o is / is analytic for Elliptic case.

It also turns out that these are the only solutions. Thus Hadamard's first two conditions
are met.

This example once again illustrates that the idea of Classification is for mathematical
reasons.

|

So, the system is hyperbolic, if a is positive parabolic, if a equals 0 elliptic, if a less than 0 do
not worry, if you do not know the definition of hyperbolic parabolic elliptic for a system of
first order PDE because assertion will not need that. So, this is about necessary and sufficient
condition for the existence of solution u v in C 1. It is a first order PDE expert solutions to be
C 1. What is the condition?

In the hyperbolic case that is when a is positive, you require that the f to be C 0, continuous C

0 means continuous function. For parabolic case, that is when a is 0, you require f to be C 2



for the same assertion. What is the assertion? Necessary and sufficient condition for the
existence of a solution which is C 1, u and v are C 1 functions that changes from case to case.

If a is positive, you require f to be C 0.

If ais 0, you require f to be C 2, if a is less than 0, you require more smoothness on f that is
analytic. So, it also turns out that these are the only solutions that is Hadamards first two
criteria are met. So, this example once again illustrates that the idea of classification is for
mathematical reasons not because of the third requirement of Hadamard.
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Summary

@ Introduced the notions of Characteristic curves, Characteristic equation
associated to (2QL),

o Observed how these notions get simplified for Semilinear equations

o This Classification is also called Classification by Characteristics

Q Presented a different perspective of Hellwig on Classification.

)
Let us summarize what we did in this lecture. We introduced the notions of characteristic
curves and characteristic equations for second order quasi linear equations. We observed how
these notions get simplified for simply the equations. We classified the second order quasi
linear PDE says hyperbolic, parabolic and elliptic. This classification is also called

classification by characteristics.

We presented a different perspective of hellwig on classification. Of course, we are also
shown the classification type does not change with change of coordinates. And in the next
lectures, we are going to take wave heat and Laplace equations as inspiration and ask the
question, whether given any PDE can | do a change of coordinates? So, that at least the part

which involves second order partial derivatives looks like that of one of these three equations.

Those are called canonical forms. We will discuss them in the forthcoming lectures. Thank

you.



