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Module-29 More examples of Excision

In practical situations, often X;, X; are closed subspaces and hence
the above theorem cannot be applied immediately. Then the
theorem below comes to the rescue. We need to prepare ourselves
with yet another important result.

Lemma 39

Let AC X be a closed and inclusion map a cofibration. Then the
quotient map q : X = X /A induces isomorphism in singular
homology, q. : Hi(X,A) = H,(X/A;#).

Last time we introduced the notion of excision, excessive couples, gave two easy examples of
excessive couples, namely, {D",R™\ 0} that is one such pair; and another pair was
{S™\ N, the upper hemisphere}. In practical situations often X; and X5 nice subspaces often
closed subspaces covering the entire space but they may not satisfy that their interiors cover the

whole space. So, you cannot expect expect theorem to be directly used.

So, we have to do a little bit of circus here. So, there are quite a few situations which can be
taken care by the following lemma, which is quite an important result, namely: Suppose A is a
closed subspace of X, and the inclusion map A to X is a cofibration. Then the quotient map ¢
from X to X/A induces isomorphism in the singular homology; ¢. from H,.(X,A) to
H,(X/A, {+})1is an isomorphism. Here I have denotes the point { A} in the quotient space by {*}

, since all points is A are identified to a single point in the quotient space.



One may anticipate that the relative homology is always the same as the homology of the
quotient but there must be a slight modification. The role of taking the relative homology of
(X/A,{+}) as we have anticipated is same thing as taking the reduce homology of X/A,
H.(X/A,{x}) = H.(X/A). But without the cofibration condition such a thing may not be true
in general. So, the relative homology is not the same thing as the homology of the corresponding
quotient space in general.
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We need to recall some important results from Part-|

Exercise 3.2

If A< X is a cofibration, then CA <p X U CA'is a cofibration,
where CA denotes the cone over A,

(This statement was an exercise in Part-l. For those of you who
have missed it, please try it now as an exercise,)

We need to recall some important facts from part I to prove this lemma, some of them not so
results. The first thing was an easy one and it was left as an exercise in part 1. So, I will leave
this as an exercise here so as to just refresh your memory. You worked it out as an exercise.
Namely, if the inclusion map A to X is a cofibration then the inclusion map CAto X UCA is
also a cofibration, where C'A denotes the cone over A. A is already a subset of X. Only on the
part of A, you take the cone okay? So, X UCA contains C'A and the inclusion map is a
cofibration.
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Theorem 3.8

Let A= X be a cofibration.
a) Aisa WDR of X iffit is a DR of X.

(b) If A is contractible, then the quotient map q: X — X /A s a
homotopy equivalence.

(¢) If{ag} < A is a SDR, then the inclusion (X, a) = (X, A) is
a homotopy equivalence,

The second thing is if A to X is a cofibration and if A is contractible then the quotient map X to
X/A is a homotopy equivalence, okay? So this is theorem 3.8 or some other theorem perhaps
from part I. Here I have quoted the entire theorem for your ready reference. We need only the

part (b) of'it.

So, here in the above lemma, there is no hypothesis that A is contractible. Yet you can get
homology isomorphism. The trick is to use this fact that C'A which is a cone over A is
contractible. Okay? So you can put this exercise and Part (b) of the above theorem, and get

something. Okay? So that is what we're going to do now.

So, proof of lemma 3.9, this lemma we're going to prove okay? g¢. from H,(X,A) to
H.(X/A,{x}) is an isomorphism. So, I recall what is the cone over A. The cone over A is the
quotient of A x [0, 1], where A x {1} is identified to a single point. Note that A is identified with
the image of the subspace A x {0} under the quotient map, via a going to g(a, 0). By the theorem
quoted above, by part (b) okay, this one combined with exercise 3.4 okay, we get that the
quotient map p from X UCA to X UCA(collapsing C'A to a single point) is a homotopy
equivalence, because C'A is contractible and the inclusion map C'A to X U CA is a cofibration.

So, this quotient map p becomes a homotopy equivalence, okay?



Next to apply the excision theorem, what do you want to do is: X7 equal to (X U A) x [0,1/2],
and X5, equal to C'A. Then it follows that X U C'A= interior of X union interior of Xs, the
interiors cover the whole thing. If you take the interior of C'A in the whole space it is equal to
CA\ (A x {0}) and hence is open. And interior of X7 is X U [0,1/2). So they cover the whole

space.

Moreover, there is actually a strong deformation retraction of the pairs (X, X; N X5)to (X, A).
Yeah, X contains only the bottom half of the cone, A x [0,1/2] So, you can push the whole
thing back to X, via (a,t) — a. So, that gives a deformation retraction which is identity on X.
X1 N Xy goes inside A x 0. Therefore, the inclusion map here induces an isomorphism from
H.(X,A)to H.(X1, X1 N X2) which I have denoted by . Okay, so, step by step we have to
build up this final isomorphism namely g,.

(Refer Slide Time: 09:52)

n Lactores on Algebraic Topobagy Partll NPTEL Coune

Consider the following diagram

H, (X, A) —E— H,(X/A,%)
* h.
- ) '
Hu(X1, X, 1 X3) —== H.(X U CA, CA) 2 H,(X U CA/CA.3)
A P 4
H.(X U CA,%)

in which we want to prove that q. is an isomorphism. We have

)
So now, with all this background, let us consider this somewhat complicated looking
commutative diagram. The top arrow here is what we want to prove to be an isomorphism. To
monitor Left most arrow is the isomorphism alpha that we saw. The right vertical arrow is
actually indiced by a homeomorphism. A is a closed subset of X and you are collapsing it into a
single point which is the same thing as first putting your cone over A and then collapsing the

whole cone to a single point. Just the inclusion map X to X UCA itself induces the



homeomorphism A of the corresponsing quotients and h maps the special point to the special

point as well. So, h, is an isomorphism in homology.

Now, you can come to the second row here. The first arrow 7 is the isomorphism given by
excision theorem. Okay? Now, what is this upward vertical arrow (3? This is the inclusion
induced morphism. Since C'A is a contractible, if you use the homology exact sequence of the
two pairs, you will see that every third map will be a zero morphism and the next ones will be
identity ismomorphisms. Therefore, 3 is an isomorphism. Indeed both domain and codomain of
beta are isomorphic to the reduce homology H, (X U CA). Finally, we have already seen that p.,

is an ismorphism since p is a homotopy equivalence.

It follows that p/ whatever this map p’ is, again a quotient map where C'A has been collapsed to a

single point. Thus the morphism g, is an isomorphism, since the entire diagram is commutative.
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Let A<+ X be a cotibration.

(a) Aisa WDR of X iffitis a DR of X,

(b) IFA is contractible, then the quotient map q : X — X /A is a
homotopy equivalence. L}

(c) If {ag) =» A is a SDR, then the inclusion (X, a) — (X, A) is
a homotopy equivalence

| Asin | otk Lrwrt o npuinen of Mot LIRS Al Tpeogsc PR AP Cone
Proof: (of lemma 3.9 ) Recall that CA is the quotient of A x [0,1)
where we identify A x {1} to a single point + and A x {0} is

identified with the subspace A C X. By Theorem 3.8 (b),
‘) combined with the exercise 3.2, it follows that the quotient map

a VA Vit PAIPA ta a haceabani: anilialanas

Thus you see that it takes so much effort to show that the ¢, from H, (X, A)to H.(X/A, {x})is
an isomorphism.
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Lemma 3.9

Let AC X be a closed and inclusion map a cofibration, Then the
quotient map q : X —» X/A induces isomorphism in singular
homology, q. : Hi(X,A) = H,(X/A; '}.

 Aat R St Lo Fehon Dt of Mithn LR S gt ooy PR NPTEL Commen |
We need to recall some important results from Part-I:

Exercise 3.2

) If A<+ X is a cofibration, then CA < X U CA is a cofibration,

wihava FA danabar tha sana avae A

To sum up what we have is: whenever A is closed subspace which is contractible and the
inclusion A to X is a cofibration, then the quotient map induces isomorphisms of homology
modules ¢, from H, (X, A)to H.(X/A, {*}).
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Theorem 3.9

Let X = AU B, where A, B are closed subspaces. If A< X or
B < X is a cofibration, then {4, B} is an excisive couple

®
Now, let us see how we can proceed further. Now, come back to the situation of Excision.
Suppose X is AU B, where A and B are closed subspaces. If the inclusion map one of them A to

X or Bto X is a cofibration, then { A, B} is an excisive couple.

How are we going to prove this? We don't know whether interiors of A and B cover X. If that is

the case then we can directly appeal to the excision theorem. I have already illustrated this



situation namely, when you have written sphere as the union of upper hemisphere and lower
hemisphere. But here, we cannot do that. So, there are many other situations like this. So, an
alternative approach is that they are closed subspaces and the inclusion map of one of them is a
cofibration.
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Proof: We shall prove condition (e) of Lemma 3.8. This is the
same as showing that H,(B,BNA) = H,(X,A) is an
isomorphism. Note that A< AU B is a cofibration implies

B A« Bis acofibration, We now consider the quotient map

q: X = X/A. Since B is a closed subspace of X, it follows that
the restriction ¢’ : B — X/A = B/B Als also a quotient map
From the above lemma, both g, q" induce isomorphism in the
relative homology and hence we are done &

Y

L e e T P T o]
We shall prove condition (e) of lemma 3.8. Remember there are 5 different conditions for
Excision okay? So, you can use one of them any one of them. So, condition (e) seems to be
suitable now. Assume for definiteness that A to AU B is a cofibration. So we shall show that
the inclusion induce morphism H.(B, BN A) to H.(X, A) is an isomorphism. Note that A to

A U Biis a cofibration implies B N A to B is a cofibration. Okay? Take this as an exercise here.)

So, we have A to AU B is cofibration, and B N A to B is a cofibration. We now consider the
quotient map X to X/A. We want to use this lemma. Since B is a closed space of X it follows

that the restriction ¢’ of ¢ from B to X /A is also a quotient map.

From the above lemma, ¢ and ¢’ induce isomorphism of the relative homology. But we have
already seen that the two quotient spaces are the same.
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Corollary 3.2

A pair { Xy, Xo} of closed subspaces of a space is an excisive couple
for singular homology under the following conditions

(a) (X, Xy N Xp) is a relative CW-complex fori =1 or i =2,

(b) X; = |K;|, wher} K; are simplicial subcomplexes of a simplicial
complex K with |K| = X.

0
So, here is a corollary. Take a pair { X7, X2} of two closed subspaces of a space X, okay? This is
an excisive couple for singular homology under the following conditions, (a) or (b) whatever.

(a) (X, X1 N Xy)is arelative CW -complex fori = 1, 2.

(b) The other one is simplicial complexes X; is mod(K;), where K; are subcomplexes of a

simplicial complex K with mod(K;) = X;,i = 1,2.

You have proved that inclusion map of any sub complex whether it is a simplicial sub complex
or a CW sub complex into a larger complex is always a cofibration. So this Corollary is a direct

consequence of the above this theorem. This is a very useful result.

Thus CW compelxes and simplicial complexes are a rich source of cofibration and many
fundamental results were invented about them in the beginning. For instance historically, I think
it was Van Kampen who proved his version famous theory about fundamental groups of

simplicial complexes.

It was Seifert who gave a much general version. Of course, they didn't collaborate with each
other, it is not a joint work, though the theorem is usually called Seifert-Van Kampen theorem.
In Europe they will use the name Seifert, whereas in America they call it Van Kampen's theorem.
That is just a small historical digression.
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Proof; For (a), use Theovemg 1,13 and 3.9. Statement (b) is a
special case of (a) 4

9
So, finally, let us produce this ready made long exact sequence due to Mayer-Vietoris. But this is
just another step in just putting thing in an orderly fashion so that it helps to compute homology.
So, we should concentrate on putting the Excision theorem to good use by first deriving an

important ready to use result.
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Mayer-Vietoris

We shall now concentrate on putting the excision theorem to good
use, by first deriving an important ready-to-use result

If { X1, X} is an excisive couple then, in the long exact sequence of
homology groups given by (16), we can replace the groups
H.(5.(X1) + 5.(X2)) by H.(X; U Xa) to obtain the
Mayer-Vietoris sequence

b Mg 0 X0 S G 0 X) S MG ) DMK S WLk )
s 0 U Xg) S Mg 0 Xy) s LX) @ Hy(Xg) == PolX; U X5)

with
i(2) = (2, =ha2),  jol21,22) }1.Zr~j_n23 (18)

®

So, start with { X7, X5}, an excisive couple. Whether they are open subsets or satisfy cofibration
etc is immaterial now. In the long exact sequence of homology groups numbered (21), namely
associated to the short exact sequence 0to S.(X; N X3)t0 S.(X1) B S.(X2)to S.(X1) + S.(X32)
to 0, we can replace H.(S.(X71) + S.(X2))/H. (X1 U X5) to obtain a long exact sequence called

the Mayer-Vietoris sequence associated to the excisive couple { X7, Xo}. X7 and X5 that is the



gist of the excisive couple expression the statement excisive couple actually took up. So, what
we obtain is H, 1 of the union instead of a H;41(S(X1) + S(X2)), then there is this connecting
homomorphism to H;(X; N X2) okay. So, one index lower then it will come continue H; have
this one, this i, is the inclusion remember, X, Xo. What is this one, they say? Inclusion, i, is two

start, then j, is inclusion and a; — as.

So, I have given you the formulae for all the morphisms. i.(z) = (i1)«(Z) — (i2)«(z) and
J«(2) = (j1)«(2) + (j2)«(2), (Earlier I had taken plus in the first and minus sign in the second,
Here, I have deliberately interchanged them just to point out that both are valid, no problem at all

okay?)
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where,
B XNXe= X, :XnX =X

n Xi = X U Xs, ].Lx_v » X1 U X3

are inclusion maps. The Mayer=Vietoris sequence is one of the
major ready-to-use-tools in computing homology.

Y

v,
So, where what are these i1, 72 and ji,j2? They are all inclusion induced maps of the respective
spaces involved. Okay? So Mayer-Vietoris sequence is one of the major ready to use tool used in

computing homology.
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As a simple consequence of Mayer-Vietoris, we shall prove:

Theorem 3.10

(Homology suspension theorem) Let X be a topological space.
Then there is a canonical isomorphism

S Ho(X) = Haa(8X), 020,

where SX denotes the suspension of X (SX = 8%+ X).
As a simple consequence of Mayer-Vietoris sequence, we are going to prove the result below.

But that way we'll do next time. We'll stop here.



