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Lecture —2.12
General Nonlinear Equations 3
Finding an Initial Strip

While solving Cauchy problem for Quasilinear equations, one of the steps was to pass
characteristic curves through points of the datum curve. For that what we do is we solve a
system of characteristic ODE with the initial condition, so that the point initial condition
point lies on the datum curve.
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Now, when it comes to the general nonlinear equations, if you want to do the same thing, we
did not have a complete system for the characteristic ODE because it involves a p and g
which were unknown. Therefore, we extended the system to a system of characteristic strip
system of differential equations for a characteristic strip. Now, we would like to solve this.

But now, the problem is that characteristic strip is not known on the datum curve.

And the datum curve only the values are the initial conditions for x, y, z will be known.
Therefore, we need to derive initial strip. That is what we are going to do in this lecture.
(Refer Slide Time: 01:26)
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Chapter 2: Cauchy problem for nonlinear equations 3
Initial strip and solution to Characteristic strip equations

o Recap

© step 2: Finding an initial strip

© sStep 3: Defining a candidate solution
@ Finding Characteristic Strips

We start with a recap of what we have done so far in the characteristic method for general
nonlinear equations. And then we find the initial strip and then we take the third step which is
to define a candidate solution and first step in the step 3. In the next lecture, we are going to
conclude the entire all the 4 steps.

(Refer Slide Time: 01:49)
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Quasilinear, General nonlinear equations

alx.y. w4 b(x,y, ), = c(x.y.u). (QL)

F(x,y,u g t0,) = 0. (GE)

So, this is to just make you recall the notation QL stands for Quasilinear equationsa u X + b u
y = ¢. GE we call it general nonlinear equation sometimes people call fully nonlinear
equations. ItisFof x,y,u,ux,uy =0.

(Refer Slide Time: 02:10)
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Solving Cauchy problem for (GE)

Where are we?

Now, the solution of the Cauchy problem for general nonlinear equations, where are we?
(Refer Slide Time: 02:15)

Key Steps in solving Cauchy problem for (GE)

o Step 1: Obtaining a system of ordinary differential equations for characteristic strip.
o Step 2: Finding an initial strip.

o Step 3: Defining a candidate solution.

o Step 4: Establishing that the candidate solution solves Cauchy problem,

Step 1 was successfully Implemented so far.

o Let us recall the difficulties which are new to (GE)

o What were the ideas that helped us 1o overcome them?

Let us look at that. Recall the key steps involving in the solution of Cauchy problem that we
proposed for general nonlinear equations. Step 1 is obtaining a system of ordinary differential
equations for characteristic strip, which we have done. Step 2 is finding an initial strip we are
going to do today and step 3 defining a candidate solution and establishing that the candidate

solution is indeed a solution to the Cauchy problem will be taken up in the next lecture.

So, step 1 was successfully implemented so far. Let us recall the difficulties which are new to
GE when compared to QL. And what were the ideas that helped us to overcome them?
(Refer Slide Time: 03:02)
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Difficulties and their resolution in Step 1

@ Our analysis was motivated by QL)

# |UL) gave Chara. direction.

# Chara, directlon gave rise to Chara, Curves

« Chara, Curves made up an Integral surface,

5. Shanj Garws (1T Fomiey| *win Clrenial Egasticm lackm 217 'M

Difficulties under resolution in step 1: Our analysis was motivated by the Quasilinear
equations. Quasilinear equation QL gave us a characteristic direction. Characteristic direction
gave rise to characteristic curves. Characteristic curves made up an integral surface.

(Refer Slide Time: 03:24)
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Step 1: Difficulty 1 for (GE):

Equation (GE) does NOT give away a Chara. direction. [ ": .' s

Useful Idea
@ We observed that for (QL), the Chara. direction is the envelope of possible
tangent planes.
o We found that the same idea works for (GE) as well,
A Chara. direction at a paint P{x.y.z) is given by
(Fo(P.p.q). Fo(P.p.q), pF,(Pp.g) +qF,(Ppq)

where p. 4 salisly Fayzpg) =0

The difficulty 1 for general nonlinear equation is the equation does not give away a
characteristic direction. A useful idea was we observed that for Quasilinear equations, the
characteristic direction is the envelope of possible tangent planes. Actually, the envelope of
possible tangent planes is a straight line whose direction is a characteristic direction. So, we

found that the same idea works for GE as well.



A characteristic direction at a point p X, y, zis given by F p, Fq, p F p + g F g denote partial
derivatives of F with respect to the variable p and g respectively. And the small p, g satisfy F
of X, y, z, p, q = 0. Capital P actually is standing for x, y, z.

(Refer Slide Time: 04:21)
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Step 1: Difficulty 2 for (GE):

(Chara.ODE) are incomplete for (GE).

Curve having Characteristic direction

along with {x(0), ¥(0},z(01} = (xo, Yo, 20,

(chara.0DE) is NOT solvable since p. are unknown. Need to complete the system
(chara.ODE) .

Now, what is the difficulty number 2? Characteristic ODE system is incomplete for GE
because we were looking at finding a curve having characteristic direction which was given
by this dx by dt, dy by dt, dz by dt=F p, Fqg, p F p + q F g. We were looking at solutions to
this whose image will be a curve. And with this conditionx 0 =x0,y0=y0,z0=z0. Then

this will be a characteristic curve passing through the point x 0,y 0, z 0.

Unfortunately, in this system p, q are involved and p, g also depend on the location of where
you are on the characteristic curve that you are trying to find. So, p and q are dependent on x
t,y t, z t. That is why Chara.ODE that is this system is called Chara.ODE. It is not solvable.
So, we need to complete the system.

(Refer Slide Time: 05:27)
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*  Step 1: Difficulty 2 for (GE):

System of ODEs for the characleristic strip was derived.

dx
— = Flxynopaql
di il
f{% = Fiey.zpq) (2b)
(E (X2 pg) - glglxy.2.p.q) (2¢)
= = Phlenzpg) - ghly.zpg)
p : \
i Felryzp.q) - pboley.cp.q) (2d)
I
g Foleyzp.q) - gFley.zp.q) 2e)
dt
~ The sytem of ODE (2) is dentoed by (Chara.Strip.ODE).

That is what we did. We derived the system of ODEs for the characteristic strip, which is a
system of 5 equations.
(Refer Slide Time: 05:36)
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Step 2: Finding an initial strip
For this step, assume that /. ¢ i = C*{[)

Now, we need to find a solution to this. What is the next step as I told you at the beginning of
this lecture, is to find solutions to this so that x 0, y 0, z 0 is a point on the datum curve, let us
say fs, gs, hs. But what will be the initial conditions for p and g? Those are not there. So we
need to derive that. That is what is called finding an initial strip. Initial curve that is a datum
curve is known. fs, g s, h s as s varies in the interval | we are going throughout the curve

gamma.

Now, we need to find a p sand g s. And p s and g s are not arbitrary functions. They should

be such that p s, g s - 1should be the normal to a possible tangent plane that we want to find.



So, it is something tied with the equation the p s, g s. For this step we are going to assume
that the initial data is C 2. f g h are all C 2 functions. This is only a temporary requirement.

We will see a comment later on saying that this is not needed at some point.

As | told you to derive the equations, we can assume anything that we want. But having got
the equations, we have to try to show that things work with the minimal assumptions.
Assuming f g h in C 1lis somewhat reasonable, C 2 is too much. It is not that much
reasonable. But this we are going to do only to derive this initial strip. We will see that. We
will also see why or where are we going to need the C 2 s.

(Refer Slide Time: 07:24)
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Finding an initial strip

Step 2 in solving Cauchy problem is to
Find an IVP for the system (Chara.Strip.ODE).
o The datum curve gives rise to the initial conditions for x. v, z.

o We need tofind the initial conditions for p. ¢

o In other words, we need to extend the datum curve to an initial strip.

So, finding an initial strip. So, step 2, in solving Cauchy problem is to find an initial value
problem for Chara.Strip.ODE. The datum curve gives rise to the initial conditions for x, y, z.
We need to find the initial conditions for p and g. In other words, we need to extend the
datum curve to an initial strip.

(Refer Slide Time: 07:47)
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Finding an initial strip

o Let {(r) := (x{(r).x(1),zle), pit). qle)) (r € 1) be a solution to (Chara.Strip.ODE).
o Follows from (Chara.Strip.ODE) that along a characteristic strip

d
dt

o Thus the function ¢ -+ F(({¢}) is a constant function.

Fix{eh e}zl pie)sql)) = 0. (3)

o Hence F¢(t)} = FICI0)).

Therefore if we choose an initial Strip ¢(0) = Xy, Yo, z0, P, gu) Satisfying
Ff,h;- \'.l..‘n.[l;|.(f;;: =), then

Fix(),vlez0,pl)gin)=0 foral reJ, (4)

The support of the strip will be the datum card. So, finding an initial strip, how do we do
that? So let zetatbe x t,y t, zt, p t, g t be a solution to Chara.Strip.ODE. So, it follows from
Chara.Strip.ODE that along a characteristic strip d by dt of this is 0. How does it follow? You
do the chain rule. So, it will be F x into x dasht, Fy intoy dash t, F z into z dash t, F p into p
dasht+F qginto qdash T.

And if you use these equations, it answered that you end up with 0. Therefore, d by dt of F of
xtytzt pt gt=0.So, that means this function t going to F of zeta t is a constant
function. Because its derivative is 0, it has to be constant. If it is constant it will be equal to F
of zeta of t O for any t 0. But | will choose t = 0 because t = 0 is where | am going to stay on

the datum curve. Atleast x 0, y 0, z 0 will be on the datum curve.

Therefore, we are going to require that F of zeta 0 is 0. That is what we are going to ask. So,
if we choose an initial strip zeta 0 which is x 0,y 0,z 0, p 0, g 0 such that F of that is O it
means F of zeta t will be O for all tin J.

(Refer Slide Time: 09:29)



Finding an initial strip

o Recall that the Cauchy data is given by
I': x=fis),y=g(s).2=his) sel.

o We are interested in passing a characteristic curve through every point of I'.

o Since the (Chara.Strip.ODE) Is a coupled system involving p and ¢ as well, we first
have to determine an inilial strip having the datum curve as its supporl,

(':"\‘,"'w‘ i

Wil itsoatal Fpisioas

So, recall that the Cauchy data is given by x = fs, y =g s, z = h s. We are interested in
passing a characteristic curve through every point of gamma. Since Chara.Strrip.ODE is a
coupled system involving p and g also, apart from X, y, z, which only matters to find a
characteristic curve. To find a characteristic curve you need x t, y t, z t. But the equations
involve p and g. So, we first have to determine an initial strip having the datum curve as its

support.

In other words, at every point of the datum curve, this is gamma. At any point, we need to
associate a vector | am saying vector because 2 numbers are there and they should be having
this finally, this property. That this is p s, the pointis s. Thisisthe fs, gs, hs. The stripis fs,
gs,hs,ps,qs. Thesupportisfs,gs,hs.

(Refer Slide Time: 10:45)
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Finding an initial strip
o Since the integral surface = = w(x, v} must contain a part of I on i,
ls) = ulf(x),zls))
must hold for s belonging 1o a subinterval of 1,
o Differentiating the above equation w.rt. s, we get

K'(s) = u,(f(s), gls))f'(5) + u,(f(s). gls)) g'(s).

el Difernrial Fopisboag



Since the integral surface must contain a part of gamma on it, we should have h s equal to u
of fs, g s. It should hold for s belonging to a sub interval of I. Now, once you have that
differentiate this equation with respect to s, you get h dash s = u x into f dash plus u y into g
dash by chain rule.

(Refer Slide Time: 11:10)
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Finding an initial strip

Sinca pls) = u,(f1s), 4(s)) and g(s) = w,[f{s). g{s]) must also hold (by definition of p and q),
the equalion
WS = w(018), g1 (s} = o fis), is)) g'(s)
becomes
W{s) = p(s)f'(s) + gis) ¢'(s)

Thus, we need 10 solve for s — (p(s). ¢ls) ) from the system of Iranscendental equations

Fif(s), gls). hishpq) = 0 (5a)

pfisi+qg'ls) = Kis) (5b)

Since p s =, p is supposed to be u X, q is supposed to be u y that should also hold. So, we
demand this. p s equal to this should happen q x equals this should happen. Therefore, what
does this imply? The equation that we obtained in the previous slide h prime = u x f prime, u
y g prime. Now, u x s, g s must be p and u y must be g. Therefore, we need to solve for p s
and g s in terms of s coming from this equation. Capital F of fs,gs, hs, p, g =0 and p f dash

s+ qgdash s =hdashs.

So, 5 b is this equation and this is the equation of the partial differential equation. The role p
and q are actually for u x and u y. So, that is why we demand these 2 conditions. So, now, if
you notice, this is a function of f s, g s, h s are given. Therefore, f dash is known g dash is

known h dash is known. So, what it involves is p and q are a function of s, something s.

So, you can think of this as a function of s, p, g = 0. Another function of s, p, g = 0 and you
want to solve p, g in terms of s.
(Refer Slide Time: 12:39)
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Finding an initial strip

Implicit function theorem says that if we know a special solution (pp.qy) for some s = 5,
of
F(f(s),g(s) his)p.g) =0
pl'(s) +qgls) =Nis)

and if a certain Jacobian condition is satisfied, then

o There exist functions s — pis), s = ¢ls) defined on an interval containing s = so

o st.p-plsiandg - gls) are differentiable

o and are solutions to the above system.

o Moreover, they are unique w.rt. above properties.

Parial DOwowerial Fopast oo

So, implicit function theorem says that if we know a special solution for some s equals s 0, p
0, g 0, which satisfies this as well as this. That means capital F of fofs0,gofs0, hofsO0, p
0,g0=0andp0fdashs0+q0gdashsnot=hdashofsO.IfsuchpO0,qO0 are given and a
certain Jacobian condition is satisfied, nonzeroness of certain Jacobian we will do the details
on the next slides, then there will exist functions you can express p, g in terms of s essentially

that is what we want.

So, there exist functions s going to p s, s going to q s. Of course, the conclusions are local.
Therefore, these functions will be defined on an interval containing s 0 where this Jacobian
condition is satisfied and where a particular solution p 0, g 0 has been found such that these
functions are differentiable and they are solutions to the above system. Moreover, they are
unique with respect to the above properties. Implicit function theorem when applicable it
gives you a unique solution.

(Refer Slide Time: 13:52)



OO0 BCCH B O | AR A

T
iy
Ty

Finding an initial strip
When 5 = s, el (p, g} = (py.qu) be @ Solution Lo the system of equations

Fif{s). gls). h{s).p.q) )
‘H."L\_\ Fgeils) =hi{s)

That is,

Fif(so), glso) h{so)po o) =0,

pof (s) b qog(su) = hiso).

Parts) DtSerwerial Fpunions

So, whens=s0,p,q=p0,q0. If that is a solution to the system of equations that is exactly
this which | have read out earlier.
(Refer Slide Time: 14: 06)
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Finding an initial strip

In order to put our problem in the set-up of implicit function theorem, we define the
function .
fi1,02) i IXBRXR 2R

by
s = Fifis). gls). his).p.g).

aispg) = pfin+qg'ls) -

Note that (sq, . o) 8 its solution, That's what we assumed!!!

5 5w Gy |IT Darmtory Fortyl Defernerial Fopintons

So, in order to put our problem in the set of implicit function theorem, we define 2 functions
phi 1 and phi 2. As | told you phi 1of s, p, g because fs, g s and h s are known. It is simply a
function of s. That is why s. p, g are unknown quantities. | want to solve p, g in terms of s, so,
I have 3 variables here. So, s varies in the interval 1. p, q vary in an interval R cross R, | have
put. But it should be that wherever capital F is defined for this p, g.

So, | agree with the projection to the last 2 coordinates p, g of the domain of omega 5. That is

where it makes sense. So, if you assume that omega 5 is such that the last 2 components is R,



then it is R cross R. Otherwise, it is going to be the corresponding projections to the last 2

coordinates that will come in place of R cross R. Because F should be meaningful after all.

Here | am defining this function for p and q belonging to R and R. Of course that makes
sense only if F is defined for those p and g’s. So, set of all p, g for which F is defined, I will
consider this function. Then in that case, | will not write R cross R. | will write something
else. So, with this correction phi 2 of s, p, q is the second equation that we had on the
previous slide. We are interested in its solution. What is given is s 0, p 0, q O is a solution.

You have to find the p 0, g O such that s 0, p 0, g 0 is a solution. So, that is what we assumed.

Now, to apply implicit function theorem, we need to check that functions are C 1 functions,
phi 1, phi 2 are C 1 functions. Are they? Yeah, with respect to s, if f g h are C 1, fine the C
one and capital F itself is C 1. Therefore, composition will give you C1, p, g are appearing in
this. And we already assumed F is C 1 with respect to all the components. Therefore, p, g also
will be C 1. So phi 1 will be C 1, no problem. Phi 2, C 1 ness of phi 2 will involve C 2 ness
of f.

So, this is where we need f g h to be C 2. In terms of p and q it is linear. So it is always C
infinity. So phi 2 is C 1 provided we assume the initial data that is datum curve fg h are C 2
functions. This is where we need f g h to be C 2. Fine.

(Refer Slide Time: 16:48)
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Finding an initial strip

To apply implicit function theorem, we need to check
@ y.¢: are ¢' functions of s, p, . (Assume that /. g.h & cn).

@ hat Jacobian of i, 2 w.r.l, {p.g) at the solution (sy, pa, go) Of the system
ails.p.gl = 0. ¢als, p.g) = 0. denoted by A, satisfies

o /'.,: ': G | l"., [ L;J )

P1,482)
aip.g)

Api= =0y oo = # 0,

f'lsa)  &(s0)

where we used the notation ¢y = |f{sa). glsa). h{sa). pa. ga).

Assume the above condition on Jacobian

Now, the Jacobian of phi 1, phi 2 with respect to p, q at the solution that we already found s

0, p 0, g O of this system that should be nonzero which is this. Though phi 1, phi 2 by dou p,



g is simply the Jacobian which is here. Dou phi 1 by dou p, dou phi 1 by dou g, dou phi 2 by
dou p dou g will come. Now, at the point s 0, p 0, g 0 that you can compute from the

expressions of phi 1, phi 2,

It will turn out to be F p at zeta O, F q at zeta O, f prime s 0, g prime s 0. Zeta 0 is this 5 tuple.
fs0,gs0, hsO0 pO0,q 0. This is nonzero. We have to assume that. Assume the above
condition on Jacobian.

(Refer Slide Time: 17:41)
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Finding an initial strip

By implicit function theorem, e S
o there exist unique functions p = p(s) and g = g(s) which are ¢ on an interval
containing s, (let us still denote it by / for convenience).
°

Q5. p(sig(s)) =0, @als.pls).gls)) =0,
Pisal = pa,  qlse) = go

Thus an initial strip (f{y). 215}, 108}, pl5), gls)) has been datermined

Now we can apply implicit function theorem. It gives us unique functionsp=psandq=qs
which are C 1 on an interval containing s = s 0. Let us still denote it by I for convenience if
you want you can make it | dash does not make any difference. And what is the property? P s
and g s all in the system phil and phi 2. Phils,ps,qs=0,phi2ofs,ps,gs=0andats—s

0, it coincides with the p 0, q coincides with g not.

Thus an initial strip has been determined. So, this complete successful implementation of step
2 of our programme.
(Refer Slide Time: 18:27)
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lllustration of an initial strip

(k915,19)

o Initial strip consists of the datum curve [ along with planes attached at each of its
points.

o initial strips having the datum curve I as their supports.

So, initial strip consists of the datum curve gamma which is given to us and along with
planes. Planes essentially means the normals to the planes. P s, g s, - 1 attached at each of the
points of gamma. What we have shown is that if the Jacobian condition is metats—sOina
piece nearby that is some part of gamma there we can do this. That is what the implicit

function theorem said.

In any case, our theorem is going to be local, we are always going to fix some point and
going to assert that near this point p 0 on the datum curve gamma there is an integral surface
which contains a piece of gamma. Therefore, this is absolutely fine and initial strips have the
datum curve as the support if you can find that throughout all the points.

(Refer Slide Time: 19:21)
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Step 3: Defining a candidate solution
Finding Characteristic Strips




Now let us go to the step 3, which is defining a candidate solution. To define a candidate
solution, first thing is we have to solve characteristic strip equation with the initial step that
we have got.

(Refer Slide Time: 19:34)
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Solving the IVP: (Chara.Strip.ODE) + an initial strip

Initial Strip: 118} els) st pist gls))

Assume that " ¢ C*(();)

Let v=Xit,5),y="Yit.s),z=Z{1,5),p = Pit,s),q = Qi1 5)

represent solutions to (Chara.Strip.ODE) satisfying the initial conditions

XD s fis], Y10, 30 = pis), ZI0 5 Ble), PID s el Q0 st

Remark:
o Existence of solutions follows from Cauchy-Lipschitz-Picard theorem.

o Solutions are unique since ¥ ¢ (*({1s).

So, here we assume that F E C 2 and so let this represent solutions to Chara.Strip.ODE
satisfying the initial conditions. For x, y, zitis fs, g s, h's, for P and Q, it is small P and
small g of functions of this which we have determined in step 2. That is the initial step. That
means if you look at the trajectory of the solutions, the first 3 coordinates at t = 0 pass

through the point f s, g s, h s on the datum curve.

And remaining 2 are supposed to be giving you the components or the normal at that point.
That is why the strip. Now existence of solutions, like this follows from Cauchy-Lipschitz-
Picard theorem. That is why | assumed F is C 2, because the right hand side will involve f p, f
g, etcetera. So to guarantee the right hand side is Lipschitz, one easy way to do is assume that

right hand side is C 1, then it will be local elliptious.

And then we have existence of unique solutions. That would require a few F is C 2. That is
why | have added F is C 2. So solutions are unique because of that.
(Refer Slide Time: 20:52)
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Solving the IVP: (Chara.Strip.ODE) + an initial strip
Initial strip: (f(s), els), hls). pis).gls))

Assume that F = C*(())

Lel x=Xit,s)y =Yt 8)z =2t 5).p = Plt.s).q = Qit,s)

represent solutions to (Chara.Strip.ODE) satisfying the initial conditions

Xi0,s) « s}, ¥iD g 215). (0, 5) higl, P05
Remark:
o Existence of solutions follows from Cauchy-Lipschitz-Picard theorem

o Solutions are unique since F & C{1).

Partal D ct ol Erpurdere

Otherwise, you have existence continuity is enough. We assumed F E C 1. And if you look at
the equations of Chara.Strip.ODE the right hand side will involve only derivatives of F at
maximum. fp,fq,pfp+pfq—fx, fzandsoonfy,they are all assumed to be continuous.
Therefore, right hand side is continuous. The moment you assume F is C 1, which means we
know Pinos theorem, there exists a solution. If you want uniqueness, you push it C 2. If you
make a F to be C 2 uniqueness is guaranteed.

(Refer Slide Time: 21:27)
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On solutions of the IVP: (Chara.Strip.ODE) + an initial sirif

o WLOG we may assume that solutions to the VP
(Chara.Strip.ODE) + an Initial strig
are defined for (1,5) = J « I, wherg J does not depend on
o For (QL), it was possible thanks 1o the Lemma on Reparameirization of Characteristic
curves. The tangential diraction does not change under reparametrization.

¢ On the other hand, reparametrization of a Characteristic stip need NOT be a
charactanistic strip.

¢ The second argument given in the case of (QL), which allowed us to concluds the
existence of such an interval J, alter a compromise of replacing [ vilh a subinterval of 1
holds good in the present case.

¢ The solutions are contin tlonsonJ x 1, by

differentiable dependence of solutions on parameters in the theory of ODEs.

Fuld Diisaia 294

un

Solutions of the initial value problem that is characteristic strip ODE plus an initial strip, we
want to solve this initial value problem. So, without loss of generality, we may assume that
solutions to the initial value problem which is given by the ODEs is a characteristic strip
ODE 1and the initial conditions are given by the initial strip. They are defined. The solutions
are defined for t, s in J cross I, where J does not depend on s.



For Quasilinear equations, it was possible thanks to the lemma on reparameterization of
characteristic curves, because the tangential direction does not change under
reparameterization. On the other hand, reparameterization of a characteristic strip need not be
a characteristic strip. Therefore, this argument does not hold. Luckily, we have another
argument. In the case of Quasilinear equations, we had a second argument which we have
given that also allows us to conclude the existence of such an interval J which does not

depend on s.

But now, there is a compromise that the | the interval | needs to be replaced with a sub
interval of I. But that does not matter because later on what we are going to do is we are
going to apply inverse function theorem whose conclusions are anyway local. So, it does not
matter. So, what is important is that J does not depend on s whether it is s belongs to | or s

belongs to some subinterval of I.

So, the solutions are continuously differentiable functions on J cross | by differentiable
dependence of solutions and parameters in the theory of ODEs. In fact, inside the proof of

this theorem, one needs to get such catch hold of such an interval which does not depend on

S.
(Refer Slide Time: 23:32)
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_ First T, then an initial strip, then chara.curves through I

So, the progress so, far has been this first gamma which is given then an initial strip we have
obtained that is throughout these points of gamma we have erected these kind of small planes

and then characteristic curves going through points of gamma. If this is the point P, these are



gamma p, small gamma p and not only characteristic curves throughout at every at any point
in the character curve, we also got this particular normal to some plane.
(Refer Slide Time: 24:08)
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Progress so far ... ...
We have for (1.5) & J x 1
Fi{X{, 5, Y(t.5).Z[0.5), Pit,s). Qle.8)) =10, (10a)
X(0,8) = f{s), Yi0,8) = gls), Zi0,5) = hs), (10b)
P{0.s) = pis). QiN,s) = qis). (10c)
The first equation was provad in Step 2.
It followed from the choice of the initial strip.

Of course, the plane is expected to be tangent plane later on. So, for t, s in J cross I, we got F
of Xt,s,Yt s, Zt,sPt,s,Qt,s=0and X0,sisfs,YO,sisgs,Z0,sishs.Pisps,Qisq
s. So, these are coming from initial conditions. This is the first thing that we did. d by dt F of
zeta t is 0. Therefore F of zeta t is constant and we chose zeta 0 such that F of zeta O is 0.
Therefore f of zeta t is 0. So these are also we approved in step 2. It follows from the way we
chose the initial step.

(Refer Slide Time: 24:47)
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Summarizing the Steps 1, 2, 3 (till now) gives

Theorem
Consider the Cauchy problem for {GE) with Cauchy data I
Assumptions

Q Lot F e C*(8x).

©Q Let§: ; wix.y) beanintegral surface for (GE), where u ¢ C*[D).

© Assume that a part of the datum curve T lies on the surface §.

Q Assumethat f,2.h = (1), the functions describing the datum curva I,

*"*These are additional assumptions on F and I'. Standard assumptions on them stil
apply!

So, summarising the steps 1, 2 and the third one the little bit that we did so far it gives us the
following theorem. Consider the Cauchy problem for general nonlinear equation with Cauchy



data. Assumptions F is C 2. Let S be an integral surface for this general nonlinear equation,
where u is a C 2 function. Assume that a part of the datum curve lies on the surface S, assume

that f g h are C 2 functions, which describe the datum curve.

Note these are additional assumptions on F and gamma. The standard assumptions on them
still apply namely f p, f q cannot simultaneously vanish and so on.
(Refer Slide Time: 25:30)
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Theorem (contd.)

© Let 1 denote the point (f(sy). elsy) hisy)) € SN T,

Q Let (po,go) © B be such that the equation

F({{so). glsa). hsa), po. go) 0,

Pof [50) + qag'(50) = R'(50).

@ Assume that the Jacotian condition is salistied:

gy e F-.:I,N F.-:‘:‘I,l
LA Do) { g 10
r y ROy L I FARY
ap.q) '.‘"I.\'..'l ‘q'i\‘”‘l

where Gy i= (f (5o}, 2150} hlsu) po, o)

And f prime, g prime also cannot vanish simultaneously. Now, take a point which is on
gamma as well as on S. That means that integral surface which is also there in the datum
curve that point. Let p 0, g 0 be such that the equations are satisfied. Assume that the
Jacobian condition is satisfied at s 0, p 0, g 0. p 0, g 0 is this s 0 is which we have already
fixed and here the zeta O stands for this and before.

(Refer Slide Time: 26:06)
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Theorem (contd.)

Conclusion

The surface S is the union of the supports of the characteristic strips through the points of
I'. in & neighbourhood of Py.

Remark on Theorem

o Generalizes “Integral surface is union of chara. curves" theorem proved for (QL)
aarlier.

o Proof is similar o the one for (QL). Key ingredients are
o (Chara.Strip.ODE)

o pir) = ax(r).vin)) and git) = wlalt), i) O

Conclusion: The surface is the union of the supports of the characteristic strips through the
points of gamma of course, in a neighborhood of P 0. So, this theorem actually generalises
our earlier theorem that we did integral surface is a union of characteristics curves. Integral

surface is union of characteristic curves. That theorem we proved for causing the equations.

This is a generalisation of that proof is similar to that same as that. So, key ingredients here
are Chara.Strip.ODE and the p t equal to this and q t equal to this.
(Refer Slide Time: 26:45)
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Road ahead is smooth?

o Last Theorem gives us a hope to find an integral surface using the method of

characteristics for (GE)
o However, theorem holds only for o & C*(D) and for /. g.h & C*{1)

o We are looking to solve (GE) for which a C* soluion may nel exisl, It is unreasonable lo
expect a ¢ sclution for a first order PDE, to start with |

o Parametrization of datum curve Is ' is reasonable, but pot 2

¢ Would that be a problem? No. Details on next slide.

So, now, question is the road | ahead is smooth because last theorem gives us a hope to find
an integral surface exactly like the other theorem, which gave us hope in Quasilinear
equations using the method of characteristics for General nonlinear equation. However,
theorem holds only for uin C 2 and f g h in C 2 of I. We are looking to solve with GE, for



which a C 2 solution may not exist, It is unreasonable to expect a CT solution for a first order
PDE.

To start with, it may happen that you have C 2 solution or C infinity solution. But to start
with you do not expect that. And parameterization of the datum curve C 1 is reasonable, but
not C 2. So, would that be a problem? Answer is no that will not be a problem. Details on the
next slide.

(Refer Slide Time: 27:39)
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Road ahead is smooth? (contd)

Itis true that we used 1 = C*(D). [ g.h & C*(1) 1o derive

(Chara.Strip.ODE) and Initial Strip.

Now forget all this and start working with (Chara.Strip.ODE) and Initial Strip. Pretend
that you were given these two and were asked to work with them,

Everything will be fing. We do not need f.g,h = C*(1).

Yes, it is true that we used uis C 2 of D, fg his on C 2 of | to derive Chara.Strip.ODE and
initial strip. Now, forget all this and start working with Chara.Strip.ODE and initial strip. If
we ever used only to derive these 2 things. Pretend that you are given these 2 and you are
asked to work with them. Everything will be fine. We do not need fghin C 2.

(Refer Slide Time: 28:14)
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No need to worry. Road ahead is smooth

From now onwards assume that

@ the system (Chara.Strip.ODE) is given and
@ an Initial Strip
i8), (81 Ris).pls).qls))

consisting of ' functions on an interval containing s, is given.

Let the functions X{r.s), Y{t,s1.Z[r.5}, P(t,5), Q[r.5) SOve the IVP

(Chara.Strip.ODE) and Initial Strip.

So no need to worry. Road ahead is indeed smooth. From now onwards assume that the
system Chara.Strip.ODE is given. And an initial strip fs, g s, hs, ps, gs consisting of C 1
functions on an interval containing s 0 is given. Let the functions X ts, Yts,Zts, Pts, Qts
solve the initial value problem and initial strip.

That will be good enough. Of course, you may not have solutions which are unique, but

maybe corresponding to each solution you may get one integral surface who knows that. That

can happen.
(Refer Slide Time: 29:01)
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Summary

@ Derived an Initial Strip using which the system of Characteristic strip equations
(Chara.Strip.ODE) may be solved.

@ Projection of solutions to (Chara.Strip.ODE) to xyz-space give rise to
Characteristic curves through points of I

@ Ina bid to extend the method of characteristics to (GE), we come across new
geometrical antities.

@ Question: Should we call the extended method as method of characteristic
strips?.

© We found an initial strip. Step 2 of our programme Is successfully implemented.

So, we derived an initial strip using which the system of characteristics strip equations may
be solved. Projection of solutions to xyz space will give you characteristic curves through

points of gamma. In a bit to extend method of characteristics to GE, we come across new



geometrical entities. So, a natural question is should we still call it the method of

characteristics or should we call method of characteristic strips?

It is okay that does not matter just for you to think ponder about this question. So, we found
an initial strip. Step 2 of our programme is successfully implemented.
(Refer Slide Time: 29:44)
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Thank you

Parta) DtSermerial Fopuntong

In the next lecture, we are going to complete the proof of existence and uniqueness, our

solutions to Cauchy problem for general nonlinear equations. Thank you.



