Partial Differential Equations
Prof. Sivaji Ganesh
Department of Mathematics
Indian Institute of Technology — Bombay

Lecture—2.11
General Nonlinear Equations 2
Characteristic Direction and Characteristic Strip

Our journey of studying Cauchy problem for general nonlinear equations has started in the
last lecture. That is lecture 2.10. Today we continue.
(Refer Slide Time: 00:33)

pasii [l .
L - e ad Rl

Outline

Chapter 2: Cauchy problem for nonlinear equations |
Characteristic direction and Characteristic strip

o General nonlinear equations: Hypotheses, Notations
© Search for a characteristic direction

@ Recap from Lecture 2.10

o Search resumes

© Characteristic ODEs are incomplete

o Equations for Characteristic strips

The outline for this lecture is: First we recall once again the hypotheses and notations
involving general nonlinear equations. And in the last lecture, we started our search for a
characteristic direction we were not yet successful. Today the search resumes and we will
find a characteristic direction for the general nonlinear equation. And then resulting

characteristic ODEs are incomplete. We are going to see that.

And therefore, we need to extend the system of characteristic ODESs to a new system, which
is system of equations for characteristic strips.
(Refer Slide Time: 01:11)
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General nonlinear equations
Cauchy problem, Hypotheses, Notations

So, let us recall the notations and various hypotheses, which are involved in the Cauchy
problem for general nonlinear equations.
(Refer Slide Time: 01:20)
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General nonlinear equations

o Let £ be an open subset of B,

o Let /: 5 - R be an arbitrary function. Denote /' -~ Flx. v,z p.q).
Such an # defines the most ganeral form of a first order PDE, by

Fx,y,u . uy) =0, (GE)

We refer to (GE) as "Fully nonfinear equation” *General nonlinear equation”, even though
iL), (SL}, (QL} are also representable in the form (GE),

F is the function which is going to define as the general nonlinear equation. The arguments of
F have been written as X, y, z, p, q defined on for a 5 tuples. So, lying in omega 5, which is an
open subset of R 5. Such an F defines the most general form of a first order nonlinear general
nonlinear PDE by F of X, y, u, u x, uy = 0. Though we know that this class GE contains in it
linear equations, semi linear equations and Quasilinear equations, but we refer to this kind of
form of general equation as fully nonlinear equation or general nonlinear equation.

(Refer Slide Time: 02:10)
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Hypotheses on the function F

The function £ : ©25 - R is assumed to satisfy

@ F e i), Equivalently,
FoFo Py Fr By By € C(8s).
Q F,and F, salisly

I'"fl,r.).'.:.p,qj- | }'Slx:_\‘.:.p.(;} #0 Yixyapqg €.

Notation: ©2: and £, denote the projections of 2 10 xv-plane and xy:-space respectively,

So, hypotheses on the function F which defines the PDE are that F must be a C 1 function on
its domain of definition, which is equalent to saying that the function along with all first order
partial derivatives of all the arguments which are x, y, z, p, q are continuous functions on
omega 5. And we need to assume that F p and F g do not vanish simultaneously at any point
in omega 5. Omega 2 and omega 3 denotes the projections of omega 5 to xy plane and xyz
space respectively.

(Refer Slide Time: 02:45)
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% Hypotheses on the Cauchy data

Isaninterval in B, and 2.k € C'(1) such that

() + () #0forall ye .
Consider the space curve I' described parametrically by
i x=fis),y=ps) z=Hhis), sel
Recall For a given space curve I', Cauchy problem for (GE)
Fixoy i, ) =0 (GE)
consists of finding & solution « to {GE) satisfying the Cauchy condition
uif(s)els))=nhis), sel,

o 1'is @ subinterval of /.

The Cauchy data is prescribed by gamma x =fs, y =gs, z=h s for s belong to an interval I.
And these functions are C 1 functions on the interval | and we assume the projection of
gamma to xy plane which is denoted by gamma 2 is that gamma 2 is a regular curve, which

means f primes and g prime do not vanish simultaneously at any point on the curve gamma 2.



Recall that Cauchy problem means, we need to find a solution of the equation which satisfies
thisu of fs, gs=hs. In other words fs, g s =h s belong to the surface z=u x y.
(Refer Slide Time: 03:30)
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Search for a characteristic direction
Recap from Lecture 2.10

Now, let us recap from the last lecture the search for a characteristic direction.
(Refer Slide Time: 03:37)
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Solving Cauchy problem for (GE)
o We wanted to extend the ideas from Quasilinear equations (QL) to (GE)

Idea in (QL)

“Construct Integral surface using Characteristic curves"

To think of characteristic curves, we need to have a characteristic direction!!

How to obtain a characteristic direction for (GE)?

So, we wanted to extend the ideas from Quasilinear equations to general equations. The idea
in Quasilinear equations was construct integral surface using characteristic curves. To think
of characteristic curves, we need to have a characteristic direction. So, how do you obtain a
characteristic direction for GE? That is the question.

(Refer Slide Time: 04:02)
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Obtain Chara. direction for (GE)

Recall: For quasilinear equation (QL)

alx, v, + blxoy, ) o, = clxu),
we observed that at a point Pix, y. z) on an integral surface §: & = ulx.v),
o the normal direction at P is {ir (. v). w40}, =1 ).
o (QL) says that (alx.v,z).blx, v.z) elx, v, 201 is & direction in the tangent plane at /.
o This observation led to the definition of a characteristic system of ODE.

Remark Thera is no automatic cholce of a characterislic direction suggested by
(GE)

Recall for Quasilinear equations, the equation gave us a characteristic direction. The equation
QL isaux +buy=c. What we observed is if you take any point on an integral surface
given by z = u x y, the normal direction at P is u x, uy — 1. And the equation tells that abc is a
direction in the tangent plane at P. This observation led us to define the notions of

characteristic system of ODE and characteristic curves.

Once again there is no automatic choice of such a characteristic direction for general
equations.
(Refer Slide Time: 04:45)
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“  Family of possible tangent planes through a point for (QL)

(T2) for (QL)
@ reads as
(1:‘P|]:|]) +}):,P”J£/ - (':P“:l.

o WLOG, assume b{Fyl / 0.
o Thus for each p < ¥, gip) is given by

alPy)  o(Py)

(P = ———p + ——=
W= hea? T hiy)

(T1) for (QL) takes the form

ef P.:.}i : al P«.il (1)
I—= =l 8 X=X — Y=Yo!l, »
N B Po) Y=o =PI 0 /.Jl:_[’(] A 0 ) |

iy @ parameler p € R,

3l Do rore i Equida

So, then we went on to consider this family of possible tangent planes to possible integral
surfaces through a point for general nonlinear equation. Take a point P 0 in omega 3. We get

a 1 - parameter family of possible tangent planes given by T 1 and T 2. Whatis T 1? T 1 is



simply equation of a plane passing through x 0, y 0, z 0. But by restricting F P to satisfy T 2

will mean that this is going to be a tangent plane to possible integral surface.

It should satisfy these conditions T 1, T2. Note this you just see only the information coming
from the equation. We are not pretending that we know the integral surface. That is not
needed. Now, we observed that the T 2 for Quasilinear equation is this. And as one of them is
nonzero we know that a or b or has to be nonzero by assumption. In the Quasilinear

equations, we assume b is nonzero then we can solve q as a function of P.

In fact, it is a linear function of P that is what makes things much simpler and T 1 for QL
becomes this after substituting for this. So, this is a family of possible tangent planes. We
have explicitly got one equation.

(Refer Slide Time: 06:16)

L asnn [-emlse A Lok L (VWi S
- " - .~

For (QL), ‘ 3
o I‘I"' =¥l :| ; (T,

?
blPy)

. | Py
L bl/’lu.'
represents a 1-parameter family of possible tangent planes at 7, indexad by a
parameter p ¢ E.

y {
Y=yl +p|y=x-

For (GE),
2 - 20 = plx—xo) +4{y - 5p) (T1)

Fixa,ynzpq) =0 (T2)

represents a 1-parameter family of possible tangent planes at ;.

So, this represents, the equation T p represents a 1 - parameter family of possible tangent
planes indexed by a parameter. For general equations, we have to have both the equations. If
you are able to eliminate p or g from here that is expressed q as a function of p, go back and
substitute here then once again you have only one equation like this. In the case of

Quasilinear it was very easy to express g in terms of P.

But in case of general nonlinear equations, it is not clear. So, this is still a 1- parameter family
of possible tangent planes at the point P 0.
(Refer Slide Time: 06:57)
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Envelope of 1-parameter family of tangent planes for (QL)

turned out to be

) P e " VN e 1 (B Ao 1
10 14 - = = ;
RS ﬂi_P([.j biPy) clPy)

which is nothing but the characteristic direction at .

Now, envelope of 1 - parameter family of tangent planes for QL we computed. It turned out
to be this. What is this? This is nothing but the characteristic direction at P 0. This is a line
passing through the point x 0, y 0, z 0 and the direction abc is a characteristic direction.
(Refer Slide Time: 07:25)
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The plan for getting a chara. direction for (GE) is

e to obtain the Envelope of 1-parameter family of possible tangent planes at #; for
(GE)

2=20=PIX = o) +40y = Yo, (T1)
F(Xa, Yo z0,p,g) =0 (12)

o and choose a direction in the tangent plane for the envelope.

This plan will be successiul thanks to the Lemma on the next slide.

So, therefore, the plan for getting a characteristic direction for GE is like this. Obtain an
envelope of 1 - parameter family of possible tangent planes for GE which is this. So, get the
envelope of this and choose a direction in the tangent plane for the envelope. This plan will
be successful because we have a lemma that we proved in the last lecture, which is here.
(Refer Slide Time: 07:50)
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1 Lemma :
Assumptions

o Let 5, - z=0ix.» A bea i-parameter family of surfaces.
o Lel A= gir.v) represent solutions of equation Gy(x.v; A} = (.
o Let £ denote the envelope of the family S, described by

2=06(xy,8x,))

o Let ¢, be defined by equation

Ca: {(x3.2) : 2=Glx, 0 A), Ga(x,3,A) = 0}.

If you take a 1 - parameter family of surfaces given by z = g X, y, lambda and you find its
envelope which is thisz= G x, y, g X y and C lambda denotes the intersection of the envelope
and the family.

(Refer Slide Time: 08:09)
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Lemma (contd.)
Conclusions
@ Assume that €, # il for each A. Then the envelope F intersects every member of the

family 5, along €.

© The envelope £ and S, touch each other ie., at each point of £ 1 8, which is nothing
but (', the envelope £ and §, have a common tangent plane.

Then look at the second conclusion. The envelope and S lambda touch each other. That
means, wherever they intersect, which is along C lambda, the intersection is precisely C
lambda. At every point on C lambda, they share the tangent plane. Therefore, if you can find
a direction in the tangent plane for the envelope, we are done. That will also be a tangential
direction for S lambda. That will also be S lambda.

(Refer Slide Time: 08:36)



Search for a characteristic direction
Resumption

(Refer Slide Time: 08:37)
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Recall: For (GE),

L= =P =) gy = W)

Fixa Yo z,p.q) =0

represent a 1-parameter family of possible tangent planes at #,.

Let us find the envelope of the family of planes.

So, let us resume our search of characteristic direction. So, this is T 1 and T 2. That
represents 1 - parameter family of possible tangent planes at the point P 0. Let us find the
envelope that is what we need to do.

(Refer Slide Time: 08:55)
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Computing envelope for (GE)

Assume that there exisls a differentiable funclion g = gip) such (S

Iy Yo. <. 41p)) 1

Remark:
o Lis always possible Lo lind such a lunction locally.

o Implicit function theorem tells: Come with a particular solution, and non-zero
{invertioie) derivative; | guarantee existence of such a function.

o Let po, g be such that Fixa, va, zo. o, go} = 0. @nd Fylxa, v, 2o, oo gu) # 0,

o By implicit function theorem we can express ¢ as a function of the variable p in an
interval containing of py.

To do that, we need to assume that g can be expressed as a function of p in a differentiable
way so that this equation is satisfied. In other words, we are solving Fofx 0,y 0,z0,p.q=0
and g is expressed in terms of p. Question is, is it possible? It is always possible to find a such
a function locally implicit function theorem tells you come with a particular solution and

nonzero or invertible derivative, | guarantee the existence of such a function.

This is typically what implicit function theorem says. Now, we will go to the implicit
function theorem with a particular solution with that means, you first find out a p 0, q O real
number such that f of x 0,y 0, z 0, p 0, g = 0. That means, we have the particular solution.
Now, we need to see what is this nonzero derivative and F g at this pointx 0,y 0,z0,p 0,90

is nonzero. Please note when we are applying implicit function theorem x 0, y 0, z 0 is fixed.

So it is only as a function of p and g that we are trying to solve this equation 1. So F q is
nonzero, if you assume then implicit function theorem guarantees existence of such a
function, but locally. That means, in an interval containing p 0 you can express q as a
function of p. That is the implicit function theorem.

(Refer Slide Time: 10:30)
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Computing envelope for (GE) {contd.)
Now the one-parameler family of planes given by (T1)-{T2) becomes

I=0=p0—=X0) +4P} Y= Yo} (T,
Ditferentiating the equations Fixy. yu.za gl ) = 0 and (T,) wirt. p yields

Folxu, o 20, 4ip)) + Folxa, . 20,0 glp) g () = 0, (2a)
0= (x—xa)+¢'(p) (v = ) (2b)
Eliminating ¢'ip| from (2}, we get

FulPopglp)) — Ey(Papgip))

where (Py,p.q(p)) 18 used to denote (xq, vy, w.p. qip) -

Therefore, the 1 - parameter family of planes becomes simply one equation now because |
have solved g in terms of P and | put it here. Now only thing to do is differentiate this
equation with respect to p and we get this equation. These 2 equations. We will differentiate
this equation you get 2a, differentiate T p equation you get 2b. From 2a and 2b you can

eliminate g prime p and we get this.

X -x0y—yO0is proportional to F p of F g. Something we got. Now, what is this p 0, p, g, p?
p not actually x 0, y 0, z 0. F, F is a function of 5 variables. We need a 5 tuple here. For want
of space here | have just made it a small notation p 0. It stands for this.

(Refer Slide Time: 11:38)
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Computing envelope for (GE) {contd.)

Using

X=X Yoo

FolPupeglpl) — Fo(Po,pogip))”

and tha equation of planes (T,)
2= =p—2Xo) +qip} (v = Vo) (1)

wie get the curve of intersection (', of the family of planes and its envelope for each p as

XX ol | |

Ce

VB pqip))  Fo(Paupoglpd)  pFu P piqip)) < qpIFPa.pogip))




Using this and the equation for tangent planes, which is TP here we get the curve of
intersection and that is this. x - x 0 is proportional to F p, y - y 0 is proportional to F g.
Therefore, z—z 0 is proportional to p F p plus g F g. That is what we have written here.
(Refer Slide Time: 12:03)
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Computing envelope for (GE) {contd.)

Using

=X Yoo

FolPupegipl) — Fo(Po,pogip))”
and tha equation of planas (T,)

== =Xo) +qip} (v = vp) (T)

we get the curve of intersection €, of the family of planes and its envelope for each p as

K= % Vo

Fs(Papgip)  pFaiPeypogip)) = qip)F5 Po.palp))

© E(Psp.glp)

So, this is a line right. C p is a family of lines of course indexed by p. The same thing was
actually one single line. It never depended on p. For a Quasilinear equation all of them past
the point x 0, y 0, z 0 and having a direction F p, Fqg, p Fp + g F g. The 3 tuple which is
given in 5 is nonzero because we have assumed that F p square + F g square is not equal to 0
throughout the domain of F. That is the hypotheses.

(Refer Slide Time: 12:38)
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Computing envelope for (GE) {contd.)

o Envelope of the family of planes (1.} is, by definition, the union of the lines ¢, as p
varies,

o Envelope is & 'cone’ having vertex at P, (visualize the way a family of lines passing
through Py looks like).

o The cone is called Monge cone. Thus we have a Monge cone field defined on 12,
That is, to every point of {25, a Monge cone is associated.

o For (QL), the Monge cone dagenerates into a straight line. Thus Monge cone field
reduces to characteristic vector field.

e Each of the lines ,, (corresponding to each fixed p) is a generator of the cone (i.e., a
line in the cone), and any of them may be taken as a characteristic direction,

An envelope of the family of planes T p by definition is a union of C p. That means union of

these lines. So, envelope is a cone having vertex at point p 0. So, visualize the way a family



of lines passing through a point p 0 looks like. For example, you have this point p 0. So,
imagine lines in 3d. Like that. So, that is how. Looks like a cone. This is called Monge cone.

Thus we have a Monge cone field defined in omega 3.

So, omega 3 is in our R 3 subset. At any point you have a cone sitting there. At another point,
you have another cone like that. So every point you can attach a cone. So, this is called cone
field. This is similar in spirit to a vector field. To any point if you attach one vector, associate
one vector it is called vector field. If you recall it is called cone field. That is to every point of
omega 3 a Monge cone is associated. For Quasilinear equations, the Monge cone

degenerates into a straight line.

Because we observe that the envelope is actually a straight line. It is independent of p. So,
therefore, just one single straight line. So the Monge cone field reduces to a characteristic
vector field in the case of Quasilinear equations. Now, each of the line C p corresponding to
each fixed p is a generator of the cone. Generator of the cone means it is a line in the cone.
So, you have a for example, you have a cone like that. You have a line here.

So, at a point on the cone if you take tangent plane, that line is going to be there on the
tangent plane. Therefore, what we wanted was to look at the envelope and take one direction
in the tangent plane of the envelope. Now, here is very nice. Tangent plane of this cone at
these points, one of the direction is clearly the line now C p. So we can take that C p to be
characteristic direction.

(Refer Slide Time: 15:03)
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A Chara. Direction for (GE) is found

For every Pix.y,z) ¢ t1y and

for every (p,q) such that
FiPpg) =0,

we have a choice for
a characteristic direction at

given by

FuPopgl Fy(Pop.g), pFu(P p.g)=qF,(P.p.y))




So, a characteristic direction for GE is found. For every p in omega 3 and every p q we do not
we no longer require q of p here. After all g is a function of p, g is some value. It satisfies this
equation. Still, we have found a characteristic direction at P. What is that? Fp, Fg,pFp +q
Fq.

(Refer Slide Time: 15:31)
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Characteristic ODEs are incomplete

Now, we have to look at the characteristic ODEs.
(Refer Slide Time: 15:35)
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o Inspired by the success in finding an integral surface for (QL) using characteristic
curvas,

o we hope to repeat the same for (GE) as wall.
@ Thus we are in search of
Curves in {1; having tangential direction

(Ky(P.p.q). Fo(P.p.q). pFy(P.p.q) +qFy(P.p.q)) (Char.Dir)

at each of its points P,
Here p, ¢ depend on the point PLx, . z) through the equation

FiP.p.g) =0,

We are going to see they are incomplete. We will see why. So, inspired by the success in
finding an integral surface using characteristic curves, we hope to repeat the same for GE
also. In QL we are successful. So, we hope same thing happens for GE as well. So, we are in
search of curves in omega 3 which have tangential direction equal to the characteristic

direction that we just found which is this: F p, F g, p F p + g F g at each of its points P.



Such curves we are looking for. Now, p, q of course, depends on the point X, y, z. They
satisfy this equation. So it depends on X, v, z.
(Refer Slide Time: 16:17)
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Curve having Characteristic direction

o Let Jbaanintarvalin ¥, and ) €./
g 3 ey z0), te

be a curve in parametric form such that

o | passes through Pylxy, . 2l &ty =1,

e ¢, has the tangential direction {Char.Dir} at each of its points Plx(r), vis), zle))

Let us write a curve having a characteristic direction. So, let J be an interval, 0 belongs to J.
Gamma P 0 be a curve given by xt, y t, z t, t varies in J such that it passes through the point P
0 att = 0. And it has a tangential direction which is characteristic duration at each of its
points.

(Refer Slide Time: 16:42)
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Curve having Characteristic direction

The following system of characteristic ODES hold along ,:

" Pl oyl fea]
iy 6b)
= JON K .4) lsbj
ﬂ_: pF XY Lpg) aqf »ap.ql (GCJ

dt

along with [0, v(0},2(0)) = (. ¥p.z0).

Denote the above system by (chara.ODE) .

This is what we would like to call a characteristic curve. Therefore, the following system of
characteristic ODEs hold along gamma p 0. So, dx by dt, dy by dt, dz by dtare in F p, F g and
pFp+qgFqg. Andatt=0, we want to be at the point x0, y0, z0. So, fine. Now, why is it



incomplete? | do not know what is p and g? That is a problem. Let us denote the above

system by chara.ODE exactly like we used for Quasilinear equations.

The solutions of this It is images will be characteristic curves. Only thing is that it does not
determine characteristic curves. There is a problem, because there are pq s here.
(Refer Slide Time: 17:35)
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How to solve (chara.ODE) ?

o The system (chara.ODE) is not solvable, as the unknowns p. g appearing in il
Cc-pcnd on (xit). ¥irl, 2} via Flx(e), y(e). zit).pq) =1

o Thus, we also nead to determina p and ¢ as functions of 1.

o Since x[1).vi1),2(1) themselves are unknowns, there is no way 10 getermine piy) and

alt
qgi!

Remark
o This was not the case for quasilinear equation (QL),

@ This is the second difficulty in extending the ideas from the analysis of (QL). The first
difficuity was finding Chara. direction for (GE).

A bl Drerent ol Equidus

It is not solvable as unknowns pg appearing in it depend on x t, y t, z t via this equation F of x
t,yt,zt,p,q=0.pand g are also depending on t. Thus we also need to determine p and q as
functions of t. Since x t, y t, z t themselves are unknowns, there is no hope of solving for p
and q from this equation. And no this is not the case for Quasilinear equations, because

characteristic ODE never involved a p and q.

And this is a second difficulty in extending the ideas from the Quasilinear case. What is the
first one? Finding a characteristic direction. That was the first difficulty we have overcome.
And second difficulty we will overcome by supplementing 2 more equations for one for p
and one for q.

(Refer Slide Time: 18:33)
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How to find equations for p(r) and g/t
o We need to supplement (chara.ODE) with equations for p. 4 along the curve
(X(e1vie),z(e)) such that
o (plehgie),—11is normal direction 1o a possitie integral surface passing through +p,.

Thus we have to find FIVE quantities o)

ﬁm‘/‘
x{e) y(e),zle). pie), qli) /7%/
and not just the three quantities xir), vitl. z(¢). ( At ‘)

AR\

Geometrically speaking, we have to determine not only a curve but also a tangent plane
to a possible integral surface that contains this curve.

So, how to find the equations for p t and g t? We need to supplement chara.ODE system with
equations for p, g along the curve x t, y t, z t and what should be your property? P t, qt- 1
should be the normal direction to a possible integral surface. They are not arbitrary functions.
So, we have to determine 5 quantities, x t, y t, ztand p t, g t and not just the 3 quantities

because we are unable to determine the 3.

We would have been very happy if you had a got x t, y t, z t we could have proceeded. But
the equation for activities that involve p and g. Therefore, we need to find p and g also. So,
geometrically speaking what we are saying is we have to determine not only a curve, but also
a tangent plane to a possible integral surface that contains this curve. So, in other words we

are trying to find a curve like that.

So, suppose this is the point x t, y t, z t. So, we want to find something like that p t, g t, of
course — 1, I write but then it is okay, - 1there is nothing to find. So, we need to find this.
(Refer Slide Time: 19:59)
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Definition of Characteristic strip

o Let / be an interval in I, and

Tix=Xv=yt) 2=zt ted
e be acurve having the tangential direction {Char.Dir} at each of its points,

o where pir), gif) satisfy

Fixit),y(t),z(t), pit). qlt)) = 0.

it (x(e)xt2), 2l plo) (1[1}}
is called a characteristic strip, and the point (xir), y(1), z(1)] is called support of the
characteristic strip.

So, let J be an interval in R and gamma be a curve given by x =xt,y=yt,z=ztbe acurve
having tangential direction as Char.Dir that is characteristic direction at each of its points,
where p t, g t satisfy this equation Fof xt,yt, zt,pt,qtatt=0. The 5tuple xt,yt, zt, pt,
gt is called a characteristic strip. Maybe you may put like that, because we are saying tuple,

but it is okay. Even without that it is fine.

All these 5 together is called a 5 tuple. That is called a characteristic strip and the point x t, y
t, z t is called support of the characteristic strip. Because that is a point at which you are
putting a plane with the normal pt, qt- 1.

(Refer Slide Time: 20:51)
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Characteristic strip: An illustration
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Strip can be thought of as a point (x(r), v(e),z(11) along with an infinitesimal plane element
passing through the point {x(z), y(r),z(r}) and having the normal direction (p(t), ¢t). - 1).

So, let us illustrate that pictorially. So, here there are 2 points | have considered indexed by t

=tOhereandt=tone. So,xt0,yt0,ztO0isa point. These are tangent. This is a plane with



the normal p, q — 1. This is another point where the normal is p, q - 1. So, it can be, a strip can
be thought of as a point along with an infinitely small plane element passing through that
point X t, y t, z t with the normal directionp t, qt- 1.

(Refer Slide Time: 21:27)
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Equations for Characteristic strips

Now, how do you get equations for p t, g t.
(Refer Slide Time: 21:33)
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Assume that the function u & C* defines the integral surface §: z = ulx,y) for the
purposes of deriving the equations for p and 4.

Derivation of equation satisfied by pit)

Diffarentiating the aquation {(GE) F(r.y,d% O gwrs. x gives the equation

FolC)+ F(S0 )]+ FalClualXoy) = Fy (k)] = 0 (7) \
wihich holds at every point of { ¢ {2:, where we used the notation ¢ := {x,y.z.p.q}.

(1.4, w94), 4/ 19

Observe that we used u © €.

So, here we assume some more nice properties about the solution u. See u is supposed to be a
solution to first order PDE. We have not yet found. But we are assuming that it is C 2. Is it
okay? That is a question. It is okay because we are going to use this only to derive certain
equations and for deriving the equation we assume what you want does not matter, but after

getting the equations then you should show that solution exists.



There you should not suppose that C 2 etc. We will comment on this in the next lecture also.
So, this is only to derive the equations for p t, g t that we are assuming u in C 2. So, how do
we derive the equation for p t? What are that at our hands? This equation F of X, y, u, ux, uy
= 0. Differentiate that with respect to x. So, first is F x. Here | am using the zeta to stand for

X, Y, Z, p, g.. So, F x and then with respect to in z you have u X, y.

Therefore, you need to differentiate F z and u with respect to x, then with here also p F p and
then whichever is here with respect to x which is u xx and here itis Fgand u xy oruyx =0
at every point in omega 5, where we use this notation zeta = X, y, z, p, . Yep, now actually
this is zeta is not X, y, z, p, g. It should be x y, we are to substitute x, y, z, p, g = X, Y, U Xy, U X

Xy, Uy xy. That is what it is because we are going to differentiate here.

This u is a function of x y, u x is a function of X y, u y is also a function of x y. So, that is
why we get this by chain rule.
(Refer Slide Time: 23:47)
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Derivation of equation for p(:)
Let {x|r),»(t). z(t)) be a point lying on the integral surface z - uix.v).
We require the following equation to hold:

il = i (xie), ¥ir)) (8)

| Ondifferentiating the above equalion w.rl. 1, we gel

P = w0 (X)) () V{2 9)

Since (chara. ODE] hold for (x{t1. yir),z(1}), denoting Cirl := [xir), viel. z(t), pla). glel ), we
get
Pl el ), Y0 FR (G 4 ugelxle) 2(e)) Ey (€16 (10)

A3l DYoo Equidons

And x t, y t, z tis a point lying on an integral surface z = xy. We require the following thing
to hold namely p of t | want it to be like u x. So p of t = u x of x t, y t. We are demanding
this.. Because pt, gt — 1 should be such that F of x t,y t, ztatpt, g t should be equal to 0. So
p is supposed to play the role of u x along the curve x t, y t. So, that is my p t. We want this.

So on differentiating the above equation with respect to t and using chain rule we get p prime
t is equal to, t appears in both variables. So, differentiate this with respect to x, u xx at the

point X t, y t into derivative of x with respect to t that is x prime t. And differentiate this with



respect to y that is u y x at the point x t, y t into derivative of y t which is y prime t. Since

characteristic ODE hold for x t, y t, z t denoting zeta t equal to this 5 tuple.

Xt,yt,zt,pt,qtwegetpprimetis=uxx, xprimeisFp,yprimeisF g. So, we have got
this equation for p prime.
(Refer Slide Time: 25:14)
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Derivation of equation for p(1)

Let {x(r),»(t).z(t)) be & point lying on the integral surface - ulx.y).
We require the following equation to hold:

Pl = i x(0.vie)) (8)

On differentiating the above equalion w.rl. 1, we gel

P = w0 v AT 4 b ey () 9)

Since {chara.ODE) hold for {x(1. vir}, z(e)), denoting ¢ie) := (xie), vied.z(t). pit). a1}, we
get

Pt ), 0] Fo (GO0 b)) Fy 100 (10)

A3l O Fore bl Equds

And from the equation 7 that is the one we got after differentiating F of x y. This one, this
equation. And here we almost got an equation for p prime. The only problem is there is u xx
and u yx. We do not want that. Equation of p should involve only F, it can involve xt, y t, z t
that no problem but not u xx es and u yx.

(Refer Slide Time: 25:43)
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©  Derivation of equation for pit)

From the equation (7)

Fl) 4 FoACHn 6 ¥+ FalCtea (X, ¥) 4 FolChinal, ¥) = 0,

we have
W0 U0 Fo (€00 = (e} 0] ) F (L8)
L (G0 + piOE (€100
From
pie = Uyl XL YU Fp 1G]+ i) vl )} o ()
we gel

p(t) == (F(C(0) + p(t)F. ((N) .




So, that needs to be removed now. So, we solve for that, which we do not want in terms of

what we know F X, p is what we want to find, F z, which we know. Therefore, p prime t equal

to this and now becomes p prime t =- F X + p F z. This is the equation for p prime.
(Refer Slide Time: 26:08)
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Derivation of equation for ¢()

Let {x[s}, »(t).z(t)] De a point lying on the integral surface ; - ulx.v).
We require the following equation to hold:

il = X, i) (12)

On differentiating the above equalion w.rl. 1, we gel

18 = g ) YD)+ g e 000 1) (13)

Since (chara. ODE) hold for (x{e). ¥it}, z(1}), denoting (el = (xie), vieh z(e) pit). qli1), we
get

Gttt ) Y E (00 ) Y0 Fy (S0 (14]

S DFoehd Equidas

Similarly, we do for g. What do we do? We look at the same equation GE. Differentiate that

with respect to y we get something. Then we propose the value for q t. q t is supposed to be u

y of x t y t. Differentiate this with respect to t it will involve this u x y and u y y. Eliminate

this using the previous equation, | think is equation 11 and then you get an equation for q

prime.

(Refer Slide Time: 26:34)

|
-
I
|
].

Baeas ([ eie ® TG Vi =

e P e

Derivation of equation for ¢(1)

From the equation {11)

Ful) 4 FA Gy x %)+ Fol & e, ) 4 FotCJinys 1, ¥) = 0,

we have
Uy (XD, U (S0 = a0 YL R (1Y)
GO+ gk, (1))
From
r,l"l!: WXL S0 ) E 10+ g Lie), yie)i Fo (CUET)
we gel

¢ (1) == (F.(C(N) +ql)F. (1)

x is replaced by y. That is the only change. p is replaced by g. So, this is the equation for g

prime. So, we got the equation for Q prime also.



(Refer Slide Time: 26:48)
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Chara.Strip.ODE

System of ODEs for the characteristic strip

P> Folv vz, {15a)
dly ; :
: Folx vz pg) {15b)
a!

(Ih = pFa(ryzpg) + qFy(r.y..p.q) {15¢)
(

dp 3 NG \ (64!
(., = =Fdr.y.op.q)=pF(ry,e.p.q) {15d)
d

! o =Fi(x, ¥, 2, p.) = qF:(x.v,2,p.9) (15e)

The sytem of ODE (15 is dentoed by (Chara.Strip.ODE).

So, this is the system where the first 3 we have a time or we have proposed using
characteristic direction. We realised that p g also depend on x t, y t, z t and we said we have
to find equation for p t, g t and we have got. We have appended Chara.ODE with these 2
equations. Now it is called Chara.Strip.ODE equations for the characteristic strip. Now, there
should be no problem because X, vy, z, p, q here also x y, z, p, Q.

Anything else F, we know F. Therefore, we know we have F p, F g. So, no problem. Of
course, it is a nonlinear system of ordinary differential equations, how to solve this? We have
to solve this to get the characteristic strip and that we will do in the next class.

(Refer Slide Time: 27:33)
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Summary

@ The (QL) defines & chara. direction right away. (GE) gives only possible tangent
planes.

9 s 12 0l envelopes, we found chara. directions for (GE).

© We observed that the system {chara.ODE) is incomplete.

Q The system {chara.ODE| is supplemented with two more equations, and obtained
(Chara.Strip.ODE).




So, let us summarize what happened so far. We saw that the Quasilinear equations has a
characteristic direction right away given by the equation QL. GE gives only possible tangent
planes. And using the idea of envelopes, we found characteristic directions for GE and we
observed that the system Chara.ODE is incomplete. So, the system is supplemented with 2
more equations and we got characteristic strip equations, ordinary differential equations for
characteristic strip.

(Refer Slide Time: 28:09)
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Thank you

So, in the next lecture, we are going to take up the Chara.Strip.ODE system, which is system
of 5 equations, nonlinear equations and we need to solve them and what is the strategy in
causing these equations? We take the datum curve, take a point on the datum curve and pass a
characteristic curve through that. So, now, if you take datum curve what is known is only x,

y, z values on the datum curves namely F s, G s, H s which are given to us.

We will use them as initial conditions in the characteristic system of ODE in the positive
case. But in the general nonlinear equations case, we have 2 more equations which is p t and
g t equations for them. Therefore, we should know on the datum curve what should be the
values of this p t, g t on the datum curve. So, that is what is called initial strip. So, initial data
or datum curve is given that must be extended to a strip and that is called initial strip.

Using initial strip and using the initial conditions coming from the initial strip, we will solve

characteristic strip ODEs and get characteristic strip. We will determine characteristic strip

and from there will come characteristic curves and from there we try to take the union and get



the integral surface. So, these steps will be implemented in the forthcoming lectures. Thank

you



