Partial Differential Equations
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Lecture — 2.1
First Order Partial Differential Equations
How They Arise? Cauchy Problems, IVBPs, IBVPs

Today, we are going to start the second chapter. It is called first order partial differential
equations. In this chapter we will study first order partial differential equations and Cauchy
problem associated to that and what are the possibilities in terms of existence uniqueness and
maybe non existence as well, we will discuss. Now in today's lecture, what we are going to
discuss is how the first order PDEs appear, how they arise and the Cauchy problem, initial
value problem and initial boundary value problems, what are they we will discuss briefly.
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Chapter 2: First order PDEs

ﬂ- How the first order PDEs appear?
G Cauchy Problem, Initial value problem, Initial-boundary value problem

0 Three examples of Cauchy Problems

o- IEVP for a simple first order PDE

Ayrial Cifererial Eq.aions

So, outline for today's lecture is, the first point is how the first order PDEs appear. We will
see two situations one of them is going to be a physical situation and the other one is within
mathematics mathematical situation. And then we define these terms Cauchy problem, initial
value problem, initial boundary value problem for first order PDEs. We look at three
examples which suggest us what happens or what can happen to a Cauchy problem in terms

of existence of solutions, uniqueness.

And then we look at a simple first order PDE for which we consider IBVP that is initial

boundary value problem and we study what are the possibilities there.
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Now, how the first order PDEs is appear.
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How the first order PDEs appear?

First order PDEs arisa in many situations. For example,

# as Mathematical models for physical phanomana.

@ as equations safisfied by some mathemafical objects.

So, first order PDEs arise in many situations. We are going to just see two instances the first
one being as a mathematical model for physical phenomena. In fact, what we are going to see
is not really a physical phenomena, it just models the traffic on a highway. And then we see
as equation satisfied by some mathematical objects.

(Refer Slide Time: 02:10)



ch tha first order PDEs appear?

A. Mathematical model for Traffic flow

Oina of the most fundamental physical principles is
Gonservation laws / Balance laws

such as Conservation of mass, enargy, angular momentum in Machanics.

We derive a PDE mode! in a simpler situation.

‘Simpler' because it does not require any prior knowledge of anything!

i Bt Eq ks
So, this is the physical model, which we are going to look at today is a mathematical model
for traffic flow. So, in this model, we are going to have two main ingredients we will briefly
introduce them. So, one of the most fundamental physical principles means what are called
conservation laws or Balance laws. And one encounters them already in course of mechanics,

where we would have seen conservation of mass, energy and angular momentum.

So, we are going to derive a PDE model in a simpler situation. We call it simpler because no
apriori knowledge of anything is needed, including physics. As I told you, we are not going

to do really a physical model, it is going to actually model of the traffic flow, which can be

easily understood.
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[ oooom e laoo )| S e e o) e

s - b

How the first order PDEs appear?

A model for Traffic flow

@ Consider an Express way without any intermediate Entry or Exit poit

@ Assume that Vehicles (Cars) move in a straight line. (This allows us
highway as an interval in R.) This means that overtaking is NOT allo

@ p(x, 1) denotes the car density at x € &, at the time instant .

@ Leta < b. The number of cars in [a, b, at time ¢ is given by

b
[ plx, 1) dx.




So let us consider an express highway without any intermediate entry or exit points. It has
one entry point, one exit point. You cannot join the expressway in between or you can leave,
both possibilities are not there. Leaving and joining is not possible. So the traffic what we
mean is, let us say vehicles, let us say cars, just to refer very easily. Assume that vehicles are

moving in a straight line.

As we know vehicles do not move straight lines, they will be overtaking one another. But
what this means is that this gives us a way to identify the highway as an interval in R. And it
actually physically means that what we are taking is not allowed, maybe the expressway is
very narrow, so you cannot overtake. Now, let rho denote the car density at a point x in R.

Yes the road is not infinite.

But then we are going to finally specialise to certain intervals so at the time instant t. What
does this mean? Car density means what? We can get the number of cars by integrating with
respect to x. So let a be less than b, then the number of cars in the interval a b in terms of the
highway, it may be a stretch between point a and point b at time t is given by the integral of
rho over the interval a b.

(Refer Slide Time: 04:41)
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Model for Traffic flow

@ Theinstantaneous rate of change (in the number of cars) at time ¢ is

b

i[ plx, 1) dr.
dr g,

@ The same number is given by
Influx of cars at @ — Outflux of cars at b
= gla.t) - glh1).
‘same number’ because "No entry, No Exit" assumption.

Thus, we have the Balance law

E./:. pxadr=gia, 1) —glb.o.

Pattial Ckterenial Eq.adons

Now we need to know how it changes. So the instantaneous rate of change at time t is given
by the derivative of this number d by dt of the integral a to b rho x, t dx. But who is really
responsible for this change? It is the cars which are entering at the point a and leaving from
the point b. Therefore, the same number is given by the influx of cars at a minus outflux of

cars at b, which is q a, t minus g b, t.



Both are same numbers because we made this assumption of no entry and no exit. Thus, we
have this Balance law, so both these quantities are balanced. Therefore, d by dt of integral a
to b rho x, t is equal to q a, t minus q b, t. That is a balance.

(Refer Slide Time: 05:33)
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How tha first order PDEs appear?

Model for Traffic flow

The Balance law is .
i
%] plat)de = gla,t) - g(b.1).
Thatis,
ﬂ::r.r}dx.

1] al
2 [ iy, i) dr = —/
dife Jo Br

Interchanging the order of differentiation and integration (need to allaw such things!)’

b b
f ﬁ[x.r'l dr = - [ r:—[:ru_')::f‘.- dr.
g ot A At

Thi

"Mo bargaining encs at the vary firat ingtance

Aartia) [¥tereriial Eq.aiens

So, the Balance law is now d by dt a to b rho x dy dx equal to g a, t minus g b, t. Now, we are
going to modify the right hand side. The right hand side we write it as, as an integral. So, if
you use this fundamental theorem of calculus will give you q a, t minus q b, t. So,
interchanging the order of differentiation and integration in the first term d by dt is outside

the integral we can take it inside.

Yeah, of course, we know that this is not true all the time. It is not allowed. One needs
justifications, but this is where I say no bargaining entered the very first instance. So, do not
ask the questions right now, they can be asked later. So, now, once the d by dt go inside the
integral, the Balance law becomes a to b dou rho by dou t equal to minus integral a to b dou q
by dou x.

(Refer Slide Time: 06:41)
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Model for Traffic flow

i o
(xf)+ ={x.1) | de =0
[ (Ur It et ])

Sinca a. b are arbitrary, wa conclude Yx. 1)

iy

do . dg. .
m (Xt} 1 'dxl"l"!' 0

When can we conclude this??

It remains to modal the flux function 4. Reasonabla to think that ¢ depends on x, «, and
. This is called a constitutive law.

There will be as many models as the number of constitutive laws!

Now, let us take the RHS to the left hand side and then the Balance law becomes integral a to
b of this quantity dou rho by dou t plus dou q by dou x equal to zero. Now, this is true for
every a and b, such that a less than b. In other words, you have integral of certain quantity
zero over every interval a b, it means that integrand has to be zero. This is an exercise in

analysis, we would have encountered many such situations.

For example, if you take a continuous function integrate on any interval a b and if the result is
zero, then the continuous function has to be zero. And there are generalisations of this, which
may be let us say, local integral function. If you integrate on any set and the integral is zero,
then the function must be zero. So, these are two typical instances where we can conclude

this.

Now, what remains is the equation has a rho that is what is the traffic about. We want to
study about this, but there is a unknown quantity g, the flux. It is not known. Therefore, we
need to model that. Therefore, it is reasonable to think that q depends on x, time t and the
density of cars itself that is rho. So q can be thought can be thought of as a function of x, t

and rho.

This kind of proposition of what kind of a function it is of the variables x, t and rho is what is
called a constitutive law. Of course, there will be as many models as the number of
constitutive laws.

(Refer Slide Time: 08:20)
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How the first order PDEs appear?
Model for Traffic flow

Constitutive law: .
Constitutive law models how g depends on x, 1, ¢
Consider the constitutive relation given by
glp] = cp, where c cIE'.
Substituting in the equation resulting from Balance law, we get
T .I:..'I{J, e
0 (X1 |-c(,k|,.1:r_| 0.
This equation is called the Linear Transport Equation.
Remark: In deriving this model, we used 2 ingredients:
Balance law and Caonstitutive Relation.

Fearlial OFfersnlan Ecustions. Leumzl  m

5 Shn] Gansen (11T Baminy,

So, constitutive law models how q depends on x, t, rho. Consider a simplest constitutive law
which is given by q of x, t rho. Since x, t is not involved in this formula, I have not written x
t. So, q of rho equal to c rho, where c is a positive number. This means the flux is
proportional to the number of cars. So, substituting this in the Balance law, what we get is

dou rho by dou t plus c times dou rho by dou x equal to zero.

This equation is called a linear transport equation. This is a linear equation is clear, because
the unknown quantity rho. Rho itself does not appear what appears, it is their first order
derivative dou rho by dou t and dou rho by dou x, it appears with the power one. So, this is a
first order linear equation. c is a constant. Therefore, It is a linear equation. Why is it called

transport equation?

Something must be transported from somewhere to somewhere. It must be from some time t
equal something to future times. So, in deriving this model, recall that there were two main
ingredients, first one was Balance law and second one is a constitutive law or constitutive
relation.

(Refer Slide Time: 09:44)
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Model for Tratfic flow

b

o Balance laws are very general.

e Constitutive Relations model the specificities.

In our madel, we used the Canstitutive Relation as g{p) = cp.

In general, ¢ may be mare general function g(x. 1, p), giving rise to the model

A el
5 (x0)+ P (glx.. o) =0,
that is, 3 i 3 i
p“_r} (:‘[;.:.ﬂ} . Uipxr. pj&f (x,tf=1,

ilf it

which is & quasilinear, 1st order PDE.

5 She] Gansen |17 Bamiay) Farlial O ftmrantal Exusfions

Balance laws are very general. Constitutive relations model the specificness of the situation
in this case of the highway. So, in our model we use the constitutive relation as q rho equal to
c rho. In general q may be more general function of x t and rho. In that case, the Balance law
becomes this dou rho by dou t plus dou by dou x of q of x, t, rho. If we expand this, you will

get this one.

So, you need to differentiate x appears here as well as in rho, therefore, need to differentiate q
with respect the first variable and differentiate q with respect to the last variable and
differentiate rho with respect to x, this is a chain rule. So, a chain rule is a very important rule

that one must be very comfortable when you want to do anything with the differentiation.

So, this is a quasilinear equation, It is a first order PDE. Quasilinear because this may depend
on rho. That is why these are quasilinear equation.

(Refer Slide Time: 10:49)
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Model for Traffic flow with entries/exits

o We now assume that there may be intermediary entries and exits on highway.
o The enlries and exits are called Sources and Sinks, somelimes.

Let f{x,r) denate the Source-Sink density at x, at time instant 1,

The modal now bacomes

i

] g
%[ ol thdy = ] %{q[x:r.plix.r])}rh - / Flxt)de.
Jir w X

wil

Farlial OFfersnlal Equstions:

Now, we are going to model a highway where entries and exits are there in between. That
means, we will see now how the earlier model derived is going to change. So, the entries and
exits are also called source and sinks in the PDE literature. So, let f denote the sourcing
density at x at the time instant t. Now, the model becomes this is the rate of change, earlier
this was just equal to the flux. But now, this will also have the sourcing term, which is this
integral a to b f( x, t )dx.

(Refer Slide Time: 11:37)
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How the first order PDEs appear?

Model for Traffic flow with entries/exits

ﬂl b i U i
—  plx,fdy = —/ — (glx, ¢, plx,1])) dr+ { flx.1)dr.
dr ./. gy o i L

On simplification,

i ) ;]
o, SR - . ;
— (0] + — (gx 4 plx ) = fixg) | de =0,
[ (U!l-ff]'l'ml@‘l“ﬁlf-’].J flx r;)dr 0

Since a. b are arbitrary, we conclude ¥(x. 1)

i
—{nn+ = (gle.t, plx,1)) ) = flx1).
)+ - late pla))) fle.i]

Fwlial Offerenial Equstions.

Now bringing everything to one side, what we get is integral a to b of certain thing is zero.
And this is true once again as before for every a and b that a is less than b both are orbitrary.
Therefore, the integrand must be zero which will be the case whenever the integrand is
continuous or local integrable. But It is not unreasonable to assume that integral of over any

set is zero implies the integrand is zero.
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How the first order PDEs appear?

B. PDEs satisfied by Mathematical objects

Example (2-parameter family of surfaces)

Lat £ be an open subset of B2, A, # intervals in B, and latf - 2« A = B — [ be a smooth
function. Then

z=flry,a.k)
raprasants a twg-paramatar family of surfaces in [ Diffarantiating with raspect to r and »
yields

L=flryah), & =fyab)

From here, express®  a=wlryn.5), b=vlrraz)

Dt 22k IF It |2 posslble alweye! Thiok!]

9 aj Satidi (I Bevisis B e D i o '

Now, let us look at the how the first order PDEs appear in a mathematical context. So, we are
going to see an example. Consider a two parameter family of surfaces. Surfaces in fact, what
we are going to consider is surfaces which are graphs. z equal to f of( x, y, a, b). What are a
and b? They are some parameters wearing in some intervals. So It is a two parameter family

of graphs or functions.

Now, we want to derive a differential equation satisfied by this family and we are saying
partial differential equation. Therefore, what we can only do here is to differentiate this with
respect to the two independent variables x and y. And this is the expression we get. Now
assume that from these two relations, you can solve a as a function phi of x, y, z x, z y and the
b as a function of shi x, y, z x, z y. Now, question is, is it always possible these are all

questions.

But here if it is possible, we will go ahead and do the next step. What is the next step? I am
going to substitute for a and b these formulas inside this. Then what I will have is z equal to f
of x y phi of x, y, z X, z y comma shi of X, y, z x, zy which will be a nonlinear partial
differential equation.

(Refer Slide Time: 13:39)
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How tha first order PDEs appear?

B. PDEs satisfied by Mathematical objects

Example (2-parameter family of surfaces )

o Consider fix,v,a,b) = (x—al* + {y— b [a,b£R).
o Whatarez = {x—a)t + [y bi*?

o 5n=2r-a), n=2r-"h

ea=x-% h=y-13

@ Ve get the following PDE
,Z + 22 = 4_
gy Ly =T

& Hwgj Sacesh (1T Barvisays kel Difereial Equaians

In general Now, let us look at the next specific example where the functions taken to be x — a
whole square + y — b whole square, a and b are parameters wearing in real numbers, both of
them are real numbers. Now, what are these surfaces, what does this equation represent?
Represents cones family of cones. So differentiate this relation with respect to x and y and

eliminate a and b. In other words, solve for a and b in terms of rest of the things.

So here it is very simple a = x minus z x by 2, b = y minus z y by 2. Now substitute the values
of a and b inside this expression z = x — a whole square + y — b whole square, which is the
equation of the family of surfaces. Once you do that and simplify, you get this following
PDE. z x actually stands for dou z by dou x. If you want write in terms of x you can write dou
u by dou x whole square + dou u by dou y whole square 4z.

(Refer Slide Time: 14:51)
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Initial-boundary value problem
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Now, let us see what are the problems by the Cauch code by the name of Cauchy, our initial
value, our initial-boundary value problems, what they are.

(Refer Slide Time: 15:01)
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Lat €2 be an open subset of ¥ and F: 1 — B be a function, Gansider the PDE
Fix, it by ) = 0, (GE}
Cauchy Problem (CP)

Given a space curve T B described parametrically by
I': x=f{s),y=gl), z=hls), 3],
where e foe CUD, T R is aninterval, and such that the projection T'; of T fo sv-plane
is & regular curve 71' = (',1’5) Iul-,gm
€L

5 Bwig Gaccdh (0T Boii Prh il DiForiod hid Exu s

So let us consider a PDE F of x, y, u, u x, uy = 0. It means I am considering a PDE in 2
independent variables. Throughout this chapter, we are going to consider first order PDE in 2
independent variables. And then we will also say what how theory changes if you have one
more variable. So, x y and Rare independent variables, u is the dependent variable, these are

the derivatives. So, there are five quantities here.

So, F must be defined on a subset ofRSand that we denote as omega 5, is a subset of S and

have function and then this will then define a partial differential equation. So, what is the
Cauchy problem? Given a space curve gamma inR3 that means you are given a curve in

which is described parametrically by this. That is x y z = f('s ) g (s) and h(s) , as s varies in

some interval I. And f, g, h are C 1 functions on the interval I.

And such that the projection gamma 2 of gamma to xy — plane. Where is gamma? It is in

So, it will have xyz coordinates. Now, you project it to the xy — plane you will have xy
coordinates. That is x equal to f( s) and y equal to g (s). That is the curve gamma 2, s in same
L. It is a regular curve.

(Refer Slide Time: 16:46)
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Cauchy Problem (CP)

Given a space curve T © R described paramelrically by
[:x=fis),y=gls) z=hls), 56l

where f,g.fre C'I), T C s aninterval, and such that the prajection T of T to n-plane
is a reqular eurve, La., (f'(s),'(s)) # (0,1, find & solution « to (GE) such that

ns) = wfis).gisl)

for s belonging to a subinterval of 1,
That is, a part of the curva I lias on the surface 3@ 2 =uixv.

. Note: I"is called Data curver Datum curve! Initial curve. Meaningful only if I €3,

5. By G 11T Boivisyi P i O ool o Exquidants

What that means is f dash g dash do not vanish that means, it does not become zero zero at
every point of the curve. If one of them is zero the other one is nonzero. If f dash is zero, g
dash is nonzero. And find a solution to the PDE such that u of f (s),g (s )= h( s )for s
belonging to a sub interval of I. In other words, a part of gamma lies on the surface s denoted

by S: equation is set of all x y z so that z equal tou x, y.

On this surface a part of this curve given curve gamma lies. Gamma coordinates are f( s), g
(s) and h( s). A third coordinate h s must be equal to u of first 2 coordinates f( s), g(s). That is
a condition here. We are not requiring that this should happen for every s in I. We are only
asking for s belonging to sub interval of I. So, this can be thought of as a local solution. So,

this gamma is called a data curve or datum curve or initial curve.

Note that this problem actually makes sense only if gamma is subset of omega 3. What is

omega 3 is a projection of omega 5 which is on 5 to the first three coordinates x, y, u.

(Refer Slide Time: 18:18)



Initial value problem (IVP)

INP is a spacial typa of Cauchy problem for (GE), whara
@ |he v variable has an interprelation of the lime-variatile,
@ and the datum curve T ligs in the zv-plane,

That i, I has the following paramatric form:

Yy=5vy=0z=hs) sl

Find a(x. 1) such that

e+ 2, =0, ulx.0)=sny, re R

What is the parametric represantation of T2
Check that uix. £} = ainlx — 2t) solves tha [VE.
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What is initial value problem? It is a special type of Cauchy problem. Initial means that there
is something like a time in the problem and initially means at some particular time in the past.
Something is happening and then you are interested in studying the equation for future times.
So, therefore, one of the variables will have an interpretation of time, let it be y. There is no

loss of generality in assuming y. x would equally do the same thing.

So, the y variable has an interpretation of the time variable and the datum curve now, lies in
the zx — plane given by this. x = s, y = 0, z = h( s). In other words, what we will be asking is
actually u of x comma zero equal to h of x should be satisfied. This is what we are asking for
the question, for the solution of the PDE. So, find u of( x,t) such that ut +2ux =0 and u (x,

0) = sine x. Parametric representation of gamma, what is gamma?

x = s,y =0, here t = 0. It is not right. It should be t because y has an interpretation of time
variable so you can as well write t, so t = 0 and z equal to sin s and s belongs to R. That is a
parametric representation of gamma. Now, we do not know how to solve this for now, but
given a formula we can always check that it is a solution. So you have x t equals sin of x — 2t.

If you quickly differentiate, you will get that u t + 2x = 0. It solves the initial value problem.

So when t = 0, this formula u of( x, 0), what will we get? u of x, zero will be sine x. So, initial
condition is satisfied. So we can think of like this. So, this is the time variable, this is the u
variable, this is the time, x. For t = 0, you are given a sine x like that. So, you have to imagine
this in the ux minus plane and then at t = 1/2, what you will have is a formula, from the

formula, what we have is it is sin x — 1. So u of x comma 1/2 is sin x — 1.



It just means that graph of sin has been shifted to x = 1. Suppose this 1, this is pi there, so,
this is pi by 2, so, this is 1.5. So, it is somewhere here. So, the graph will look like this. It is
moving. So, it is difficult to write for me in 3 dimensions. But you should imagine that the
graph of sine x has moved, graph was like this at t = 0, now it has shifted to 1. But now this I
am writing at t = 1/2, so it just moves back. So, now initial boundary value problems. Once
again, initial is there, so there should be a time.

(Refer Slide Time: 21:37)
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The unkngwn « in the PDE (GE) Fix. &4, iy, ) = 0 may nol be relevant or meaningful for
every o« [2 May be ajr,«) is meaningful for s ¢ B' {or x ¢ {a b,
In such cases, we may prescribe canditions on « &t .« = 0 (respectvely. gty — aandx = b

in addition to pix. 00
This is called 1BV

IBYP iz & special type of Cauchy problem for (GE), whera
@ the v variable has an interpretation of the time-variable,

@ and the datum curve I lies in the zv-plane, and the planes x=aand x =6 [if b £ B).
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So the unknown u in this PDE x, t, u, u x, u t = 0. I already made this change of y to t because
of our initial y boundary. So these equation or what you want to study, it may not be relevant
for for all x in R, it may be that it is relevant only for x positive. Or maybe for x in some
bounded interval a, b. In such cases, imagine the first case, if t is meaningful only in R +, then

x =0 is a boundary of R + boundary point.

And if you are studying x in the a, b, then there are two boundary points, x = a and x = b, at
these points. So you need to prescribe some conditions there. That is what is called initial
boundary value problem.

(Refer Slide Time: 22:35)



IBVP: An illustration
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T 7 d
5 IBYP = IBYP i
2 Z b=
Domain x = 0 Domaina < x<b
. I I
0 uix ) = fix) i uln,0) =fx) &
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Now let us do a look at a picture illustration. So this is a case where the domain is R +, x
belongs to R +, therefore you have a boundary at x = 0. So you prescribe this g. Of course,
initial condition you prescribe. Now, when you are doing initial boundary value problem,
when x belongs to this interval a b, you have to give initial conditions and also give boundary
conditions.

(Refer Slide Time: 23:06)
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Three examples of Cauchy Problems
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So now let us look at 3 examples, 3 guiding examples for us Cauchy problems, because you
can understand the entire theory by using these examples.
(Refer Slide Time: 23:19)



Three examples of Cauchy problem

Question: Does avery Cauchy problem have a solution®?
Answer:

The question sounds like *does every protlem have a solution?"
Thig is NOT the first fime we came across such a question.

Question: What were the answers in the following contexts?

@ Solutions of polynomial equations in one real variable
@ Solutions to IVPs for ODEs
@ Solutions 1o BYPs for QDES

@ Solutions to Transcendental equations

Before that, let us ask the following question. Does every Cauchy problem have a solution?
Good question. This question sounds like a very familiar questions that we asked earlier, does
every problem have a solution. This is not the first time we came across such a question. It
has asked many times. And many times we even had a complete answer. For example, system

of linear equations, where a x = b where a is a square matrix there we understand completely.

Under what conditions you have existence, what conditions of uniqueness and non existence.
Now let us ask the same question in some few well known situations for us before solutions
of polynomial equations in one real variable. What about that a polynomial may not have a
solution, polynomial equation, x squared + 1 = 0 has no real solution. It can have exactly one

solution. Let us say x — 1 = 0, or x into x square + 1 = 0. They have exactly one solution.

Then you can have finitely many solutions. Let us take very simple x — 2 into x — 3 = 0. Any
finite number, let us say a 1, a 2, a m, you will write x —a 1 into x —a 2 into x —a m = 0,
precisely these other solutions a 1, a 2 a m. But it cannot have infinitely many solutions for

polynomial equations. That is because of fundamental theorem of algebra.

It says given a non constant polynomial, it has exactly the same number of roots as the degree
counting multiplicities in the complex plane. Therefore, in real numbers may be less than or
equal to that. Then solutions to initial value problems for ODEs. This is where we have seen
Picard's theorem and Peano’s theorem. In Peano’s theorem, if the right hand side let us say y

dash equal to f x, y, let us write once.



This is the kind of equations for which we have a theory. And this is the initial value
problem. If f was continuous, we had Peano’s theorem and we said there is a solution. In
addition, if f is Lipschitz with respect to the y variable, then Picard's theorem told us that it
has a unique solution. And when you do not have unique solution, you can easily show that

you have infinitely many solutions. That is the situation about ODEs.

So these under sufficient conditions that we have proved these theorems. So, if these
sufficient conditions are not satisfied, we have no idea what will happen anything may
happen, you may still have uniqueness, even though the right hand side function f is not
Lipschitz that is a possibility. Now solutions to boundary value problems, we have a
Bernstein theorem, under some sufficient conditions it guarantees that a second order ODE

boundary value problem posed for that will have a unique solution.

At least when the Dirichlet data this if you do not, we are not sharing BVPs, you can look at
any good book on ordinary differential equations, you will find. Then solutions to
transcendental equation. This is the most difficult one, you have now. It is not like
polynomials. So you have to worry with each separate equation is a different story.
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Three examples of Cauchy problem
We are going to see 3 examplas demanstrating all 3 possibilities. 7

Cauchy problem has
@ a unique solution
@ infinitaly many solutions ,
@ o salution.

Question: What does this mean?
Answer:

We do not expect existence-uniqueness theorems without further assumptions (an the
Gauchy proolem), as was the case in the contaxts of ODE-IVR/BVP
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There are once again sufficient conditions. Now, let us see what are the examples? So,
examples we are going to see are of Cauchy problems. In these 3 examples, which
demonstrate all 3 possibilities, in this case, what are the possibilities? You have a unique
solution, infinitely many solutions and no solution. Of course, another option is that finitely

many solutions, which are not taught about.



Let us take a take that up in a tutorial session that discussion. So what does this mean now? It
means that we do not expect existence uniqueness theorem for free for any first order PDE.
We do not expect. So only under some special assumptions, in other words, sufficient
conditions, we can expect such theorems, which was true in all our earlier cases. Let us say in
the ODE initial value problems or boundary value problems that stood true.
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Three examplas of Cauchy problam

Consider the PDE

ly=cn. iR {ER
Any solution « satisfles
win,t) = ulll, e, xR r ek
Cauchy data 1 Cauchy data 2 Cauchy data 3
wi.ry =1 iy, 0 = ulr 0 =siny
alr, i) = e iy 1) = Tlre It is & salution, then
with T = | sinx = a0, 0)e
and is impassible
Unique soluticn | Infinitely marny sclutions No solutions
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Let us look at a very simple first order PDE it is u x = cu, c is a constant. We will look at a
special constants later c = 1 and — 1 later on. In the case of initial boundary value problem,
here c can be any number, the real number. So it is posed for x in R and t in R. You wrote c t
in the problem. So it is actually ODE. And from our ODE knowledge we can solve this. Any

solution must satisfy this equation. u (x, t) = u( o, t )into e power cx.

Now let us look at 3 Cauchy data. What are they? First one is u of (0,t )=t, second is u( x, 0)
and here also u (x, 0). That means the initial Cauchy data is given here on t axis, here in other
two cases given on x axis. Now using this expression, we will get this u( 0, t) you wanted t is
supplied, so t into e power cx. That is the solution. In this case, u(x, 0 )that is t = 0. That is u

zero zero into e power cx, but u zero zero must be 1.

Therefore, any function of t says that T of zero is 1 will do our job. It will be a solution T t
into ¢ e power cx is a solution. Whenever T zero = 1. Here, if u is a solution, then what is

expected is sin x must be a multiple of e power cx. That is impossible, because sin x and e



power cx are always linearly independent as functions on any interval that you consider. So,

message is that Cauchy data 1, unique solution.

Cauchy data 2 and 3, one case you have infinitely many solutions, for Cauchy data 3 there are
no solutions. So, 3 possibilities have been exhibited here.

(Refer Slide Time: 29:27)

-
e

Three examples (contd.)

Question: Why the 3 Cauchy problems behaved differently?

Remark:

@ Motethat the FOE is the same: o, — o

@ Observa
& wag preseribed on ~axis — Uniqueness

oy was preseribed on saxis = Many or Mo solutions.
Thig leacs us ta the fallawing Questions:
@ |5 -axis, somelhing spacial for i, = o?
@ |5 v-axis, something special for ki, = ou?

< Answers later.

ER-L R T - = Srbal Lo hdl Equidans

Now the why the Cauchy problems behave differently. PDE was the same, u x = cu, then
what is different? u was prescribed on t axis we had uniqueness and when u is prescribed on x
axis, either we had infinitely many solutions or no solutions. Therefore, we asked the
following question is t axis something special for the equation or is it x axis which is special

for this equation?

The reason for the first question is, because we have uniqueness. Second question is we have
many possibilities. So, who is really special here? Because special people have to be taken
care with a lot of special care. We will see that later on. So, the answers we will see later as
we study the first order PDEs.
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IBYP for a simple first order PDE
A few observations
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Now, let us look at a simple first order PDE for which we pose IBVP and a few observations.
We will not be dealing with this further in our course.
(Refer Slide Time: 30:29)
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Fact: General solution of &, + cu, -~ 015 given by

k1) = i - ),
where ¢ O[] is arbitrary, Note ujx, 0) = (xl.
Suppose we are salving the IBYP

(PDE} o+, =0 forx=0.0=0
(IC} wir.0y=fix] fore=0.
(BC) widi=piy) fore=0

tlz, 1) = fix — er} determines soluion whenever x = ¢z,

Mote that an the ling x — ¢t = k (k = (), the solution is wix. ) = flk}.
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So, the fact is that general solution of ut + cu x = 0 is given by u x, t = phi of x — c t where
phi is any C 1 function which is orbitrary. Of course, what is that, t = 0, u( x, 0 )becomes phi
x. So, this phi is nothing but the initial solution, initial condition. Now, initial boundary value
problem as I told you there will be a PDE posed in the first quadrant x, t. x positive, t

positive. Initial condition is given and there is only one boundary point namely x = 0.

Therefore, u of (0,t )is also prescribed. Now, u x, t equal f of x — ct. Because, see here we said
fees initial data. So, therefore, here also we have initial data, so, how much we can this

determines the solution. So, f of x — ct will be a solution surely. No problem. But whenever x



— ct belongs the domain of f, f is defined only for greater than or equal to zero therefore, this

determines the solution whenever x is bigger than or equal to CT.

We will see a picture soon Now, on the line x — ct the solution u will be constant. It will be f

of k, x — ct = k, k is greater than or equal to zero. Therefore, this formula is applies and u

(x,t) = f k. It is constant.
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8 (IC) determings u in

{relt xR :xz1)

@ (BC) determines i in

[ ERT %R sx<t)

i, U1 = fix}
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Now, let us look at the case where C = 1, this is the picture. So, this is u (x,0 )f (x), this isu 0,
t g t. And u in this region in this region the line x = t is in dots to the right side of that. This
region corresponds to x bigger than or equal to t. There f of x — ct. Similarly, you can show
that here it will be g of t — x that will be solution. So, on this line t — x = k, solution will be g

k. And on this line x — ct = k solution will be f of k.

So, initial condition determines u in this region and boundary condition determines in this
region. Now, what about x line x = t? What will happen?

(Refer Slide Time: 32:55)



Case 1: ¢ = | (contd.)

Thus we have a candidate solution
fix=0 txzy

s
XL =
! gli-x) ren

Guestion: Whan is Ihe candidate solution , really a solution?

Answer:
o fpe 0, oc), f10) = g(0), /(0) = —¢'[0) =+ ue CYE™ x BT,
@ [BVP has a unique solution.

So, let us write the formula. This is a formula that we said. Now, if this has to be solution it
has to be differentiable. The first question is , is it differentiable? So, these are candidate
solution we say, because we have derived certain possible formula for the solution that is why
you propose a candidate we need to verify that it is indeed a solution. So, that requires that f g

must be C 1 functions and compatibility of the data is needed.

f zero must be equal to z zero, f dash zero equal to minus g dash zero. How do you get these
compatibility conditions? You simply ask at points where x = t write down the
differentiability property of u of( x, t )that will tell you that this condition has to be met
otherwise, it will not be differentiable. So, once you have these compatibility conditions that
implies that you have to use a C 1 function. So, an IBVP has a unique solution.

(Refer Slide Time: 33:53)
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By e

@ ylsconstant on tha lings xy + 1 =4

@ Fark = 0, the ine x — =& touches
x-aKis at (&0, and r-axis at (0,k).
@ Thus, for (x,tjonthelinex « ¢ = &,

iy, =fk) = glk).

i, ) = flx] o]

This means that ; CANNOT be prescribed independent of £, This IBVP has no solution in
general.

08 Do Fored bid B dars




Now, the case ¢ = -1 is totally different. Now, the line is x + t equal to constant. This line
touches both the boundary as well as the initial data. So once again f must be constant on this
line solution must be constant. Therefore, this line touches at k zero. So, it should the value
on this line should be f k and it touches here at g, 0,k. So, the answer must be the solution

must be g of k. So, on this line the solution is both f of k and g of k.

What if f of k is not equal to g of k? There is a problem. This means that g cannot be
prescribed independent of f. This initial boundary value problem has no solution in general,
but there are some generalised notion solutions where under some other condition they admit
solutions. So, let us we will not be discussing such generalised notions. This is the normal
notion of a solution. There is no solution. That is very clear from the formulae.
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Summary

Summary

@ Derived a 15l order PDE to model iraffic llow,

o Highlightad the roles of Balance [aws and Canstitutive ralzbions in deriving mathematical
models.
@ Understood (through 3 examples) that
o number of solutions to a Cauchy problem depands on the Relation of the PDE to the
Daum curve

@ IBVP problems need NOT have solutions.
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Let us summarise what we did today. We have derived a first order PDE to model traffic flow
and also modified to account for sources and things namely entries and exits in the
expressway. And we highlighted the rules of Balance law and constitute relations in deriving
mathematical models. This is how models in let us say continue mechanics will be derived.

These are the two things which are at the heart of any modelling.

And then two three examples, we understood that number of solutions to a Cauchy problem
depends on the relation of the PDE to the datum curve and then we saw IBVP problems need
not have solutions. So, thank you.
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Thank you
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