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Madule-52 Classification af 1-manifalds-cantinued

Hawing taken care of the nature of homeomarphisms sccuning in
the g|uin5 tlata, wi: can new concertrate an other Lupohgir.ul

aspects.of 4y Since Uy is an open subsat of (~1,1}, it s 3
countable union of apen subintarvals of (- 1. 1), Dur first claim in
this direction is;

&)

Continuing with the classification of 1-dimensional manifolds, recall that we have represented

every manifold as the quotient of a disjoint union of open disks, all of them of 1 dimension,
and in order to study the topology of the manifolds, we need to understand the equivalence
relation defining these quotient maps which are expressed by what are called the transition
functions. And we have done a beginning of this study, with two motivating examples and
two lemmas, which actually, take care of a big chunk of what is happening there okay?,
namely, the nature of homeomorphisms occurring in the gluing data okay?

(Refer Slide Time: 01:20)



There is & general fact mdicated by these axamples, Wa formalize
it iy the fallowing twa lemmas, proofs which will be left to the
reader & an assignment

Leta< b<candd<e<§ beraa numbees M be the disjoint
union of the twe intervals M = (3, ¢) [[[d, ). Let

o (boc) = (d.e) be an order preserving homeomorphism, Then
the ielantiffcation space

[t
b rrl:-‘:l. [E |:l.ll £l

i3 Illr.lrr.lﬂb.lrlﬁrp.[.'llﬂ la {Cl, l]

Module

Having taken care of the nature of hameomorphisms occunng in
the glaing data, we can ngw concentrate an other topalagical
aspocts of (0 ;, Ginca Uy is an open subsat of (1,1, it s
countabile union of open subintervals of (1, 1), Cur first claim in
this direction is: '

®

We can now concentrate on other aspects of these transition functions, ¥; ' o ; from Uj ; to

U;,; where these U; ; are open subsets of different copies of D, The first thing you would like
to know is how many components U; ; has. Since U; ; is an open subset of (—1,1), it is a
countable union of open sub intervals of (—1,1) and each component is homeomorphic to
(—1,1). (This is one of the biggest advantage of being in 1-dimension. Such a neat description

is not possible in higher dimensions.) Our next claim in this direction is the following:
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Lemma 6.6

Let X be & Hausdorff space oy, vy . D' = X be homeamarphisms
onta open sets Uy, Uy of X, respectively Assume that Us ¢ Uy
{1} Then no component of vy ' (12{0)) wil be an apen intarval of
the form (a, b) for same —1 < a < b< L in particular, Uy 1 U
fand hence Uy o/ has at most two connected companents,

Let X be a Hausdorff space and 91,5 from D! to X be any homeomorphisms onto open
subsets Uy and U, of X respectively. Assume that Us is not a subset of U;. The first claim is

that:

(i) There is no component of ¥, ' (12(ID')) =: U, » which is an open interval of the form
(a,b) for some —1 < a < b < 1, i.e., strictly inside the interval (—1, 1). In particular, this will
imply that U; N Us okay, can have at most 2 components. This is the statement of course, we
will see the proof soon.
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(i) Suppos further that wy(BY) @ a(D*) Then after
changing +y by a reflaction in the arigin, if necessary, one
of the companents of 11, ‘[r-glfl'l']] is of the form (& 1), for
some =L < b< land

gy ey (b1 = (=Le)

defines an increasing function which is a bomeomorghism
onto an inteval of the form (-1, ¢} for some -1 < ¢ < L.

9,

The second part of the statement of this lemma is that: Assume further that U; is not
contained in Us. One more condition now.
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Lemma 6.6

Lot X bo 3 HausdarT space 1y, 0y 1 Y <+ X be homeemerphisms
onte open sets Ly, Uy of X, respectively Assume thar Us o Uy,
{i} Then no component of 1) LI;.'.'*d[:i"]] will be an apen r'JrFen'.Jl'f.:l"
the form (@, b) fov sami =1 < a < b < 1, in particutar, Ui 11 Uy
fand hence Uy 4] has at most twe connected companents.

Here we are assumed that U, is not contained in U7, but now we want the other way inclusion
also not valid, so assume that also.
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(i) Suppese further that 1y (DY) ¢ wa{l') Then after
changing < by a reflection in the arigm, if necessary, ane
of the components of ) (sl DY)) is of the foem (b.1), for
some —1 < b< 1 and

k
s o (b 1) 4 (1,c)

defires an increasing function which is a homeamarghism
onto an inteval of the form [=1,¢) for some =1 < ¢ < L.

witasms 4n Agglant Topngn, Pl HITTEL Coiimi

Then after changing v; by a reflection about 0 in the domain of v, if necessary, one of the
components of this Uj 2 is of the form (b, 1) for some b strictly between —1 and 1 and
¥yt oy from (b, 1) to (—1,¢) is order preserving homeomorphism onto the interval (—1, c),

where c is in the open interval (—1, 1), Okay? So, this is the second part of the lemma.

So, this lemma is a little more elaborate than our earlier lemma. Together they more or less
complete the local analysis of what is happening inside each D'. So, let us go through the
proof of this.
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Proaf; {1} Mote that companents of Uiz = o Yya(B3)) are al
hormepmarphic 1o open intervals The emphesis herg s that none
of ther will ke some ‘middle’ portion of 11, k
Assume en the contrary that one of the component is (4. b) with
-lda<che] Loty '..-|[:-,J'J] (e.d) T, Sinee Uy ¢ U
it fotlows that the interval (r.d) # (=1,1). Say <l < c < L,

The first thing is to note that components of U 2 are all homeomorphic to open intervals. I
am repeating this. That is all. The emphasis here is that none of them will be some middle
portion of D', It will not be equal to (a, b) where —1 < @ < b < 1. So, this is the claim here.
Now, suppose that is not true, namely, there is one component of Uj 2 of the form (a,b) as

above.

Now consider the restriction of the homeomorphism, 5 Loato (a,b). Suppose its image is
(¢, d), which is a subset D', Okay? Since Us, which is the image of 15, is not contained in U7,
okay? It follows that (c, d) is not the whole of (—1, 1). Therefore, we must have ¢ # —1 or
d # 1. Let us say that -1 < ¢ < 1. Okay? The other case will be similar. So, we are claiming
that this leads to a contradiction.
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Suppese that i'5 'y (2B} —+ (c.d) is increasing. |t follows that
walch and iy (2] are distinet poigts in X which cannat be separated
by open sets On the cther hand, 11 15 Y decreasing. then i
fiallews that ¢y (b) and dule) cannet be separated by open sets, In
gither case, we get 4 contradiction to the Havsdorfiress of X,
Exactly sarme will be the conclemon, If we assume 1 < d < 1,




Suppose ¥, T oy from (a,b) to (c,d) is increasing. It follows that v(c) and 1 (a)
(remember 1 and 1, are defined on the whole of D', and so v (c) and v (a) make sense)
are distinct points of X. They are not identified with each other. Also, they cannot be
separated by open sets, because every neighbourhood of 12(c) will contain 13 (c, ¢ + €2)
which will intersect every neighbourhood of v/1 (a) which will contain ¢ (a, a 4 €;) for some
positive €; that will contradict the Hausdorffness of X. You have used this argument in the

earlier lemma. So, this this is what happens here again.

On the other hand, suppose now, this homeomorphism is decreasing. Means what? Points
near a are mapped onto points near d and points near b are mapped to points near c. Then it
follows that v/ (b) and 12 (c) will be very very nearer, but the two are distinct points and they

cannot be separated by open sets in X.

In either case, we get a contradiction to the Hausdorffness of X. Okay? So exactly similar
things would happen with ¢5(d), if we assume d < 1. So, we have full contradiction,
contradiction to what, contradiction to the fact that one of the component is of the type (a,b)
a middle portion.
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It follows that the componats of Dy s can be of the foem either

(=1 a)er {b.1) or both, b

The first case can be converted to the second case by replacing 1)
by iy o K. where R is the reflaction ¢ — —t,

In particular, there are atmest twe possibilities for components of
tlll _)

What is the meaning of this? That means, components of Uy 2 must be of the form (—1, a) or
(b, —1) or where a, b are in (—1, 1). So, there are only two possibilities. In particular, Uy 2 may
have just one component which could be either of the two type, or U; 2 may have two

components in which case on one of them is of the form (—1,a) and the other (b,1). In



particular, Uy 2 has at most two components. This completes the proof of (i). That gives you a
better picture of what map happen.
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{11] With the extra hypothess of (i), we can pssume the same

thing for compenants of Lh .,

o, assume that one of the companents of Uy g 15 of the form

(0. L). 1t Tollows that by compasing 3 with the reflectien, if

neessary, we miy assume that o5 'r-"|£t-. L} = [=1.c]. for some
l€es], :

f.l'g

(i1)) Now, under the additional hypothesis namely U; is not contained inside U, okay, it
follows that there are at most two components of Uz ; and they are of the form (—1,¢) or
(d,1) or both. Before going further, note that, U; 2 and Uy are both homeomorphic to

U1 N Us. Hence the two have same number of components.

Now, for the sake of definiteness, assume that one of the components of U; 2 (it may the only
component) is of the form (b, 1), by replacing, if necessary, 11 with ¢y o R, where R is the
reflection in 0. Now 95 Y(psiq (b, 1)) is some component of Uz 1, we do not know what is its
form, there are two possibilities. By replaces 1o, if necessary, with ¢)scircR, we shall assume
that it is of the form (—1, ¢).
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Finally, if 45 Loyl s decreasing, this would imply that g (b and
walc) {which are, any way, distinct points of X cannot be
soparated by open sets in X, contradicting the Hausdorfiness of X
Therefore o 1oy must be inereasing. This LYimp‘r[H. the praaf
of {ii}. ']

®

Now comes the question whether 15" o 11 from (b, 1) to (—1, ¢) is increasing or decreasing.

Suppose this is decreasing. Decreasing means what? Points near b go near ¢ and points near 1
go near to —1. Points 1 and —1 cause no problem. But look at ¢; (b) and 13 (c), there can be a
problem right? So, these two will be distinct inside X, but cannot be separated by open sets.
Argument is similar to what we have before. Therefore, 15 16 4/, must be increasing okay?
from (b,1) to (—1, ¢). This is the what we wanted to happen, so, that completes the proof of
this lemma okay?
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Let X be a connected 1-dimansional manifold hawing an atlas
consisting i only tws members, Uy, Us, sueh that Uy f Uh, Then
(i) Uy 11 Ly fs mon empty and has at most twe components

{ie] I 4 11 Us has only one companant, then X s homaomarphic
to an interval

fiiil 1 Uy 1 U has two companents, then X s homeamarphic to

a1
8

So, now we can consolidate the whatever observation we have done so far, in the form of
another lemma. Let X be a connected 1-manifold. (So far connectivity of X was not
necessary, X is automatically Hausdorff okay? Now, I want to make a clear picture.) Now,

let us take a connected manifold X, having an atlas consisting of only two members. Then I



want to write down a complete description of X upto a homeomorphism. So, only two
members (U;,1;),t1 = 1, 2. Assume that Uy, Us are both proper subset of X (strictly speaking

this condition is not necessary.)

(1) Then their intersection U; M Us is non empty and has at most 2 components. (This much is
what we have seen already okay?)

(i1) If you U; N U, has only one component, then X is homeomorphic to an interval. Of
course an open interval because we are assuming all the time that X is without boundary.) So,
this is part of our first lemma which we did yesterday.

(ii) Uy N Uy has two components then X is homeomorphic to S'.
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Proof: That Liy 1 L 0 follows from connectedness of X,
Moy the clalm (1) follows from the previous lemma,
|:i:| This fallows fram :)arr[ii] af the above lemma dnd lemma 6.4

ity @y Albie Topmdugn Pand) HITEL Gieme

&
This is the second lemma that we had okay? So, this is nothing new here. But let us go
through this one again carefully. So, we are claiming that U; N Us non empty, first of all.
Why? Because if there are only two open sets covering X, if they are disjoint would mean X
is disconnected okay? So it must be non empty. That part is slightly new. And then it can
have only one component or two components okay? So, this part (ii) is exactly same as
lemma 6.4 and 6.5.
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These is a general fact indicated by these examples, We formalize
it in the fcllowing twa lemmas, proofs which will be left to the
riader a5 an .aw,gié;umrr-l

Lemma 0.4

Leta< < ecandd < &< f beren numbers, 14 be the disfant
union of the two intervals M = (& c) [[{d, f]. Let

o (Be) =2 ld,e) be an erder preserving homeamarplnim,® Then
the identification space

t}J
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{iif) We may assume that on one of the components

g tawy : (b1} =+ (L)

is increasing. It follows that the other companent of 1 Ly rls)
i5 of the form (-1, a) and the other companent of ut, '[Uy 1 s is
af the farm (o 1), And for the same reasan that X & HausdorT, as
before, the homeomorphism

|-":.|t‘e'-_ ‘t JJ:| ldl:'

must he increasing, Therkfore we are in the situation of lamma
8.5 The conclusion follows [

So, the third part. Here you may assume on one of the components, okay? 15 Loy from
(b,1)to (—1, ¢) is increasing. This much is seen in the previous lemma, actually, I do not have
to repeat it. It follows that on the other component 15 ' o4 is from (—1,a) to (d,1).
Applying the same reason to its inverse, it follows that this is also increasing. Therefore, we
are in a situation of lemma 6.5. Okay, the conclusion follows.
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Lemma .5

Gien=l<a<beland-1<e<d<] fut

it (1) = (~1c) and 3 (—1oa) — (d. 1) be arder praserving
homeomorphisms, Let X be the quetiant of the digjomt amon of
two copies af (=1, 1) by the identfication £ ~ altlb<t<lan
£ ), — 1<t <a Ther X o homeomarahic to &'

) Module-52
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Continuing with the proof of the theorem:6.8:

Let { Ly} be an atlas for X, By ll-countability, thersexists a
countable sub-cover for (G} for X, Indeed, we have:

Stap | There exists a countable family {U:] such that:

i} Each [f; is homeamorphic to an interval;

(i) U U1ty = Why

(i) Wiy T U £ 1K 2 1,

[W) IF Wy 7 X then it s homeamerphic 1o an epen infendal

®

So, now, we can continue with the proof of the theorem. Earlier we had labeled the open sets
Ui,U,,Us, ... such that that U; is not contained in the union of the previous ones. U; 11 and
so on. Actually all that was not necessary, because, we are now going to prove something

stronger than that which is necessary. That is the I step.

By second countability, we have a countable open cover {U;} of X, each Uj is
homeomorphic to an interval. We want to arrange them in the following way. What is this?
(i) There exists countable family {U;} such that each U; homeomorphic to an interval this
part is Okay?

(ii) Second one is that the k" member is not contained in the union earlier £ — 1 members,

which I am denoting by W,,_;. This is the definition of Wj,_ ;.



(ii1) Wy, _ intersects Uy for k > 1.
(iv) Finally the fourth condition is: if Wy is not the whole of X, then it is homeomorphic to an

interval.

So, this is what I am going to claim okay. So, this is my first step okay. Let us see how we

prove this one.
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T canstruct such a family, we start off with any one member from
the cauntable .’.glmihf u:ﬂ.'} call it ”: i W|. Ha'.'inl?\ fecked p
Whoooo Uy sooas bo satisfy the above reguirement, we check
whether Wy = Lo U) is the whole space X1 s0, we stap.
Otherwise, it mears there are members in (U} not contained in
W I none of them Intessact W, I8 would mean that X is
discannected

Thesefore there exists 2 member which wa label U, ot
cantainad in W but intersecting it k

- N

To construct this, we start off with any one member from the family {U;}, call it U; = W.
Having picked up Uy, Us, ..., Uy so as to satisfy our requirements (i), (i1), (iii) and (iv),
inductively, okay, then I want to pick up Uj1, we check first of all whether W}, which is the
union of Uj's up to k, is the whole space X or not. If it is the whole space there is nothing
more to be done. Even if, there are other members in the family, they are all contained in
Wi. So, we stop. Otherwise, it means that there are members U; not contained in Wj. Okay, if
none of them intersect IV, then what happens? X will be the disjoint union of two open sets
viz., W}, and the rest of the U;’s. That would mean that X is disconnected. So that cannot
happen. So, at least one member which we have not taken yet must be intersecting Wj, and

contained in Wj. Okay?

Label that one as Uy Okay? This Uy is not contained in W7, but it intersects . Okay?
So, (i), (i1) and (ii1) are satisfied upto k + 1.
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Lit 0] ber o aklag Tor X, By Hcountability, there axists a
countable sub-cover for (L) for X, Indeed, we have,

Step | There exists a countable family | U} such thar

[] Each {.I'J- 18 hameamanhic t an interval;

{.I:| |.|I. |_,_' | sk '|“.| I W,- i

(i) Wiy 11U # 0.k > 1.

[i] If W £ X, then iL is homeamerphic to an open interval,

.f'.) Te construct such o family, we start off with amy ane mambes fram
| P L] FTOL I bl _id__i P

By induction hypothesis, IV, is an interval. I want to show that Wy ; is also an interval okay?
Provided it is not the whole of X. okay? So, this is what I have yet to prove.
(Refer Slide Time: 22:12)

F-rmihm i’k

Eszentially there are twa case to be considered, depanding on
whether the number of components of W (10, is equal to one
o twe, Accordingly, it follows that Wy, is hemeommarphic ta an
interval ar @ circle, In the latter case, W,y is both closed and
epen in X and therefore Wiy = X, In the former cae, we obtain
praperty {iv) for k + 1 and continue. This completes Step 1,

©

Essentially, there are two cases to be considered depending on whether the number of
components of Wy, N U1 is one or two. This follows from a previous lemma. These are the
only two possibilities. Okay? Again by the previous lemma, it follows that if there is only one
component then Wj; is homeomorphic to an interval, being the union of two intervals
patched up along a common subinterval. And if there are two members, it will be
homeomorphic to a circle, full circle right? If it is a full circle, what happens? Wy, 1 will be
both open as well as closed in X. But X is connected. So, Wy is the whole space. If I

assume that Wy ; is not equal to the whole space X, then it cannot be a circle and hencek + 1



must be an interval. So therefore inductively all these things have been satisfied for now.
That means the construction of step 1 is over.
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It remains to analyise the case when the sequence | W} is infinite
Fix @ homeomorphism £ - Wy <4 (<1, 1), From the lemma 6.5, it
followss that fii Wy 1 Us) = AU 1) s of the farm (-1, 2) ar
(b,1). #‘L:l:artli||p; v, we can eatend f to 8 hameomosphism

f W = (<2 1) o (=1,2), Suppose we have constructed the
hamesmarghism & 0 W - (4, ) which is an extension of

Ir|I 1: lﬂ"," 1= |:." |.,'|I.R ":I. 'Nl'l\’.l'(‘.' I'III &, r'ﬁ 1 anl -1 = J.n are all
ntegers with the property jy — f = Jeoq — le—y + 1, W then
extend 1y to a homsomorphism £y 0 W = (i kg ) exactly
a5 we extendad £ o £,

'I.':,' Aorar, B Staidn futiial Erepctin Cofkm Cipasivane of dapvoe Lo i Whinbald Topsbyin, Pandl WPTEL Conmi

So let us finally complete step 2. Step 2 is to analyse what happens when we keep on running
this one infinitely. If it stops at any finite level, k£ then W}, is equal to X and there are two
case, either it is an open interval or a circle so the problem is over. If it keeps on going for
infinitely terms, then what happens? That is the case right? So, to analyse this case, we fix a
homeomorphism f; from W; to (—1,1). Okay. Pick some homeomorphism because W is
nothing but U;. From the lemma 6.5, it follows that f1 (1 N Us) is nothing but f1(U; N Us)
and hence has at most two components each of the form (—1, a) or (b, 1) right? Accordingly,
we can extend f; to a homeomorphism f5 from W5 to a larger interval than (—1, 1) either on
the left side, say onto (—2, 1), or on the right side, say (—1, 2), which on you do not know but
only one of them. The same will happen at each <. So, both ways you have to keep extending

fito firq from W; 4 to some larger and intervals.

Suppose you have constructed the homeomorphism fj from Wj, to an open interval, (iy, ji)
where i, ji, are some integers. (Remember each W, is a proper subspace of X. It may not be
a subspace of R, we are constructing homeomorphisms of W;'s into open intervals inside R,

Okay?)

Uk+1 maybe coming and intersecting the left side of the interval or the right side of the
interval. Accordingly you have to extend fj to fi1. Thus what we get, inductively is that i

will be smaller than or equal to ¢;_;. Similarly, j;_; will be smaller that or equal to jg.



Beginning with ¢; = —1, and j; = 1, all ¢;, will be negative and all j; will be positive. So,
they are all integers with one additional property that the difference between j;, — j_1 and
i, — ip—1 1S 1 okay. Therefore, okay once you have extended this way from f; to fr11 and
Wii1 to (ig+1,7Jk+1) we keep extending like this just the way we have extended f; to fo
Okay.
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extend fy to a homeomarphism £y 0 Waoy = Lipy dig ) exactly
a5 we extended £ ta f,

Put 2= limy & and & = limg i It follows that a = —acor b=
o both. We deting £ 1 X = {a,5) by f(x) = fi(x), whenever

g W It Tallewes that £ s o homeomarphism, We can now
compose [ with a homeomarphism (4. 0) — (0, 1) and concluge
that X is hameomerphic to the open interval (0.1), [

0

So, we have this sequence of homeomorphims fi, each f;4; being an extension of f, we
have to understand what happens in the limiting case. Let a be limit of the sequence {iy } and
b be the limit of the sequence {j }. It is possible that one of them becomes a constant after a
certain stage but not the both, or both the sequences are unbounded. Accordingly, we have
three cases. (i) either a is a negative integer and b is co or (ii) a is —oo and b is a positive
integer, or a is —oo and b is co. In all these cases (a,b) is an open interval in R, of infinite

length.

Whatever it is, we define f from X to (a, b) by the rule f(x) = fi(x), where z itself is in W
Once it is in W, it is also in W41, Wio etc. But fr11(x) will agree with fx(x), etc, so f is
well defined okay? So f is well defined on each interval, and is a homeomorphism already.
That holds for the entire X also. Finally, you can compose f with a homeomorphism of (a, b)
to (0, 1), because any open interval or an open ray is homeomorphic to (0, 1). So, conclude

that X is homeomorphic to an open interval.

So finally, starting with a connected 1-manifold, (which is Hausdorff and II-countable) we

have shown that it is either homeomorphic to (0, 1) or to the circle okay? Now, finally to sum



up, we have already taken care of the case of X having non empty boundary. How did we
complete the proof? The boundary may consist of just one point, which could be 0 or 1, it
may have two points. The boundary points can be at most 2. Okay? So, in either case, X will
be one of the two things, [0, 1) the [0, 1], since (0, 1] is anyway homeomorphic to [0, 1). This

completes the entire classification problem for 1-manifolds. Thank you.



