Partial Differential Equations
Prof. Sivaji Ganesh
Department of Mathematics
Indian Institute of Technology — Bombay

Lecture —2.9
First Order Partial Differential Equations
Tutorial of Quasilinear Equations

Welcome to a tutorial on Cauchy linear equations. In this, we are going to solve some Cauchy
problems for Quasilinear equations.
(Refer Slide Time: 00:27)

Chapter 2: First order PDEs
Tutorial

o Examples of solution via method of characteristics

0 On the local nature of solutions to Cauchy problem
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And we also explained through examples, the local nature of solutions to Cauchy problem.
Recall that the existence and uniqueness theorem gave us existence of a solution only nearby
any fixed point on the datum curve. So, is that all that can be expected or can we get a
solution whose integral surface consists of the entire datum curve or defined on entire domain

omega 2?

These are the questions; we are going to discuss under this heading on the local nature of
solutions to Cauchy problem.
(Refer Slide Time: 00:59)
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Example 1
Consider Ihe Cauchy problem for the agualion
iy = 00,
whera the Cauchy data is given by (0. y) = siny for v &
@ Let us parametrize the given Cauchy data as

lix=0,y=1z:=¢ns 3R

@ The characteristic system of ODE for the given equation i

S Shu) Sarset |17 Darbay) Fardy Dtbawr bl R andons

So, let us start some problems. Examples, this is the simplest example that we considered in
the beginning u x = 0 and data is u 0 y = sin y. So, how do we solve this? We need to first
parameterize the given Cauchy data x =0,y =s, z=sinsand y in R, therefore, s in R. So,
this is our datum curve. Then we need to look at the characteristics system of ODE for the

given equation.

Recall dx by dt = a in this example, a u x thatisa is 1, b and c are 0. So, dy by dt = b, which
is 0; dz by dt = ¢, which is 0. So, this is a characteristic system of ODE associated to this
equation. Now, we need to solve these ODEs, system of ODEs so, with the initial condition.
So, that at t = 0, we are at a point on gamma.

(Refer Slide Time: 02:00)
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Example 1 (contd.)
o Solution of the characteristic system of ODE satisfying the initial conditions
X{0) = 0, ¥(0) = 5, 200) - sing

is given by

x=X(t5) =0 y=Yit,5) =5 r=Z(t,5) =sins.

o From the first two equations, we get
s=5x =y t=Tk¥ =X
@ Thus, the solution is given by
wix,y) = Z(Tix.y). 805 v)) = siny,

which is defined for all (x, y) ¢ R*.

At Oforentd Equuns
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So, x of 0, when time is 0 = 0, y of 0 is s that have 0 equal to sin s, because 0, s, sin s is an
arbitrary point on gamma, the datum curve. Solution is very simple to obtain. So, we get x =
Xofts=t,y=Yofts=sandz=2Zofts=sins. Thatis very easy to see, because see here,
dx by dt = 1, therefore, x has to be t + constant. At t = 0, x must be 0 therefore, this is x =1t.

Here, dy by dt = 0 that means y is constant. Att =0, it must be s. Therefore, y =s. dz by dt =
0 that means z is constant with respect to t, but at t = 0, it should be sin x. That will give us
the solutions. Now, we need to eliminate or we need to solve for t and s in terms of x and y
from the first 2 equations, which is obvious in this example. tis Tof xy =x,s= X of xy =v.

So, we have worked.

Now, we need to substitute in this and we get a solution. So, u X y = sin y, which is defined
forallxyinR 2.
(Refer Slide Time: 03:19)
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Example 1 {contd.)

The integral surface is depicted below.

ulr.y) = siny is a solution to the equation 1, = (.

Integral surface (blue) is a union of characteristic curves (in black)

Al OV Forurh ol Egaidno's

These are pictures that we have already seen. The red is x axis; green is y axis and this is z
axis. And this one which is in magenta colour is the initial datau Oy =siny. So, 0, s, sin s as
varies in R, you get this curve. And integral surface is a blue colour one, these are the
characteristic curves; here, they are straight lines. We already saw that.

(Refer Slide Time: 03:47)
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Example 2

Consider the Cauchy problem for the equalion

e+ ity +u=1,
where the Cauchy data is given by uix,x + +*) - sinx forx = 0,
o Let us parametrize the given Cauchy data as
Tix=sy=g+8 ;=sing 120
o The characteristic system of ODE for the given equation is

d dy I d:
T TR T

Aadul O roror b Equutnns
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Let us look at another example. This is also linear equation, u X + uy + u = 1 and the Cauchy
data is of this nature, it is prescribed on some curve u of X, X + x square = sin X. So, as before,
you need to parameterize Cauchy data. So, s, X =, y =s + s square and z = sin s and for s
positive, done. And we need to write characteristic system of ODE. dx by dt = a, in this
example, ais 1; dv by dtis b, b is 1; dz by dt is ¢, remember c is anybody who is on the other

side.

So, it will be 1 —z. You have to be careful there. Do not think, it is 1. It is 1 — z, because the
equation is of the formaux+buy =2 c. So, dz by dt = c. Therefore, itis 1 —z.

(Refer Slide Time: 04:45)
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Example 2 (contd.)

o Solution of the characteristic system of QDE satisfying the initial conditions
vl =y 0} = 5+ 5, 2(0) = giny
is givan by .
r=Xlts)=t+ny=Yts) =t +3+5,
:=Z{ts)=1—-¢ "+e 'sins
o From the first two equations, we get
s=SEy =y —1 t=Txy) =x-yY=x.

@ Thus, the solution is given by

ufx,y) = 2(1(x,5).8(x,3)) = 1 =¥ 4 *"Vgin (¥ =¥,

which is defined on the domain

Now, we need to solve the system of characteristic ODE with the initial conditions which are

given here. And we get solutions as this, x ist +s;yist+s+ssquare; z=1—e power—t+e



power — t sin s, fine. Now we need to find the t and s as functions of x and y using the first 2
equations, x =t +sandyis =t +s + s square. It is not clear to me how to get it, but let us ask

whether it is possible to get at all.

So, therefore, here it looks like it is possible to get. So, t + s is actually X, therefore, x square
is equal to y — X, therefore, s = root y — X, because s is positive that | am not taking minus so,
root y — x. So, once you know s, t can be obtained from here x — s that is where x — root y — Xx.
So, it is possible to get. And then substitute for t and s in this formula for z, you will get a

solution. It is the solution.

And now question is, we have got the formula, ask what is the domain on which it is defined?
First of all, you need that y — x should be positive because it is square root that is it.
Everything else is fine. So, y — X is positive that is the restriction which is y is bigger than x.
So, that means it defines a solution in this domain x y in R 2 such that y is bigger than x.
(Refer Slide Time: 06:21)
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Example 2 (contd,)

The integral surface is depicted below.

ntagral surface (in blua), datum curve {in graen)

Al Oonortdl Egaunns

So, this is the integral surface. It is in blue. Datum curve is in green. So, along this line, y = X,
the formula has a problem, right? So, you will see that corresponding trouble here when y = x
on the liney = x.

(Refer Slide Time: 06:45)



Consider the Cauchy problem for the equation

e+ 3viu, =2,
where the Cauchy data is given by u(x, 1) = | = xforall y £ R.

o Lel us parametrize Ihe given Cauchy dala as

S Sy Garedy (1T Bty Al Do d Equdns

Let us look at another example. In this example, what is happening is u x + 3 'y power 2 by 3
uy=2.Now, ais 1, bis3ypower2 by 3, this is not a C 1 function. Our theorem requires C
1 function, right? It is not a C 1 function. Let us see what happens. c, of course, is 2, constant,
no problem. Cauchy data is u of x 1 = 1 + x. So, first thing as always is to write gamma in the
parametric form, is this and characteristic system of ODE is this. Now, we need to solve the
system of ODE with initial conditions.

(Refer Slide Time: 07:26)
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o Solution of the characteristic system of ODE satisfying the initial conditions
=5,y =1z01=1+5
is given by

r=X{t,5) =145, y=Y[ry)=(t4 .z =Z{t,s5) =245+ 1.

o From the first two equations, we get
t=Tixy) =y =L s =Sy =x4 1=y
o Thus, the solution is given by
uix,y) = Z(T(x.v). $(x.y)) = x + 37,

which is defined on the domain

{ixyeR:y>0},

S S Sared (11T Borbay) AU O bl Egudnrs

This solution is thisx =t +s; y =t + 1 whole cube, z=21t + s + 1. Now, for the first 2
equations, we gett =y power 1 by 3—1and s=x+ 1 -y power 1 by 3. In fact, for t, you use
this equation, because it does not have s. So, from here, we get t; once you get t, substitute
here, we get for s that is why we got this. Now, go back and substitute in this formula, x +y

power 1 by 3.



And where is it defined? It is defined everywhere. But then actually ever R 2 because this is
just cube root of y. Cube root of any real number makes sense. But the problem here is that it
is not differentiable at y = 0. So, we have to choose either y positive or y negative. We have
chosen y positive.

(Refer Slide Time: 08:26)
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Example 3 (contd.)

Figure: Views of integral surface (in grean), datum curve (in magenta)

bl Oroe i d Equdn s

And these are the views of the integral surface with the different orientations. Remember,
always the axis, red is x, green is y and the blue is z axis. So, you see that some steeping is
happening here, around y = 0; should happen, because y power 1 by 3 is there. It is not
differentiable. Something, it should be reflected in the picture.

(Refer Slide Time: 08:49)

Example 4

Consider the Cauchy problem for the equation

(sinte) uy + 1y =0,
where the Cauchy data is given by u(0.v) = vforall y £ .
o Let us paramelrize Ihe given Cauchy dala as
F:ix=0p=sz=5 sk

o The charactenstic system of QDE for the given equation i

L o L

dt dr dr

Arhid Deroredhad Equidns



Let us look at another example. This is a very non standard example. This was constructed
with something else in mind. And but it turned out to be, it is a very good example. It is in
Quasilinear equation. So far, we have considered only a linear equation. This is Quasilinear
equation. sinuux +uy =0. Hereaandb, aissinu. If ais 0, b should be nonzero, but b is

always 1. So, it is, a square + b square is nonzero, fine.

Cauchy data givenisu of 0y =y for all y in R that is all. Parameterize a Cauchy data, 0, s, S;
s in R. Characteristic system of ODE is this. Now, because of the Quasilinear nature,
equation for x actually involves z now, whereas y and z does not involve any other variables.
So from here, you can see that along in characteristic curve, z is constant because dz by dt is

0 and what is; dy by dt = 1 means y =t plus constant.

Therefore, because at = 0 should be s, y is t + s, z is constant and that constant has to be s.
Therefore, you put the s here and integrate this.
(Refer Slide Time: 10:07)

Example 4 (contd.)

o Solution of the characteristic system of ODE satisfying the initial conditions
Y01 =0, v0) =45, 20 =35
is given by
x=X{ts)=tsins. y=Y{t.8) =148, :=2{15) =3

o We cannol express

t=T{x,y), s=3S[x.y)
explicitly, which was not the case in earlier examples.

o Thus, to know if a solution exists, we have to rely on the existence and uniqueness
theorem.

S Eany Garh 11T Buorday) At Do Equuns Ldue2y WX

So, we get sin sinto t and t = 0, it should be 0. So, this is a solution. y ist + s, z is 5. Now,
using x and y equations, we have to get an expression for t and s. But, you see, | do not think,
it is possible because t sin s is there. This is t + s. So, this is okay nice t + s but there is a sin
here. So, we cannot express, | cannot express explicitly, then | asked, is it possible for

anybody to express at all? Which means, is the inverse function theorem applicable?

We will check that. This was not the case so far. In all earlier cases, we could solve, maybe it

is a bad function of x and y; it does not matter, but we could explicitly solve. Here explicitly,



we are not able to solve, fine. So, to know if a solution exists, we have to rely on the
existence uniqueness theorem. Now, we have no choice.
(Refer Slide Time: 10:58)

Example 4 (contd,)

¢ Note thal the Jacobian
sing ()

I

Ji0.5)

Sis

is zero whenever s belongs to the set of all integral muttiples of » (observe that all
points of this set are isolaled points), and non-zero othenwise.

o Thus local existence and uniqueness theorem is applicable, at any point Py(0, vy, va)
on I' where y, is not an integral multiple of r,

o and we conclude that there exists an integral surface for the given PDE containing P
and a piece of I'.

S, Ensy Gareh (1T Borrbay) A bl 0o i Exuatnrs

So, in this example, we are not going to get explicit form of the solution because we are
unable to inverter. We are unable to write t and s as functions of x y. So, when you look at the
whether it is possible at all, the J 0 s turns out to be sin s. Of course, sin s is 0, whenever s is a
multiple of I, all integral multiples of I. Other than that, it is always nonzero. So, if s is equal
to k | for some k integer, this Jacobian is 0.

If it is not like a pair for some k, then is always nonzero. These are all isolated points. So,
Jacobean if you remember, we have pointed out the ways of failure of transversality
condition and there, we said that it is a possibility that you have a sequence s n along which J
is 0, but here and converging to some point. Here, it is not happening. These are all isolated

points. There is no convergent subsequence of these multiples of I.

Otherwise, Jacobean is nonzero. Therefore, local existence and uniqueness theorem is
applicable whenever s is not a multiple of I. So, in terms of y 0, y 0 is not an integral multiple
of I. And we conclude that there exists an integral surface for a given PDE containing P 0 and
a piece of gamma. Of course, question remains what happens when s is an integral multiple
of I that is to be explored.

(Refer Slide Time: 12:39)



Y
4
A
im

il
(=
=
3

On the local nature of solutions to Cauchy problem
Examples

At Ororehd Bguuns

8. Banp Ganesh (1T Burrtag)

So, now, let us look at some examples which illustrate the local nature of solutions to the
Cauchy problem.
(Refer Slide Time: 12:50)
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Local solutions: IVPs for ODEs

Consider the initial value problem (IVP)

dy
dx

where £ : 1 x & — £ (I'ls aninterval in () Is a continuous function.

Flxv), vixo) = Y.

o Asolution to the IVP which is defined on the interval / is called global solution.

o A solution to the IVP which is defined on a proper subinterval of / is called local
solution.

Recall that Peano theorem, and Cauchy-Lipschitz-Picard theorem (when applicabie)
guarantee the existence of a local solution to IVP.

At Oroed EQuunts

Before that, let us revise the notion of local solution. In initial value problems for ODEs, this
is the equation, we consider dy by dx = f of X, y and y x 0 =y 0, this is initial condition. So,
both equation and initial condition together is called initial value problem called I\VP in short.

Of course, we need to assume something on f. Let us assume that f is a continuous function.

Now, a solution to the IVP which is defined on the interval I is called global solution. What is
I? 1is here. This ODE makes sense for x in I. And if you are a solution, which is different for
every x in I, we call it global solution. Imagine, it is not the case and solution is defined only

on a subinterval of I, the proper subinterval of I, then that is called local solution. Now, recall



that Peano’s theorem and Cauchy Lipschitz Picard’s theorem whenever it is applicable,
always guarantee the existence of a local solution to I\VP.
(Refer Slide Time: 13:55)
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Local solutions: Cauchy problems for 1st order PDEs

Definitions

@ A solution to a Cauchy problem is said to be a global solution w.r.t. datum curve if
Ihe corresponding integral surface contains the entire datum curve, Olherwise, the
solution is called a local solution w.r.t. datum curve.

Q A solution to a Cauchy problem is said to be a global solution w.r.t. domain if the
solution is defined on the domain .. Otherwise, the solution is called a local solution
w.r.t. domain.

Recall that Existence and Unigueness theorem proved in Lectures 2.6 and 2.7
guarantees the existence of a local solution w.r.l. datum curve and w.r.l. domain,

S, Enuy Gared (117 Busolarg) A Dot d Eguuin's

They do not talk about global existence. There are other theorems about global existence and
there is a full understanding of what happens if a local solution can be extended to make it a
global solution. If you fail somewhere, what are the precise reasons? Why you cannot extend
it to a global solution? So, that is very much understood for initial value problems or ODEs,
but that is not the case in my opinion for partial differential equations, | have not come across

such results.

Let us now define for partial differential equations. A solution to a Cauchy problem for a
Quasilinear equation, it can be for any equation, first order PDE because we are in this first
order PDE setup and these are tutorial on Quasilinear equations, we can as well assume for
Quasilinear equations, otherwise concepts are quite general. So, a solution to a Cauchy
problem is said to be a global solution if, this is where something comes with respect to

datum curve.

If the corresponding integral surface contains the entire datum curve, you have a solution.
Then look at the integral surface z = dx y, entire gamma if it is on that, we say the global
solution with respect to datum curve. Otherwise, the solution is called local solution with
respect to datum curve. We have another related notion, a solution to Cauchy problem is said
to be a global solution with respect to domain, with respect to domain if the solution is

defined on the domain omega 2.



What is omega 2? Omega 3 is the set on which the Quasilinear equation was defined, the
coefficients a b c. They are defined on omega 3. Projection of omega 3 to x y plane is omega
2. So, you would expect that solution should be defined throughout omega 2. If it is so, we
are happy and we will call it global solution with respect to domain. Otherwise, solution is

called local solution with respect to domain.

Recall the existence and uniqueness theorem proved in lectures 2.6 and 2.7, they guarantee,
the theorem guarantees the existence of a local solution with respect to datum current and
with respect to domain, both.

(Refer Slide Time: 16:08)
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Local solutions: Cauchy problems for 1st order PDEs

@ Since I'y < 0y, i a solution 1o the Cauchy problem is global w.r.t. domain, then it is
also global w.r.t. datum curve,

Q Observe that if & solution to the Cauchy problem is local w.r.t. datum curve, then it
is also local w.rl. domain.

S Sy Gaocdy 11T Bevbay) Akl O oo Equun's

Now, since gamma 2 is a subset of omega 2, if a solution to the Cauchy problem is global
with respect to domain that means, it is defined throughout omega 2, it is also different to a
gamma 2; gamma 2 is a projection of gamma. So, it should be global with respect to datum
curve. Observed that if a solution to the; Cauchy problem is local with respect to datum
curve, then it is also local with respect to domain.

(Refer Slide Time: 16:36)
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Local solutions: Cauchy problems for 1st order PDEs

Remark for Semilinear equations

o Recall that base characteristic curves are defined as projection to €2 of the
characteristic curves in . For (SL), base characteristic curves may be found
independent of characteristic curves.

o We obsarved in Step 2 (i the proof of Existance and Uniquenass thaoram) that the
equation for - may not admit solutions for all ¢ for which base characteristics, which
are given by x = Xit,s), ¥ = ¥{1.s), are defined.

¢ This might rasult in a situation where projection of a characteristic curve may not be
the entire base characteristic curve that was determined directly for (SL).

o The next example exhibits this possibility.

8. San Sarod (1T Bavbay) A b OForehid Equatoss

Now, this remark applicable for semilinear equations. Recall that the base characteristic
curves are defined as projection to omega 2 of the characteristic curves in omega 3 in the
context of general Quasilinear equation. But in a semilinear equation, what happens is that
base characteristic curves can be found out independent of the characteristic curves because
the equations governing the base characteristic curves namely dx by dt =aand dy by dt = b

involve only x and y; a and b are functions of x y only. It does not depend on z.

Therefore, base characters can be found independent of characteristic curves. Now, we
observed in step 2 in namely in the proof of the existence uniqueness theorem, there, we
observed that the equation for z may not admit solutions for all t for which base
characteristics are defined simply because the dz by dt is a nonlinear equation. For a general
semilinear equation, dz by dt is a nonlinear equation and solutions to nonlinear equations, as

we said, as a rule are only local solutions.

So, it can even cut out some portion of this base characteristic curves. So, this might result in
a situation where projection of a characteristic curve may not be the entire base characteristic
curve that you already found otherwise. Let us assume all these curves are the longest
possible things that we have found. We will see an example. It would be obvious.

(Refer Slide Time: 18:08)
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Example 5

Cauchy problem for the semilinear equation

Uty =, x,y€R,

where the Cauchy data Is given by «ix.0) = yfor v R.

o Let us parametrize the given Cauchy data as

Al O Fourtd Equins

So, the next example exhibits this possibility. u X + uy = u square and Cauchy dataisu x 0 =
X. | think, this is the simplest complicated semilinear equation, because u square is the first
equation that we learn even in ODE dy by dx =y square. That is the first nonlinear equation
that we will come across in first order ODEs. So, let us parameterize a given Cauchy data. x

=s,y=0,z=5s,sinR.

The characteristic system of ODE is dx by dt = 1, dy by dt = 1, dz by dt = x square. Now,
when we compute the base characteristics, x = x of t s =t + s. Because it is t plus constant, it
hastobet+s.yis justt.

(Refer Slide Time: 18:58)
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Example 5 {contd.) :

@ Solution of the characteristic system of ODE satisfying the initial conditions
X0 =590)=0,z{0) =
is given by
x=X{t5) =145, y=Ys}=1,2=2{(15) = —
@ From the first two equations, we get
s=8Y=x=y =Ty} =V

@ Thus, the solution is given by

uix, ¥ =Z{T{x,y), S(x. ¥} =

=2

which is defined on the domain
G

{ [x.y) € R irn0.15 2y } or { Xy € B x<0x< 2y 1 ;

Aurbid Ooforehdd Equiions

Of course, Z also can be integrated, we get 1 by s —t. From the first 2 equations, we can solve

for t and s in terms of x and y. Because these are just linear equations, very easy to solve, u



equal to this, 1 by x — 2 y. It is defined on the domain whenever x — 2y is nonzero. So, we
have to stick to one of them. Because | do not want my domain x = 2 y happening. So, X is
greater than 2y one option; X is less than 2y is another option, but when x is greater than 2y, |
take x positive or x is less than 2y, | take x negative.

Why is that? Because only this domain is in contact with the datum curve on which, datum
curve, a projection of the datum curve is intersecting only this part or this part. It is not
intersecting uniformly x bigger than 2y.

(Refer Slide Time: 19:57)
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Example 5 (contd,)

o Solution is given by

which is defined on the domain

[y eR x>0z bor{ixy) R tx<Ox<2}.

@ Both the solutions are local w.r.t, datum curve solutions,

o Observe that base characteristic curves are the family of straight lines x = y + 5
indexed by s « R, which cover the entire plane B,

o Slill Cauchy problem does not have a global {even w.r.l, datum curve) solution,

o This is a manifestation of the nonlinearity in the given (SL).

At OForenhd Equdins

Now, both solutions are local with respect to datum curve solutions, so, local solution with
respect to datum curve. Observed that base characteristics are the family of straight lines x =
y +5s. See here, y =t. S0, y + X, X —y = s that is a family of base characteristics and they fill
entire claim. Still Cauchy problem does not have a global with respect to domain. Forgot
about it. Even with respect to datum curve does not have a global solution. So, this is a
manifestation of the non linearity in the right hand side namely, u square in the PDE.

(Refer Slide Time: 20:48)
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L-ocal-solutions: Cauchy problems for 1st order PDEs

Example 6

@ Two Cauchy problems for the linear PDE

—Yity + xity = ()
posed for {x,v) ¢ B*! {{0.0)] will be considered.

@ The characteristic system of ODE for the given eguation is
dr dy dz
- Y, — =X, —
ar T dt
@ Base characteristics are the family of circles
2+ =05 0).

().

@ The equation for z implies that any solution to the PDE is constant on each member
of the family of base characteristics.

S &my Gared (1T Burby) At O Fored bl Equidioss

Let us look at example 6. Here, we consider 2 Cauchy problems for the linear PDE. Linear
PDE, minus y u x + x uy = 0 post, of course, I do not want coefficients x and y to vanish
simultaneously, which happens at the origin. So, | remove the origin. On that domain |
consider this equation and the characteristics system of ODE can directly write down and

base characteristics because of this nature, dx by dt is minus y and dy dt is x.

So, if you compute one more derivative, d 2 x by dt square is minus dy by dt that is equal to
minus x. Therefore, dy dx by dt square + x = 0. Similarly, one can do with y. So, solutions of
x and y are going to be solutions of y double dash + y = 0, which are combination of cosine
and sine. And the trajectories will be circles. So, base characteristics are the family of circles

X square + y square = ¢ square.

Since, it is positive number, we write ¢ square because we do not want write true ¢ in some
other place, so, we write ¢ square and always make sure make mention this that c is positive.
So, that we do not get confused later. Now, the equation for z implies that any solution to the
PDE is constant along each of the base characteristics because z is constant. dx by dt is 0 on
solutions of this that means on each circle, the solution is constant.

(Refer Slide Time: 22:21)
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Cauchy data 1

F:x=5y=0:=y sk’ {0}

o Tisnol a curve! ILis a broken curve!! Adjust for now !!!
o Solution of the characteristic system of ODE satisfying the initial conditions
0 =5 30)=0,:0)=ss€ R\ {0} IS
x=Xits)=scost, y=Y(1,5) = ssint, z=2Z{1.5) =5
o From the first two equations, we get for s = ()

Fors > 0,5=Sir.vl = ¥+, 1= Tix.y) = arctan*,
P 4

: e SR PORR Y
andfors <0, 5 = S{x,») VA = Tixy) = arctan
X

So, if you know at one point on the circle, what is the value of the solution? Then it is the
same constant throughout on the circle. Cauchy data 1, we consider x =s,y =0,z =sand s,
R — 0. This is not that what we like but it is okay. We continue with this the computation.
Gamma is not curve obviously, it is 2 pieces. But never mind, | just for now, | guess one can
create similar conditions, but then they look more complicated than this, this is very easy for

computation.

So, let me allow me this. So, | am going to compute with this. So, this is the initial conditions
and then solutions as | said, cos t, sin t the feature and z is s. Now, from the first 2 equations
for positive s, I can eliminate or | can express, | think, | should not use a word eliminate, |
can express s and t in terms of x and y, | get this and for s negative, | get this expression for s
that is why negative, for s negative, positive; for s positive, t remains same.

(Refer Slide Time: 23:38)
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Example 6

Cauchy data 1 (contd.)

@ In both the cases, the functions § and 7' are not defined at paints (r.y) whare x = 1).
o Since z =Z(t,s) = s, the solution is given by
ulx, v} = Z{T(x, ), S(x,¥}) = Slx, ),
which leads us to the following expression for i
-y 3 ilx<0, yER, ‘
ulx.y) = ) (1)
Ve by iffrs0, ycR.

o Note that the function « is defined on the open set 2, | +-axis }. and all points of [
lie on the corresponding integral surlace = = u(x.y).

£, 8w Gured (17 By At e d Equdn's

So, in both the cases, the function s and t are not defined at points, where x is 0, because
when X is 0, there is a trouble which not defined. So, since z = s, the solution is given by u x y
=sx Y. Therefore, u x y equal to this if x is negative, x positive. Now, it is defined on R 2 — x
axis and all points of gamma lie on the corresponding integral surface. So, this is global with
respect to datum curve, not global with respect to domain because it is not defined
everywhere and R 2 — 0,0. No, it is defined R 2 minus x axis.

(Refer Slide Time: 24:21)

Example 6

Cauchy data 1 {contd.)

o The function v B2 ({0.0) | — R defined by vix,y] = /x> - v* solves the PDE.
o However vis not a solution to the Cauchy problem.

o For, forxc & [0}, vix.0) = |x| on one hand, and v(x. () = von the other,

o This i$ not possible for x < (.

S Savy G (1T Burbay) Ari Do EQuidors

Now, another function v defined on entire domain R 2 — 0, 0 given by this formula, it is also
PDE, a problem is; it is not a solution to the Cauchy problem, why? For x in R -0, v x 0 is
root x square that is mod x on one hand, but v x 0 has to be x on the other hand because that

is the initial condition. So, both cannot happen. Particularly for x negative, it is not possible.



So, it is not a solution to the Cauchy problem throughout. Yes, if you restrict for x positive
side, then yes.
(Refer Slide Time: 25:00)
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Cauchy data 2

I'tx=yy=0,:=h(s}, se k' {0}. 2

where # is an avan function i.e., h{—x} = hlx) for all x.

@ |'is nota curve! It is a broken curve!! Adjust for now !!!
o By the same procedure as before, we oblain the solution as

Y

ufry)=h{yr+y?

":. |
defined for (x,v) ¢ B*4 {(0.0)}.

o Note that u(x.0) = if|x|} = h{x) since & is an even function.

o Thus, tha Cauchy problem has a solution defined on %7, { (0,0) }.

@ Solution 1s global w.r... domain as well as dalum curve,

A b O rore o Equidns

8. Enay: Gared (117 Bavbay)

Cauchy data 2: Here, we look at x =s,y =0, z = h s. So, it is like a correction for the
previous thing. Here, mod x is an even function. And here given data is not even function that
is why there is a problem. So, now | am going to change it to even function, h s, where s is an
even function. Still the same problem, but again, | just same procedure as above, we get u X y
equal to a function h of root x square + y square. This is defined whenever x y is different

from origin and a smooth function.

If h is differentiable C 1 function, then this being a composition of C 1 functions, it is C 1
function and it will give a solution. See, now, u x 0 is h of mod x and that is equal to h s
because it is an even function. Thus, Cauchy problem has a solution defined on R 2 minus
origin. So, it has a global with respect to domain solution therefore, global with respect to
datum well. Solution is global with respect to both.

(Refer Slide Time: 26:11)



@ Many Cauchy problems for (QL) were solved using melhod of characterislics.

© Understood the local nature (in two distinct senses) of solutions 1o first order PDEs
through 2 examples, the reasons for local nature were different in each of these
examples,

@ Inaforthcoming lecture, an example of a Cauchy problem for Burgers equation will
be studied. In that example, the local nature of a solution arises due to intersecting
base characteristics.

Al O Furrt i Equidines

So, let us summarise. Many Cauchy problems are solved using methods of characteristics.
Understood the local nature of solutions to first order PDEs; this, we understood local nature
can be in the sense, two different senses. One is with respect to the datum curve. Another is
with respect to the domain. Of course, through 2 examples, we have understood. And reasons
are different in each of these examples.

And in a forthcoming lecture, an example of a Cauchy problem for Burgers equation will be
studied. In that example, the local nature of a solution arises due to intersecting base
characteristics that we will see in a forthcoming lecture.

(Refer Slide Time: 26:58)
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Thank you

Abil Oforodtdl Egaidrs

So, with this, we come to the end of Quasilinear equations. And we will then start with the
general nonlinear equation once again Cauchy problem. We will be making regular



comparison to what we did in the Cauchy problem for Quasilinear equations. You might say
that Cauchy linear equation is a special case of a general equation. Why do 2 times? Why

repeation? Why do not you do the general thing first?

No, because, Quasilinear equation always, when you do not understand something, you
would like to understand with a special case, Quasilinear is one such special case where
things are easily understood. Now, we try to extend these ideas to the general case. That is

what is the natural progression; in solving problems in mathematics. Thank you.



