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Module-9 Product of Cell Complexes-Continued

In a locally countable CW-complex X, every point x is contained in
a countable subcomplex which is a neighbourhood of x in X.
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Module-§ Product of Cell Complexes

Let us continue the study of products of cell complexes. Indeed, last time we already

introduced a new definition, viz., the concept of local countability, okay? This includes

locally finiteness as well as global countability as special cases. So, what is the condition?

Every point is contained in a countable subcomplex and that subcomplex must be a

neighbourhood of the point in the whole space okay. 'Local' means that it should happen in a

neighbourhood, so the word neighbourhood has to come here, okay? Sorry, this was the

statement of the lemma.
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Definition 2.8

A CW-complex, X is said to be locally countable, if every open cell
meets only countably many closed cells.

L
Remark 2.11

It is easily checked that this condition is the same as saying;
every closed cell meets meets countably many closed cells

tures on Algebrak Topology, Part-Il NPTEL Course
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The definition of "locally countable' is that every open cell meets only countably many closed
cells. Now, we are going to prove this lemma here okay? This justifies the name of the
definition. Obviously, every point will meet only finitely or countably many closed cells, that
will be also true okay? So, you could have taken this condition as the definition, that every
closed (or open) cell meets countably many closed cells okay? "Every open cell meets
countably many open cells' would be wrong, because no open cell meets any other open cell;
open cells are mutually disjoint, okay?
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. and Kp be any finite
subcomplex containing ™. Now for each closed cell e whiqh
intersects int ™, there is a finite subcomplex that contains the
closure of e*. Take the union of all these finite subcomplexes to
get a countable subcomplex Kj. Carry on with this procedure to
define subcomplexes,

Proof: Let x belong to the interior of ¢

KoC Ky C-+-
and take K = U,K,. Then clearly x € Ko C K and K is a
So, let us let us prove this lemma. First of all, each x € X belongs to the interior of a unique

cell, say, interior of €"". Let Ky be any finite subcomplex containing e"*. What we have to do?
Are you sure that there is a finite subcomplex containing e™? All that you have to observe is
that the closure of e, being compact, is covered by finitely many closed cells of dimension

less than or equal to m — 1, okay? Take the closure of all those and so on. You start with a m-



cell €™, you may have to go down, down, down, you know, whatever cells of lower

dimension than m which may intersect one of the previously taken cell.

(Added by the reviewer: In fact every compact subset is contained in a finite subcomplex).

So, there is a finite subcomplex because closure of v is compact okay. Indeed, in this way, we
get K to be of dimension equal to m. So, let us fix such a subcomplex K. There is no
uniqueness here. The problem is that you cannot stop here because Ky may not be an open

set in X, and so, may not be a neighbourhood of x in X.

Now for each closed cell e* which intersects the interior of €™, there is a finite subcomplex
that contains e*. How many such e* are there? Countably many, okay? Since there are only
countably many such cells, taking the union of all of them, we get a countable subcomplex

K containing K and which covers e™. Now I repeat this process.

I started with a point x which is in the interior of e, some m-cell, okay? Then I took a finite
subcomplex, which contains this €. Okay? Now, some higher dimensional cells may have
their attaching maps taking some values in the interior of €. okay? So you have to take, for
each such cell, a finite subcomplex containing that cell and take the union of all these

k

subcomplexes, where e” ranges over all those cells whose boundary intersects ¢"*. Call that

K, okay?

Now carry on with this procedure. What is K1? K3 is a countable subcomplex, okay? For
each of its top-dimensional cells in choose another countable subcomplex and take their
union to get Ko, containing Ky and so on. Finally take K to be the union of all these K,;'s. It
is clear that K is a countable subcomplex which contains the point x. The claim is that this K
is an open subset of X and so, it is a neighbourhood of x. Okay? To see that K is a

neighbourhood of z, what we will do?

(Refer Slide Time: 07:16)



ures on Algebraic Topology, Pwt:1l NPTEL Course

Anant Shastrl

8 Product of Cell Complexes

To see that K is a neighbourhood of x, start with the m-cell &

such that x € inta = Up. Then Uy neighbourhood of x in X(m)
and is contained in Ko. Let Uy be an extension of U to the next
skeleton X(™*1) as in Proposition 2.1, It is clear that Uy ¢ Kj.

Repeating this argument, for each i, we get an open
neighbourhood U; of x in X\™*1) which is extension of U;_; and
each U; C K;,i > 0. Therefcle. by theorem 2.3, U = U;U; will be
an open neighbourhood of x in X and U C K. L]

We can now give a number of instances when the product topology
coincides with the weak topology for the product complex X x,, Y.

We started with an m-cells o such that x in the interior of o, right? Call its interior Uj. It is an
open subset inside the subcomplex K, okay? K is by choice, an m-dimensional subcomplex

which contains the given m-cell o.

Now, we play the old game: let U; be the extension of Uj to next skeleton X ™). We know
how to extend open sets from one skeleton to the next skeleton right? As in the proposition
2.1. (So, this is going to be used again and again. Earlier, I have given a lot of emphasis on
this one.) Then this U; will be contained inside K, why? Because U; will take only parts of
those cells which will intersect Uj and hence portions which are contained in K ,. Repeat this
argument. What you will get? Each time you will get U; which is a neighbourhood of z inside

X (m+9) and which is an extension of U ._1, and each Uj is contained inside K;.

I am just using these U inside K,,,, U is an extension of Uy, U is contained in K etc., so the
inductive step is, okay, for each ¢ > 0. Therefore, by neighbourhood extension theorem, U
which is a union of U;'s is open in X, because its intersection with each X ) is U, which is
open in X (). And z belongs to U, and U will be contained in K, because U, is contained
inside K;. and K the union of all the K's, okay? So, many of these ideas must have been

clear to you, but you must now practice yourself writing down the proofs correctly.
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Ve can now give a number of instances when the product topology
coincides with the weak topology for the product complex X x,, Y.

Theorem 2.9

Let X, Y be any two CW-complexes. The product topology
coincides with the CW-topology on X x Y in the following
instances.

(1) X, Y are finite.

(2) X or Y is finite.

(3) X or Y is locally compact ( or equivalently, locally finite).
(4) X and Y have countably many cells.

Start with any two CW complexes, X and Y. The product topology on X x Y coincides with

the CW-topology on X x Y in the following instances (this is not an if and only if theorem,
mind you):

(1) X and Y are finite. (We saw this right in the beginning, Indeed, we know this for

(2) X finite or Y finite. Okay? Next,

(3) X or Y is locally compact (or equivalently, locally finite. This has also we have seen
earlier.)

(4) X and Y both have countably many cells. This is something new. The last statement is
the following.

(5) X and Y are both locally countable.

So, this is the best thing that we could say so far. This covers all the earlier cases. You will
see an example also to illustrate that the condition (5) cannot be relaxed further, okay. But
there may be other directions in which you may try to ensure the result. But if one of them is
not locally countable then the conclusion fails. Some particular cases may be there, in which

the product topology but in general this will not be true.

Parts (1), (2) and (3) are already seen. How and when? We have seen that if a complex is
finite then it is compact. Product of two compact spaces is compact and hence product
topology is compactly generated, and hence coincides with the CW topology. Similarly, X
or Y is locally compact and the other is compactly generated then also we have seen that
product topology is compactly generated. This takes care of the first three statements. The

first thing which we have not yet seen is the case when X and Y have countably many cells,



and the next one is when X and Y are locally countable, okay? So, (4) and (5) have to be
proved, okay?
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Proof: (1), (2), (3) directly follow from (a), (b), (c) of Cor. 2.3,
To prove (4), let W be an open subset of X x,, Y and

(%0, ¥0) € W be an arbitrary point. It is enough to produce
neighbourhoods U of xp in X and V of o in Y such that
UxVcw.

Write X = UpsoKu] Y = Up>ol, as an increasing union of finite
subcomplexes K,, L, such that xo € Ko, yo € Lo. First thing to
note is that the CW-topology on X (similarly on Y') is equal to the
coinduced topology by the family {K,} (by the family {L,},
respectively.)

Since K, and L, are compact, K, x, L, = K, % L,. Therefore,
Wn (K, x L,) is a neighbourhood of (xg, yo) in K, x Lp.

To prove (4), let W be an open subset of this CW complex X x,, Y. For each point (zq, yo)

inside W, a neighbourhood U of z, it is enough to produce a nbd U for xp in X and a
neighbourhood V' of yy in Y such that U x V' is contained inside W. If you have done this for
every point that would mean that, W is open in the product topology on X x Y. Okay? We
started with an open set W inside the CW-topology. Okay?

So, we use the hypothesis in (4) which says X and Y have countably many cells. So, write X
as a union of K,,’s and Y as a union of L,,’s, increasing union of finite subcomplexes. |
cannot take skeletons and so on here. Any countable complex, you know, is always a union
of finite subcomplexes, how? You enumerate all the cells, okay? Take the first cell it may not
be a subcomplex, but it is contained in a finite subcomplex K. Now, the union of K and the
second cell must be contained in another finite subcomplex. Okay? Take that as K. Like this
having constructed K;, take K1 to a finite subcomplex containing ; and e; . Thus, you
can always write a countable complex as an increasing union of finite subcomplexes. So do it

for both X and Y. We can further assume that x( and yq are respectively in K and L.

The CW-topology on X and similarly the CW topology on Y is coinduced from the
collections { K;} and { L, } respectively. Therefore to see that a subset is open or closed inside
X, I can intersect it with K, and see whether it is open (or closed, respectively) inside K, for

each n. Since K, and L,, are compact, K,, X L,, is compact and hence the CW-topology on it



is the same as the product topology, from (1). Since W is open in X X, Y, its intersection
with each K,, x L, is an open neighbourhood of (xg,yo) € K, Xw Ly, and hence in the

product topology. We now construct open subsets U and V' inductively.

But then each K, is again contain either a finitely many a covered by finite will be compact
since, therefore, it is equal. The first thing to note that CW topology on X and CW topology
on Y is equal to the coinduced topology by these families therefore to say something is open
or closed inside X7 can intersect it with K, and see that whether it is open or closed inside

K,, since K,, and L,, are compact.
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Inductively, we shall construct open sets U, Vi, in Ky, L, such that
Un”Kn 1 Un l-vn’“'«n 1 Vn |.€Ind

(XOvYO} EUpx VaC Wi (Kn X Ln)- (3)

We then put U = UpUp, V = U, V,,. We can then appeal to
theorem 2.3 to conclude.

We shall construct U, V,, with an additional property, viz., Uy, V,
are compact and R

Up % Vo C W (Kp x Ly) (4)

it R ShastoiRetired Emeritus Fellow Depatme { Mat her Le

Inductively, we shall construct sets U,, and V,, inside K, and L,, respectively such that

ctures on Algebraic Topology, PartIl NPTEL €

U,NK,_118U,_1, V,,NL,,_11s V,,_;. Then we put U equal to union of U,,'s, V' equal to
union of V,,'s. As before, we can appeal to theorem 2.3 to conclude that U, V' are open subsets
of X and Y respectively. So, that inductive step has to be done. Okay? For this we have to
use one more small topological trick. So, we shall construct U,,,V,, with an additional
property and that will help us to carry out the inductive step. What is this additional property?
viz., U,, and V,, are compact. So, in the construction we are going to make certain U,, and V},

have their closures compact.
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For n = 0, choose Up, Vp such that

(xo,yo)( Uo % Vﬂ( 00 X \70 cwW 'I(KD X Lo)

and such that Ug, Vp are compact. The construction for n = 0 is
over.

Having constructed U, and V,, satisfying (3) and (4), using
compactness of (J,, V,, we can now find open sets U/, V! | in
Kn+1, Lot such that

041( U:;.l- \7”: V;’”]‘ Un\': \-/n' W[‘(Kn-l "Ln-l)-

(See exercise 2.1) A
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So, for n = 0, what are Uy, V? They must be inside K¢ and Ly, right? x¢, yo belong to Uy, V)
respectively, Uy x Vj contained in W N (Ko x Lg) and such that such that Uy and Vp are

compact. How can you ensure this?

The points x( and yg are in some open cells, right? The closure of cells are compact right? So,
this is happening inside K and Ly which are finite CW complexes. So, that is why this is
possible, in other words, all that I am using here is that compact Hausdorff spaces are locally

compact also. So, I can do this one to be compact construction for n = 0.

So, now, assume that this construction for some n okay? Then, you will see that compactness
of U,, and V,, allows you to find open sets say U/ and V.| in K, 41, and L, respectively, so
that U), is contained here U, and V, containing V,  ,, U, x V. is contained in
W N K,+1. So this is a version of Wallman's theorem for compact subsets of the product

space. | have stated it as an exercise, okay?

I will just tell you what this exercise is. It is shared below as 1.6. Suppose you have a
neighbourhood W of K x L where K and L are compact subsets of X and Y, Okay? Then
you can get open subsets U and V inside X and Y respectively, such that K is contained
inside U, L is contained inside V, U x V itself is contained in the given neighbourhood W. I
repeat. Suppose, you start with the product space X x Y, arbitrary product space okay? (If
you want, you assume that they are Hausdorff spaces.) K and L compact subsets of X and Y

respectively, K x L is contained in an open set W of the product space. Then you can choose



open subsets U, V' containing K and L respectively such that 7 x V itself is contained inside
W, okay? So, this is what we have used here. U;, contained in U,,,; and V, ,; will mean K
and L,,y;, Okay.
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Now using Proposition 2.1, repeatedly, if needed, ( €52 )
we can extend U,, V, to open sets U, 1, Vi1 in Kpir. Lo
respectively, so that Up.y Ujyq and Vit ¢ Vi1 The
compactness of U’,., 1, Vi1 follows from the compactness of
Kni1: Lpg1. This completes the inductive step and thereby the
proof of statement (4).

actures on Algebraic Topology, Pet-1l NPTEL Course

Now use 2.1 repeatedly. You can extend U, V,, to open subsets U,,+1, Vi,+1 in Ky 1, Ly
respectively, such that Uy, 11 is inside U, . and Vior1 isin V, 1. The point here in choosing,
Up41 is that U, ; N K, may not be equal to U, but now U, 41 will have that property. So,
this was the gist of 2.1 right? You can extend... that means intersection with this one must be
equal to Un. So, U, and V, ,;, you know, are some arbitrary open subsets, larger than the
original ones, and so when intersected with the old one they maybe larger than the old ones,
that will cause problem. So, these extension proposition is needed. Now your problem is

Oover.

What we have done? I will just recall what we have done statement (4). If you have countable
CW-complexes X and Y, then the product topology coincides with the CW-topology. The
Sth one is easier, if you use the 4th one, okay?
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(5) Given (xo,y0) € X %, Y. by the previous lemma 2.10, there
are countable subcomplexes K € X, L C Y such that

X0 € K,y € Land K and L are neighbourhoods of xg and y,
respectively, in X and Y. Fix xo € AC K,yo € B C L such that
AC Xand BC Y are open. b

Now, let W be open in X x,, Y and (xo, y0) € W. Then

WNK x, Lisopenin K x,, L=K x L from (4). Therefore,
there are open sets U € K and V € L such that U x V ¢ W. But
then AN U is open in U and therefore open in X. Similarly, BNV
is open in B and hence open in Y. Clearly,

(%0.y0) € (ANU) x (BNV)C W. 'y

n Algebraic Topology, Part.ll NPTEL €

So, given a point (zg,yo) € X X Y, by the previous lemma, which we started with today,
there are countable subcomplexes K, L respectively in X and Y right? such that K and L are
neighbourhoods of x( and yy in X and Y respectively. Fix x( belonging to A contained in K,
and yg belonging to B contained in Y such that A and B are open subsets. That is possible
because K and L are neighbourhoods. Okay?

Now, essentially what we are trying to do is to reduce this problem (5) to problem (4), viz., to
the case when both of K and L are countable case, by replacing X by K and Y by L. But, we
still do not have that picture completely, because the final conclusion has to be for the whole

of X x Y, not for just K x L, right? So, this needs some argument.

So, let W be open in X x,, Y, the CW topology. Take (g, yo) belonging to W, okay? Then
W N (K x4 L) will be open in K x,, L which is equal to K x L by (4). Therefore, there are
open nbds U and V' of z¢ and yg respectively in K and L such that U x V is contained in W.
Then AN U is open U, okay? Therefore, it is open inside X. Similarly BNV is open in Y.
Now (x0, yo) belongs to (ANU) x (BN V) contained in W, okay. So, (4) actually helps to
solve this problem (5).
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Example 1,10

(Dowker [Dowker, 1951). This example tells us that we may not
be able to generalize the results in the above theorem any further,
Let N denote the set of natural numbers and £ denote the set of
all functions ¢ : N = N. Consider the real vector spaces R" and
R (direct sums) with the compactly generated topology.

Here is an example, due to Dowker, which tells you that if both X and Y are not locally
countable then product topology need not coincide with the CW-topology, okay? So, for this

we start with the following notation:

Let Euler font N denote the set of all natural numbers and £ denote the set of all functions ¢
from N to N. Consider the real vector space RY which is the direct sum of copies of R, as
many copies as natural numbers. Let R* denote the direct sum of as many copies of R as this
L, which is indexed by functions from N to N. On both these spaces, both, you give the
compactly generated topology, okay? We are now going to construct a subspace of this R
that will be called X and another subspace of R” called Y, with the subspace topologies,
which will be automatically compactly generated. Both will be I1-dimensional CW-
complexes. When we take the product of X with Y, the product topology will not coincide
with the CW-topology. So that is the idea, okay?
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Let vy, uy denote the standard basis elements in RN and RE,
respectively. Define

X={r,: neN0<r<1}cRY

Y={ry, : 0€L0<r<l1}C L’Qﬁ.

Then both X and Y are 1-dimensional CW-complexes which
are nothing but the 1-point-union of edges indexed by N and
L, respectively.

So, choose the standard basis elements for RY and R¥, namely, {v,,} and {u,}, respectively
indexed by natural number and functions ¢ from N to N. Now put X equal to all the line
segments emanating from 0 and ending at the point v,,. So, you can write them as rv,,, where
r 1s real number between 0 and 1. So, look at all of them. They will be incident at the origin of
RY, okay? and the other endpoint will be the vector v,,, okay? This is a 1-dimensional CW-
complex, okay, consisting of just edges, all of them having single point in common and
indexed by these vectors v,, themselves. Similarly, ¥ will consist of all points 74, where
0 < r <1 and ¢ ranges over all functions from N to N. So, it is exact similar to X, only the
number of edges here is very huge. Then both X and Y are CW complexes, and 1-
dimensional, Okay? And you can think of them as one point union of a number of edges.
Okay?
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We claim that the product CW-topology on X x Y is strictly
finer than the product topology, i.e., considered as a subspace
of R" x R*, Define

P={otn)= () + netoec),

Observe that P consists of precisely one element from the
interior of each 2-cell in X x Y, viz., p(n, ¢) € (0, v,,) %(0, uy).
Hence is a discrete closed subset of (X x Y),,. (See Lemma
18) A




The claim, as I have told you, is that the CW topology on X x Y is strictly finer than the
product topology. So, in order to prove that, we will display a subset P which is discrete
closed subset inside the CW-topology, but it will have the origin 0 as a limit point in the
product topology.

That subset P is precisely consists of points p(n, ¢), doubly indexed by n as well as ¢. What
are they? The first coordinate is v,,/¢(n) and the second coordinate is uy/¢(n), for alln € N
and for all functions ¢. So, this will be one of the points on the edge cross edge, okay? Each
p(n, @) is a point in the 2-dimensional cell in the product space, a 1-cell here cross a 1-cell
there, okay? As you take n and ¢ different, okay, say, n’ and ¢’, that will be in a different 2-
cell. So, all these points are in the interior of exactly one 2-cell, [0, u,] % [0, @], okay?
Therefore, by our old lemma, the set P is a discrete closed subset of the CW-topology on
X xY.
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However, we shall see that the origin 0 of R" x R~ is in
the closure of P in the product topology. So, let U,V be
neighbourhoods of the origin in R} and RZ, respectively.
Then for each n and each ¢, there exist r,, s, € (0, 1] such
that

{Avp : 0<A<SR}Cc U {Aug : 0<A<s}C V.

However, we are now going to show that the origin 0 in RN x R~ is the closure of P, with
respect to the product knowledge. What is the meaning of that? Take any open subset around
0 and show that it intersects the set P, okay? So, an open subset around O in the product
topology will contain a smaller open subset of the form U x V, where U is a neighbourhood
of 0 in RN and V is a neighbourhood of 0 in R¥, okay? Automatically, for each n and ¢, we
will have some 7, and s4 in (0, 1], numbers depending upon 7 and ¢ such that the entire line
segment Ar,v,, where \ varies from O to 1, is contained inside U, and similarly the segment
Asgug will be contained in V. This will be true for every n and every ¢.
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Consider ¢ : N — N given by

oo}

Clearly 1)(n) = oo as n = oo and hence we can choose m
such that ¢(m) > }L It follows that (;,-(l"—ljv,,,. F(l,;;u,:-.) €
PN(U x V). This proves that P is not closed in the product
topology R% x Rﬁ;.

Therefore, now, I can give you a sequence of points which conve;ge to the origin. So,
consider ¢ from N to N given by ¥ (n) equal to the maximum of the two numbers plus 1,
where the two numbers are n and the integral part of 1/r,. So, these two are some natural
numbers now, okay? Take the maximum and add one. Then v)(n) tends to infinity as n tends
to infinity because 1(n) is bigger than n. Hence, you can choose little m such that ¢)(m) is
bigger than 1/s,, as well as 1/r,,. Automatically, it follows that 1/t (m) is less than equal to
ry, and s4. Therefore, the point (v, /1) (m), uy/1(m)) belongs to P N (U x V).

So, that completes the proof of the counter example. Thank you.



