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Madule-43 Relation between 7y and M,

We shall assume that our topological space X is path connected
Lot 2 & X be the base point. Given an element of =X, )
ropresented by & loop w o 1 = X, we can view @ a8 2 1-cyche in X,
by thinking of | a5 the geometric realization of the standard
I-simplex &, This 1-gyele then represents an element (W) in
Hi(X). The aim of this section is to see that, this simple minded

Fssignment
el = (&

called Hurewicz homomorphism cin be used to give a precise
relation between =1(X, xg) and Hy(X)

- I e T T
So, now we shall start an entirely new topic which is again the starting point of a big topic
namely relation between homotopy groups and homology groups. So, we shall only deal here
with relation between the fundamental group and H;. To begin with we can and will assume that
X is path connected because, if it is not path connected, it will be the study of each path

connected components separately.

So, you can pick up a base point because we are discussing 71 the fundamental group. So,
fundamental group always should be discussed with a base point 7 in the space X, though we do

not always mention it explicitly.



Now, take an element in 71 (X'), namely, represented by loop in X at the point zo. A loop is, first
of all a continuous function from a closed interval to X. The closed interval can be thought of as
the underlying space of the standard 1-simplex A;. Therefore, a closed loop can be thought of as
a one cycle. It is a singular 1-simplex in X, but since both the endpoints are the same, the
boundary of that 1-simplex will be 0. Therefore, it is a 1-cycle. So, if we have a loop w, I will
denote the (w) to be the element represented by this w in H1(X ). The [w] will denote the element

represented by w in 1 (X).

So, starting with an element in 71 (X ) namely [w]to (w), I get a function from 71 (X)to H1(X). 1
want to claim, first of all that this is well defined. In other words, if w; and w2 are path homotopic
loops, i.e., they represent the same element in 71 then as 1-cycles, they should represent the same

element in H1, that is what we have to prove. Otherwise, the function will not be well defined.

After that we want to prove that this function is actually a homomorphism and then of course we
will prove that this homomorphism is surjective and so on. So, this homomorphism is called
Hurewicz homomorphism. So, let us do all these things now elaborately.
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Letw;: T = X be any two paths so that w) s is defined, Then
a5 2 singular 1-chain, wy # ws = wy = & nulkhomologous

b e ot e e o e M T TR G )
The first lemma is that suppose, w;, % = 1, 2 are paths in X such that their composition is defined.

That means that endpoint of w; is the starting point of wo. Then wy * wo is defined. As a singular 1



-chain you can take w1 * w2 — w1 — wo. This 1-chain is null homologous. So, this can proved by 2
-chain in X such that its boundary is this given 1-chain.
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Prool: The proof s obwious from Figure 21 which defines a
singular 2-simplex o . &3 — X such that

iy W s = -l

k

)

So, this is the starting lemma. The proof is completely obvious if you look at this picture.
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Figure 21 Cham equivabence imdér subdinsion

In this picture, we have this triangle. I have cut it into 2 parts. Its vertices are eg, €; and e2. From
es, you draw a perpendicular to the base edge [eq, €1]. The base edge is divided into 2 parts, the
first part will take w1, second part will take ws so that the original edge [eo, €1] is the domain of

w1 * wa. Also put wy from €g to ez here in this way and w» from e to €1 here this way. So, if you



trace the boundary of this 2-simplex eg to e; to ez back to e, what you get is the l-chain
w1 *wy —wg —w1. So, point is that I can fill up this whole triangle there. viz, extend
continuosly, the function defined on the boundary to a function into X. How do I do this? Draw
the perpendicular divided L from the vertex eo. Then the triangle is divided into two parts. In the
first part, every point lies on a line segment joining €g to a point p on L and define the function to
be wi as shown by the arrow. In the second part, every point line on a segment joining p to e,

define the function to be w2 as shown by the arrow. The proof of the lemma is over.

However, if you are not convinced with this kind of geometric argument, you can better.
However, the geometric argument given above is actually necessary at least to get the idea how

to fill up the triangle.

But finally, what you have to do is to explicitly write down the formula for the continuous

function. I have been training you in this respect, so that you must be able to write down this

formula on your own. Here is the formula for the 2-simplex o.
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Indeed, with the convention that ¥, & = L0 < fg b, t < 1, we
hawir

'II -;r] Mo = H.

Ty

o
ol tgeg + fyeg = fes) ]
w2\

.’_,_. '] eh

The lemma follows L]

)

Every point in this triangle is uniquely expressible as 2 = to€o + t1€1 + t2€2, where Z ti=1
and to, t1, t2 are all between 0 and 1 (the triangle is the convex hull of the three vertices.) This is,

by definition the geometric realization of a standard 2-simplex As. In that expression, z will be in



the first half of the triangle iff to > t1. 2 lies on [eg, e1] if t2 = 0, on [eg, €2, if t1 = 0 and on
[ea, e1]if tg = 0. Put o(tgep + t1e1 + taes) equal to w or we according as z is in the first half of
the triangle or in the second half. But you have to reparametrize. So, check whether this is done
correctly or not. There may be some typos and so on. So, you have to check that this is the

correct definition.

Of course, you can immediately realize that this is not the only unique way to do it. You may
have different formulae. This is one neat way. So, what we have proved is that subdivision of
path gives a homologous element. Take a path and subdivide it. Then think of this as a
conctanation of the parts. As a chain you get a sum which is homologous to the chain represented

by the original path.

This idea descends from the experience we have in line integrals. The integral on the entire path
is equal to sum of the integral on the subdivisioned paths. So, that is the kind of thing that is
happening here. So, in homology, this is what subdivision gives you. We will do more
sophisticated things soon.
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Thearem 5.1

The assignment [i2] = (w) defines & functorial surjection
g i (Xom) = Hi(X) ] = ().

whose kernel & precisely the commutator subgroup of =(X. x).

[ Thus  delines Hi(X) as the abeliamzation of =y(X, %).)

®




So, next theorem is that the assignment [w] to (w) defines a functorial surjection from 71 (X, )
to H1(X), (it is denoted by a ¢(|w]),) whose kernel is precisely the commutator subgroup of
1 (X y .730).

The functoriality is easy to verify. Thus, ¢ defines a surjective homomorphism with its kernel
precisely the commutator subgroup means what? 71 modulo its commutator subgroup is nothing
but the abelianization of 7. It is isomorphic to H, by the first isomorphic theorem. So, Hj is
abelianization of 7. That is very easy to remember. H is by definition an abelian group. It is
actually the abelianization of 71 is the final result here. Let us go ahead and prove this one.
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Proof: The first thing to do (s to show that .2 is well-defined, (See
Figure 22.) Let H . [ 1 -+ X be a path homotopy of wy with wy.
Consider the following triangulation qf T = 1 The vertex set of the
simplicial complex K consists of paints,

vy = (0,0), v = (1,00, = (1. 1) and vy = {0,1).

e e T L

The first thing to do is to verify that ¢ is well defined, without which we have not yet defined the
function. So, let H from I x I to X be a path homotopy from w; to ws. Consider following
triangulation of I x I; the vertex of the simplicial complex K consists of these four vertices,
vo = (0,0),v1 = (0,1),v2 = (1, 1) and vy = (0,1) and five edges
{vo, v1}, {vo, v2}, {vo, v3}, {v1,v2} and {va, v3} and the two obvious triangles. {vg, v1, v2} and
{vo,v2,v3}. I x I have to be triangulate and then look at the homotopy H and think of it as a
sum of singular 2-simplexes. That is what I am trying to do.
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Wy 0, )

Figare 22 Hurewice map i well-dédined

O]

So, put « = H o [vg, v1,v2] and 5 = H o [vg, v2, v3]. We claim that O(« + ) = w1 — wa. That
means that w1 — ws is null homologous, or equivalently, w; is homologous to wo.
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The edges are {w, v}, {vi. ). [, ), (v, ve} and {v,m]
The 2-simplexes in [K] are {vs, v, 5} and {vg, w, %} Let

o, By =+ K be defined by o = [u. v, 'n',\ln.-f |'fTr- W, )
Consider the 2-chain in X given by 7= Hoa + Ho 4, We claim
that (7} = wy = ws and that will show that (ws) = (i) in Hy(X)
First observe that My, and Hly, are constant maps at %. Thus
How.w] = H o vy, v Now

r) = Holwy, va] [, val (v, w]) (v, ][ v+ [ )
which is easily seen to be equal to
Ho [1.\].1.'1] + He |'."r.1rq] Wy = b,

Therefore 2 1 welltefined k

.'.)
By the very definition a homotopy of two paths has a property that on the end points the homo-
topy is a constant. This just means that H o [v1, v3] and h o [v1, vo] are singletons and hence they

are degenerate 1-simplexes.



What is 9(«)? It is H o 9([vg, v1, v2]). Now O[vg, v1, v2] is [v1, v2] — [vo, v2] + [vo, v1]. Similarly,
O[vg, va, v3] = [v2, v3] — [v0, V3] + [V, v2]. So, [vo, v2] occurs with opposite signs and cancels

out. It follows that O(a + 8) = H o [vg, v1] + H o [vs, v3] = w1 — ws.

So, we have verified that ¢ is well defined. Now, the first lemma will tell you that phi is a
homomorphism. Functoriality of ¢ is something which is totally obvious here. But I will leave it
to you to think about that. So, you think about it and write down a proof.
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Therefore 2 i5 well-dehine,
|t P btchebnt Lt b biirnees o Lhon ] et A T I ML Gl

Now the Lemma 5.1 immediately yields that = & a group

homomaorphism

The functariality of 2 & left to the student as a straightforward
RIS b

We shall denate =X, xa) simply by =y and Hy{X) by Hy, for the
rest of the proot

¥l
For the rest of the proof we shall use a lazy notation 71 for 71 (X, 2¢) and H; for H1(X). Also, in
the diagrams if I write the full notation these, it will be difficult to adjust within a slide.
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Lt ¢ gy — .'...’" denate the canonicil quotient bomomorphism
of 7y anta the abelanization of wy. Since Hy is an abelian group, it
follows that, 2 | 7y — Hy factors through the abelianization to
defing 3 homomorphism

e —)

such that & o ¢ = . It remains to show that, ' Is an
fzomarphism

2
Let ¢ from 71 to (" denote the canonical quotient homomorphism obtained by taking the
quotient by the commutator subgroup [m1,m1] So, 71°° denotes the fundamental group

abelianised, namely, the quotient of 71 by the commutator subgroup.

Now H; is an abelian group. Since any homomorphism from any group to an abelian group
always factors down on the abelianization, it follows that ¢ factor down to give a homomorphism
¢’ from 71"116 to H; such that ¢ = ¢’ o <. Our claim is that this ¢’ an isomorphism. Instead of
proving that 7’ is a bijection, what I am going to do is to produce an explicit inverse for ¢'.
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We shall construet an explicit inverse to '

Far each x £ X, choose an atbitrary path w, from i torx in X
except that, wy; should be chosen ta be the constant leop at
To each singular 1-simplex & in X, defing #{) to be the chement
in :l‘r' represented by the loop wy =+ () ! wihiere a = af0) and
b= afl). Then f extends to a hemomorphism @ : 5y(X) — .'E'n
We will show that 8 o I 5(X)) = (0). Then it would follow that #
defines a homomorphism, denated by 0 ¢ Hy(X) = %, This
hemomorphism is then easily seen to be the inverse of



So, how does one do this. We use the typical calculus experience here especially the one in
constructing primitives. We have fixed a point o in X. Use path connectivity of X. For each z in
X, take a path from xo to = and call it w,.. There are many paths. You take anyone. However, Let
us resolve not make life complicated. So, when you joining x¢ to x, just take the constant path at
T, that is the only specification. You could have taken any other loop there is nothing wrong but

do not do that just to keep things simpler.

Now let o be a singular 1-simplex in X. What is the singular 1-simplex? This is just a path in X.
It has a starting point a and an end point b, say. There are paths from ¢ to both of them. So, I am

going to define #(0) to be the element in T3P represented by the loop wq * 0 * Wy L

Start from o, trace the path w, then trace o and come back to x¢ via wpi . That loop represents
an element in 7. Take its image under % in the abelianization. That is #(c). Thus we have a set
theoretic function from the basis of S7(X) into the abelian group 7%, So, 0 extends to a

homomorphism, I am writing it as 6 itself, from the free abelian group S1(X)to 7%,

Note that if we had stopped at 71 level, since 71 may not be an abelian group the set theoretic
function may not extend to the hole of S;. We claim that 6 vanishes on 9(S2(X)) and hence
defines a homomorphism 6 from 7T(11b to H; and that Ofrom here to here is the inverse of ¢'. So,
let us verify that one by one.
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For any singular 2-simplex = : Ay —+ X, we shall prove that
(7)) = 0. Let v(es) = a, 7(ey) = b. and (&) = ¢ Let
F' oAy —+ Ay be the face maps F° : B™ < E™ as given in 311

Then

0D(7)) = wlwas (vo B o (o F) s (3o F') o ) )
Since (30 F2)a (y0 F% e (o F')isa null hamotopic lagp, it
follows that the term an the RHS above is zero. Thus # is well
defined

| e 1 et et oo Fopesmie o Voihm R At i A G

B .
Take any singular 2-simplex gamma from Ag to X. If I show that 6(9(o)) is 0 then, since So is
generated by all these 7's, i.e., every element of S5 is a finite sum of such 7's that will prove that

theta vanishes on 9(52(X)).

Let F' be the standard face operators that we have been using all the time in the definition of 0.
Then O(y) = v o (F° — F' + F?). To define 6 of that, you have to join the end points of these 1-
simplexes to the base point xo. Because the boundary of any 2-simplex is a cycle, you can treat it

as a loop at some point a. Therefore,

0(O(7)) = Y(wa * (Yo FO) x (Yo F1)7h) % (v o Fo) % wy ),

But the loop (70 F°) * (yo FY)™ 1) % (yo F») in X is the boundary of gamma defined on Ao
and hence is null homotopic in X. So, its conjugate is also null homotopic. Therefore the term on
RHS is actually 0. I said that this element in 71 (X) itself is trivial. So, when you go to 7% this
will go to 0 element. That proves that 0 is well defined.

(Refer Slide Time: 28:43)



It remains to venly that o = (') I

Given [r] & w1 X, xa). ([ 7]) 18 represented by the Lcycle © itself
Thl:scfure.ﬂ;i;[rﬂ e(|z]) in '.f"l[»"dh.

On the ather and Rivien any plismient A ¢ H-| ripresented by a
cyche = 3, A, Lemma 5.1 shows that (3, 0, )) represents
the same clement A, since all the extra edges introduced along
paths &' 5 cancel out in pairs. This means that o' o B(A) = A and
s0, = (i)} o

,) i 1 Sl (g ol Ciprimis o i e L A RN TRC RS
It remains to verify that 0 is (¢') . Given [r]in m1 (X, z0), #(7) is represented by the 1-cycle 7
itself. You see what is definition of ¢? ¢ is just the be round bracket of a square bracket.
Therefore, I do not have to search for some w, etc here, to define 8, 7 being already a loop at x.

0(¢[7])is (7) itself. That shows that d o ¢’ is the identity of 7%,

Finally to show that ¢’ o = Idp, start with a L-cycle in X, ¢ = an/\z For each Ai, I am
introducing paths from g to the starting point as well as the end point of A;, and converting them
into loops based at xo. As a chain itself, all these extra 1-simplexes will cancel out in pairs, since
c itself is a cycle. So, without loss of generality, I can assume that all the ), are loops based at .
Therefore, we get a loop omega based at x¢ viz., composition of (A)"? in whichever order you
please. it follows easily that ¢[w] = 6(c) and ¢'th[w] = c. Recall that introducing extra edges

suitably is a technique we learnt in complex analysis.

This result about the relation between 71 and H is very useful in algebraic topology. Let me take
a few more minutes and give you one small application of product of CW-complexes. Again, this
result is already familiar to you and not a new one, though arrived in a different way.
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As a simple application, we can néw compute the CWechain
comples of 5 x 8", Recall (see Example 1.5} that treating 5" as 2
CWecomplex with a single 0-céll and a single 1=cell, the product
EW-complex will then have a single O-cell and two 1-cells and a
siugh;- 2ecell, It follows that G = 2, Gl=20%, G = Z and

Cy = 0for g > 2 It is also clear that f : €y -+ Gy 5 the zera

map, Mow dh: G G is given by the degree of two maps

abtained by composing the attaching map §' = d(f % 1) — &' v &'

with the two projections 5 v 51— 5!

o bt e o Dnpatons s i e e T i) T G|
T
So, let us compute the CW-chain complex of of the 2-dimensional torus, S* x S'. Recall that we

have given S' a CW-structure with one O-cell and one 1-cell. The product CW-complex will then

have a single O-cell, two 1-cells and a 2-cell. That is the product CW structure on S x S&.

So, it follows that the associated CW-chain complex should have Cy, C; and Cs respectively
equal to Z,Z* and Z. (I should actually write CC" (S! x S!) but I am just writing a short
notation here.) And Cj is 0 for ¢ > 2. It is also clear that the boundary operators d; from C' to Cy
is the zero map, because the vertex set is a singleton and the attaching maps for 1-cells have to
the same constant function. So, when you take the boundary, it becomes point minus point, and
cancels out. So, on both the generators of C, the boundary map will be 0. So, the entire boundary

dy from C1 to Cy is the zero map.

What is the boundary map from ds from Cs to C1? There is only one 2-cell. The characteristic
map for this is the product T x I to S* x S?, of the two characteristic maps of the 1-cells, I to
St x st
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We have seen that the attaching map which 1 actually the

haunclary of the product af the two characteristic maps of the

1-calls, represents the element s 'y ! in (B ."'Il Passing

onto the hemology via the Hurcwicz map this represents the trivial

element in Hy (5" v 51). It follows that the two degrees are zeta

and hence fh = 0, Therefore. the CW-chain complex of 5 » 5!

looks ke k

P—el-eT—0

We have also seen that the attaching map of this 2-cell is the map S' to S* v S* representing the
loop zyxzy ' in 7 (S' v S'), where x, 3 represent the elements given by the two inclusions S' to
St v St I have also elaborately explained how to compute the boundary map in the chain com-

plex C¢W.

So, look at the attaching map there and take projections to each of the two factors S* and
compute the degree of each of them. Then you can determine the function da. This boundary loop
will have to trace the first factor once in a particular direction, then the second factor followed
again by the first fact in the opposite direction and finally the second fact in the opposite
direction. « in the opposite direction and y in the opposite direction. This is easily understood the

process of obtaining the torus as a quotient of a rectangular piece of paper.

So from Hy (XM, X©) = H,(S' v S') iff you project onto Hi(S'), the result will be zero
under both projections,  and —x (and similarly, ¥ and —¥) cancel out. Therefore, the d2 from Co
to O is the zero map. The the entire chain complex looks like ...0 — Z — 0 — Z* — 0 — Z,
Therefore, kernel of each d; is the entire domain and the image of each d; is zero. Thus the

homology groups of S' x S*are Z, Z?, Z and zero after that.

So, let us stop here. Next time we will be doing several of the proofs that we have postponed

while doing homology theory. So, we will go through some of the proofs. Thank you very much.



