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Module-7 Exponential Correspondence

Before proceeding further with the study of compactly generated
topology, we need to recall another important result

®
So today module 7. So we have been studying various topologies like induced topology

especially compactly generated topology and so on. And one of the important things in
studying function spaces is the exponential correspondence on the function spaces. Basically
these things were done in part 1 very elaborately. Nevertheless because of the importance of
this part, I will recall them as much as needed for our immediate purpose here.
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Recall that given any two topological spaces, X, ¥, we denote by
¥, the space of all maps from X to ¥. This is gven the
compact-open-tepology which has a subbase,

G (KU Ke X, Ue Y, K compast U open |

Here
K ={fF A=Y AK)cC U}

Also, we have p well defined function called the evaluation map
E:¥* x X = Y given by ¥

E(f,x) = F(x)

So, first let us recall what is the meaning of this compact open topology on the function

spaces? Given any two topological spaces X and Y, we will denote by Y X the space of all



maps from X to Y, maps means continuous functions from X to Y. This is given the compact
open topology which has a subbase, corresponding to each compact set K of X and an open

subset U of Y, you define certain subsets (K, U) of Y and take all of them as a subbase.

So, what is this (K, U)? It is all continuous functions f from X to Y which take K inside U,
that is, f(/K) must be inside U; then you put f inside this (K, U). You take all such (K,U)
okay? They are subsets of Y~ and they form a subbase for a topology on Y, okay? (K,U)
is the set of all function f from X to Y such that f(K) is contained inside U. A subset Y is
open in this topology if and only if it is an arbitrary union of finite intersections of subsets of
the form (K, U). i.e., (K1,Uy), (K2,Us),...,{K,,U,)and you take the intersection that will
be an open set okay. So, arbitrary union of such things will be also open set. If we take only

finite intersections like that, they will be form a base for this topology, okay?

There is an obvious map E from YX x X to Y given by E(f, z) going to f(x). If you fix one
x, then f going to f(z) is nothing but the z'"-coordinate projection. I would not like to call it
that way though. Because now you are not thinking of Y as a subspace of product space Y’
taken X number of times. There is also the product topology topology no doubt. But now we
are concentrating on the so called compact-open-topology. So, if you fix z, then f going to
f(x) is obviously continuous even in the product topology. But what is important is that: this
E from YX x X to Y is a continuous function. That is what we want to have, okay? That is
the first part of this theorem.
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(Exponential correspondence) Let X be 3 locally compact
HausaorT space and ¥, £ be any two fopelogical spaces,

[a) The evaluation mag E ! gl giean by E(F, x) = f[x)
i continuous

() A function g : 7 = ¥ALis continugas iF tha composTte
Eclpside): &= XY i continuous




This map F is aptly called the evaluation map, Okay? What is the hypothesis on X? X is
locally compact Hausdorff space. Y and Z could be any two topological spaces. Then the first
part here is that E is continuous. The second part is corresponds to the name “exponential
correspondence’. A function from Z to Y, where Z is any topological space is continuous if

and only if £ o (¢ X Idx) from Z x X to to Y is continuous.

Notice if that g is continuous then g X Idx is continuous. Therefore if E' is continuous then
the composite is continuous. The point here is in the converse, namely, if the composite is
continuous why g should be continuous? In general it may not be so. The theorem says that it

is continuous under this hypothesis, namely, X is locally compact and Hausdorft.

Proofs are not very difficult. Nevertheless, let us go through them so that you will become
familiar with the concept of this compact open topology and the space Y etc.
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Proof: (a) Given an open set L' ¢ Y we have to show that
E (U} is open in YA w X, Let (%) € £ II:L':I I'his implaes
that 5 : X = ¥ 15 a continuous function and Klxg) & U, Since X

is locally compact Hausdorll space, thére éxists open subset V of
X such that
xeveVerv)

[
and Vi compact, This means that & ¢ (V, 1), Since V.l
an open subset of ¥*, we get an open subset [V, U) « V of the
point (f, i) in Y5« X, Clearly E([V, U) % V) C U, This proves
E is continuous

So, the first part is]to show that F is continuous. Start with an open subset U inside Y and you
want to show that E~1(U) is open in the product space of Y and X. Take a point (fo, 2¢) in
E~1(U). What is the meaning of that? That means f; is a continuous function from X to Y’
and fo(zo) = E(fo, o) is inside U. But now U is open and fj is continuous means that there

is neighborhood of =y which is taken inside U by fj.

But now X is locally compact Hausdorff space. So, we can actually take an open subset V'
such that xg is inside V' contained inside V' contained in fo Y(U), and such that V' is compact.

Inside every open neighbourhood, you can find a compact neighborhood by the local



compactness hypothesis, okay? So, what is the meaning of this? This means that now fo (V)

is contained inside U which is the same thing as saying that fois in (V, U).

V is compact, U is open and hence this is actually one an element of the subbase. Therefore,
(V,U) x V is an open subset Y~ x X, which will be neighborhood of (fy. (). Now you
look at E((V,U)) x V, okay? Take f here and take a point x, then f(z) will be inside U
why? Because z is inside V and hence inside V and f(V') goes inside U. Therefore E(f, )
will be inside U. This proves E is continuous. That is part (a), alright?
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(b) From {a) we need to prove only one part bere, viz., that if

Eolg = ldy) 15 contrnuous then se & g. For this it is esough ta

show that g (K, U) is open whenever K © X is compact and

UC Y isopen. Let 2y € & besuch that g(z) & (K, U, Then for

every point k € K we have Eo (g » tdy )z, k) = gla)(k) e U

50, there pxist open sets Wi, W of & and X, pespectively, such

that g € Ve. k€ Wi and € o (g x day )W = W) C UL Since K

is compact, we can pass an to 2 finite cover K C LD, W), = W

and put V' = "Wy, Then Eo (g = My )V « W) C U which

implies that g{ V) © (K, Uf). Since V s aneghbeurhood of 2, we

are thraugh

i,

Let us go to part (b) alright? There are two ways. One way I already told you if g is
continuous g X Idx is continuous the composite with F will be continuous because we have
just proved that F is continuous. So, now let us prove the converse. Okay? Now I assume

that this composite is continuous. Then I want to show that g is continuous. For this, it is

1

enough to show that ¢~ * of any of these sub basic open sets (K,U) is open, where K is

compact and U is open. Okay?

Take only subbasic open sets, inverse image of those things are open will mean ¢ is
continuous. Okay? So, let zy belonging to Z, Z is an arbitrary space you remember. So let
g(20) belongs to (K, U). That is the meaning of saying that zg is in g~ of that. We have is
E o (g x Idx) of (29, k) which is equal to g(zp) operation on k will be inside U for every
ke K.



By continuity of F o (g x Idx), there exists open sets Vi, Wy, of Z and X respectively, such
that this zy is inside V} and k is inside Wy, and E o (g x Idx) of this V}, x W} is contained
inside U. So, this is the continuity of this composite function E o (g x Idx), okay. Since K is
compact so we can pass on to a finite cover. K is contained in the U}, W, because { W}, }

covers K as k ranges over all of K, since K is compact.

So, I extract a finite subcover for K. We call that as W. Correspondingly, I take V' equal to
intersection of these V,,..., Vs, . It follows that (E o (g x Idx))(V x W) is contained
inside U, okay? That just means that g(V") is contained inside (K, U), okay? Since V is a

neighbourhood of z, we are through.

So I have found neighbourhood V' here contained in g~ ((K,U)), which is therefore open.
That proves this exponential correspondence theorem, Okay? Now I have come to the study
of the compactly generated topology.
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Compactly generated topology on products

We can now continie the study of compacthy generated topology
on prosducts. The basic peabbem here is that if X, ¥ are compactly
penerated, then, in genesal, X = Y need net be g0, Therefare, we
are looking at situations where this may held,

Lermma 1.12

Let ¥ be a locally compact and X be compact!y generated,
HausdorT topological spaces. Thea X = Y 5 compactly generated
i¥ for every compact subget K C X, K x ¥ compactly generated

The basic problemx here is that if X and Y are compactly generated, in general, the product
topology need not be compactly generated. Therefore we are looking at situations where this
maybe true. That means to put extra conditions on X and/or Y under which this may be true.
However there is no if and only if statements, okay? So we will have to study whatever you

know best we know, about various conditions okay.

So, the first lemma is: if Y is locally compact Hasudorff and X is compactly generated okay?

(By the way, whenever I say compactly generated, all the time I assume the Hausdorftness



also. So, both of them are Hausdorff spaces.) Then X x Y is compactly generated, if and
only if for every compact subset K of X, we have K x Y is compactly generated. This

lemma is only stepping stone for the results to come.

So, there is this extra hypothesis on the factor Y. Remember locally compact Hausdorff
spaces are compactly generated. So, this is stronger condition than being just compactly
generated okay?
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Proof: Consider the function - X — (X« Y)Y given by

nx)y) = (x.y)

Let E: (X % ¥)T 2 ¥ <5 (X % Y], be the evaluation map
E(f.y)= fly)

Then

Eolnx lvlix.y) = Elulxh ¥)) = nlxly) = (= ).

W now use the theorem on Exponential correspondence, in both
direction. In between, we ako use hypothesis that X fs compactly
generated

So a proof of this .may be given by point-wise argument, going here going there going there
and so on. But our exponential correspondence theorem helps you in proving this one
somewhat elegantly, okay? Consider this function 1 from X going to (X x Y):;, [here we
take the product space X x Y and retopologise it with the weak topology, i.e., compatly
generated topology and then take the function space (X x Y)g with the compact open
topology. Remember that, we denote the weak topology by writing a suffix w.] Define ()
operating on y is equal to (x,y). Remember 7 is what? For each = € X, n(x) is the function

from Y to X x Y which sends y to (x, y), okay? So this is the definition of 7, okay?

Now look at the evaluation function from (X X Y)E to X x Y. The base space in this case,
instead of just X, is (X x Y'),, the exponent space is Y. So the evaluation map has its
domain (X x Y)Y x Y. Take a function f from Y to (X x Y),, and a point y in Y, okay and
evaluated f at 4, you get a point in X x Y. Because Y is locally compact Hausdorff space,

by the previous theorem, this evaluation map is continuous, okay?



Now we will look at E o (n x Idy) operating on (x,y), Okay? This is equal to E(n(x),y)
which is equal, by definition if the evaluation map, to n(z) operating on y which is nothing

but (x, y). Therefore this composite function is continuous.

We now use the exponential correspondence theorem, in both directions, in an innovative
way. Of course, we also use the hypothesis that X is compactly generated and Y is locally
compact. This much hypothesis we have use okay.
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We get: X « Y is compactly generated ifl

WX o Y = (X x Y]y Is continmus [

i X = (X x YT is continwous, iff

for every compact subset K C X the restriction of 5 on K,
i K= (X 2 Y)Y is continuous iff

for every compact subset K C X the inclusion map

Ko Y < (X« ¥, s continuous iff

for every compact subset K C X the inchison map

Kx Y = (K = ¥Y), is continuous iff

fior wvery compact subset K of X, K % ¥ is compactly generated
[

9
So, the statement we want to understand is that X x Y is compactly generated. This is true if
and only if the identity map from X x Y to (X x Y),, is continuous. We have seen that the
identity map in the other direction is always continuous. So, identity map this way is also

continuous iff X x Y is compactly generated, okay? So, the first step is just by definition

itself.

The second step now is that this statement is equivalent to say that 1 from X to (X x Y)Y is
continuous. This is where the exponential correspondence is used, because this map
corresponds to the identity map of X x Y, right? E o (n x Idy) is the identity of X x Y,

which is continuous. Therefore 7 is continuous by the exponential correspondence theorem.

But now this is the same thing as saying that for every compact subset K of X, the restriction
of n on K, let us call nx from K to (X x Y)Z; is continuous, by the previous lemma, okay?

So from an arbitrary space X, I have come to compact subspaces K of X, okay?



Now we go back, via exponential correspondence, this is true if and only if for every compact
subset K of X, the inclusion map from K x Y to (X x Y'),, is continuous. Remember Y is

locally compact, and inclusion map corresponds to 7y .

But then this inclusion map is taking value inside (K X Y'),,. The codomain is the larger
space (X x Y),, but the subset K x Y with the subspace topology coincides with the weak
topology (K x Y'),,. Therefore, this inclusion is continuous iff the identity function from K
cross Y to (K xY), is continous, which in turn is equivalent to saying that K x Y is
compactly generated for all compact subsets K of X. So this lemma is proved now.
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Lot X, ¥ be HausdorT spaces. The X x Y is compactly generated
i e of the lotlewing holds

{a) X and ¥ are compact,

{b) X s compactly generated and Y is compact

fed X is compactiy penerated and ¥ s focally compact,

)
So now we keep using it beneficially to prove all these statements (a), (b), (c). They are all

different statements, but somewhat similar. Common hypothesis is that X and Y are
Hausdorff spaces. Conclusion is X x Y will be compactly generated under any one these

easy to remember conditions.

(a) first condition is both X and Y are compact. No problem. The product itself is compact
right? In a compact space, the compactly generated topology is the same topology. The first

part does not need anybody any lemma, Okay?

Our final aim is part (¢) in which instead of Y compact, Y is only locally compact. The first
part was obvious. The second is also obvious but will needs some proof. Remember, in the
lemma we had the statement if and only if something happens. So, we will prove that

statement to prove part (c) here that is the whole idea. Okay?
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Proof: (a) Since X and ¥ are compact, sois X » Y, For any
compact space, the compactly generated topalogy cancides with
the gren topology

(b) Foflows from the lemma and (a)

() Ewery locally compact Hausdortt space is compactly generated.
[herefore (c) follows from (b] and the lemma L]

o
So, let us go through it again. Since X and Y are compact so is X x Y. For any compact
space compactly generated topology coincides with the given topology. That is part (a). (b)
follows from the lemma and (a). See you start with the hypothesis that X is compactly
generated and Y is compact, okay. Then what you have to do to use the lemma is that you
take compact subsets K of X; cross with Y is compact and so is compactly generated by part
(a). Since this is true for every compact subset of X, the product space X x Y is compactly

generated by the lemma. So, the lemma gives you (b) immediately, okay?

Now we use this (b) and again the lemma. Now the role of X and Y will be interchanged to

show that X x Y is compactly generated, okay? This time by taking compact subsets K of Y.

Every locally compact or Hausdorff space is compactly generated. Therefore (c) follows from
(b) and the lemma. Interchange the role of X and Y. That is all a small trick but the true tool

was exponential correspondence.

So, we have come to a stage where we can now study the topology of CW complexes namely
when you take the product of CW complexes, i.e., when X and Y are CW-complexes, there is
a canonical way of getting a product CW structure on X x Y. The only problem is the
topology on X x Y, namely the product topology will be, in general, different from the CW
topology, okay? So that is the point we want to study. We will do it next time. Thank you.



