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Module 50 Construction: Simply connected covering

Let X be a locally path connected and connected space. Suppose
that, p: X — X is a covering projection with X path connected,
X) € X, % € X and p(%) = xo. Then the induced map

pe : P(X, %) = P(X, %) given by w - pow is a homeomorphism.

Continuing with the construction of simply connected covering spaces; recall that we made a
definition of semi-locally path connected, semi-locally simply connected spaces. Then we studied
the path space over such a space and showed that evaluation map is continuous there and it is an
open mapping also. So, this lemma today is a key to what we should expect, what we should
expect? So, where to look for the simply connected covering space for a given X? So, X is locally
path connected and connected space. Suppose P : X=X isa covering projection with X path

connected. Take To € X,Zo € X such that P(Zo) = Zo.

Then the induced map P : P(X,Z0) = P(X, o) namely, a path w going to P © w, So, that is the
map induced by p on the path spaces; this itself is a homeomorphism. Now, this lemma is not
essential for the proof or for the construction of simply connected covering space. But it tells you
where to look for the simply connected covering space. It tells you that it does not matter ,
whichever covering space you take, its path space is the “same’ as the path space of X. So, you do

not have to construct the covering space afresh; it is going to be a quotient to the path space of X.
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Therefore, the simply connected covering space if it exist, must be a quotient of the path space
itself; path space of X itself. So, this is the lemma which directs you to for that one. So, the proof
of this lemma that "homeomorphism’ is essentially to proving that this p star is also an open map;
which is somewhat similar to that evaluation map is an open mapping that we have done. So, I will
presently skip the proof of this one and go to the construction of a simply connected covering. If
time permits we can comeback to the proof of this one at some other stage. So, here is a proof but

I will skip this proof now; the proof has a nice diagram also here and so on.
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Covering Spaces and Fundamental Group

Remark 7.13

We have already proved that the evaluation map e : P(X,x) = X
is an open mapping. For a path connected space X this is clearly a
surjection as well. Therefore X can be thought of as a quotient
space of P(X, x). From the above lemma it follows that every
covering space of X is also a quotient space of P(X, x). Thus, if at
all, a simply connected covering space exists for X, then it has to
be a certain quotient of P(X,x). This is the main idea in the
following proof.

So, as | told you, we have already proved that evaluation map from the path space to X is an open
map. Open surjective, because X is path connected; therefore, X is itself can be thought of as a
quotient space of P(X,20). From the above lemma that just now which we skip, it follows that
every covering space of X is also a quotient of (X Zo). Why? P(X,%0) is homeomorphic to
P(X,Z0)and X is a quotient of P(X, Zo), Therefore, X is also quotient of £(X., o), Therefore,
let us work out, whatever we want to do with £ (X’ Zo) itself. That is the idea.(Refer Slide Time:
05:03)
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Proof of Theorem 7.11

Start with a semi-locally, simply connected space X. Let xo € X be
a fixed base point and consider the space P := P(X, x) of all
paths in X with xo as the initial point. This space is given the
compact-open-topology. Define an equivalence relation in P by
saying w ~ 7 iff the two paths are path-homotopic. Let X be the
quotient space of equivalence classes and let ¢ : P — )_( be the
quotient map. ’

{ 9

So, here is the final proof, so we start proof of theorem. Start with a semi-locally, simply connected
space X; | am just repeating this thing. Take a point o € X that is fixed point, base point of X.
And this capital P ,bold P, let it denote P(X, xo). Again and again we do not have to write as a big
symbol that is all. This space is given the compact-open-topology, remember that also. We now
define an equivalence relation in P, by saying that omega is equivalent to gamma, (remember these

are paths starting at x naught), if and only if these two paths are path homotopic.

In the other words, omega 0 is already gamma 0; but end-points must be also the same. And | the
two must be path homotopic, namely end-points must be fixed. Path homotopy is an equivalene
relation, remember that. Let X be a quotient space of all equivalence classes and let¢ : P — X

be the quotient map.

So, what is the difference? The difference is in the definition of fundamental group, we took the
loops at a single point. Now, we are taking all paths; the end-points could be, the other end-point
cold be anything in the space of in inside X, that is a difference. So, this is something much useful
than just the set of pil of X, x naught; it is not a group either. This is given a topology now; what
is the topology? Topology coming from the compact-open-topology of the path space, as a quotient
of that; that is, X is a quotient space of P.
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Since w ~ 7y implies that w(1) = (1), it follows that the
evaluation map e : P — X factors through ¢ to define a map
p: X=X

) We aball alalce abas ablc 'a abe ableocs 4bad iiia ave caalilca o V la

So, by definition, these two are path homotopic means the end-points must be the same. Therefore,
it follows that the evaluation map, remember, is just the end-point; so that factors through the
equivalence classes. On the entire equivalence class, it takes the same value; therefore,e : P — X
factors through the quotient map ¢ like this and gives P : X — X, X bar to Remember we have
to construct not only the space, but also the projection map. So, this p is nothing but e factor
through the quotient.  Take any class here; it is represented by any path; the endpoint is
independent of the representaive path, and take the end-point here; so that is p of that. So, p of this
is also just the endpoint, but it is independent of the path class. Now, one easy thing here is that p
IS an open mapping, because we have shown that e is an open mapping. Taking open set by the
very definition of quotient space, inverse image is open. The image of that is same thing as the
image under p of the original open set here. So, e is open, so p is also open. We have to show that
p is a covering projection; we have to show that X is simply connected. So, these two are the task

now for.
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To show that p is a covering projection, let V be any path
connected open set in X such that iy : m1(V) — m(X) is the
trivial homomorphism. Let us temporarily call such an open set
‘ambiently 1-connected'. Then we claim that V' is evenly covered
by p. Since X can be covered by ambiently 1-connected open sets,
this would prove that p is a covering projection.

9
So, let us start with V' be any path connected open set in X, such that inclusion induced map on
the fundamental group T (V) = m1(X) s trivial. Such an open subset around every point is
guaranteed by the hypothesis of semi-locally simply connected. Just for being a bit economical in
with the words, let us call some such a set ambiently 1-connected. It is not simply connected by
itself, it need not be. When you pass to the whole space, its fundamental group becomes trivial that
is the meaning ambiently 1-connected. So, what we know is that X is covered by open subsets
which satisfy this property. they are ambiently 1-connected. We claim that if V is ambiently 1-
connected, then V is evenly covered by p; and that will finish the proof that p is a covering

projection. The idea of the claim is clear, so we have to execute this one now.
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Given w € P such that w(1) € V consider the set

Vig = {lwxw] € X : «'isapathin V}.

Covering Spaces and Fundamental Group 'M'om et s ey

Figure 43: Evenly covered neighbourhoods

0

Given a path w starting at Zo that is an element of P, such that the endpoint is inside V, (V' is chosen
to be some open set, which is ambiently 1-connected), we are going to define a set of subsets of
X; what are they? Consider the set Viw] = {lw*w’: w'is a path in V} Thig notation is because
this is going to depend upon V as well as the class of omega. The class of omega is an element of
what? is an element of X remember that. So, all such classes they are also elements of X bar, which
are omega star omega prime; path is which look like omega star omega prime. Where, in this

omega prime is a small loop, small a path completely contained inside V.
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Remember omega to begin with is a path from o; Zo to w(1). w(1) js what? @ (1) is some point of
V C X. Then | am taking this class; this class is an element of X. | am extending itto w * ' by
some path w’ within V, which starts at w(1). Look at all those that collection is going to be &
So, the claim is so | have here picture here; start with omega like this, which ends inside this open
subset V. Then I can extend it by some omegal or omega2 and so on; these extensions are
completely inside V. So, this picture | keep referring to again and again; so we have defined V

omega like this.
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Then

() p7(V) = U{Vy  w{1) € V). (For ] € Vi)
(ii) [] € Vi) = Vi) = Vjn). Therefore

Via " Vi # 0= Y = Vo,

Thus we have proved that p~*(V) is a disjoint union

® o =TT V.

Then »~'(V), V is an open subsetin X, ?~ (V) is some open subset of X. And it is a union of
all possible Viers (V' is fixed) whereas w ranges over all possible paths with the condition that
w(1) € V. Remember P is nothing but the end-point; the end-point must be inside V. So, if you
have the point is already inside V, and then you are connecting it with another path within V; the

end-point of that will also inside V.

So, this p inverse of V is union of all these 2~ (V) = {[w *w'lw(1) € V}things so obvious.

Second part is: take any class 7] € Viw), for some element of X. That would imply that Vir] = Vi
So, this is just like in group theory, how group theory wherein H is a subgroup of G then ifx € H

then its right-coset Hx will be H itself; it is of that nature. So, let us see what happens.

(Refer Slide Time: 14:59)
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Figure 43: Evenly covered neighbourhoods
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Then

(i) p7H(V) = U{Wy ¢ w(1) € V). (For, [w] € Vi)
(i) [7] € Vi) = Vi) = Vjs). Therefore

W N Vi # 0= Vi = Vg,

Thus we have proved that p~*(V) is a disjoint union

(V) =] Vi
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Suppose (7] € Viul- Then 7 ~w=xw' and hence T*wi ~w* (W *wi) € Vo, This means
VIl € Viwl By symmetry Viel  Virland hence equality holds. it is omega star omegal for some
some omegal; suppose, this is tau. Now, look at V tau; V tau is what? All those paths coming up
to here; and then paths will go within V from this point. But | am taking the homotopic classes of
path; therefore in particular after going here, | can comeback from this path up to this point. That
will be homotopic to omegal. Therefore, V tau is contained inside omegal, and VV omegal is V
omega is contained inside V tau; so these two are equal. So, this is completely trivial. But if you

look at the picture it will be that nature.
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So, this will happen, either some elements here when both the classes are same; or it just means
that V omega and V tau in general are disjoint. Either they are equal or they are disjoint; if they
intersect, they must be same. This is like the cosets, cosets which is inside; cosets inside of a group.
V omega intersection V tau is non-empty would imply VV omega equal to V tau. Therefore, what
we have proved it p inverse of V is a disjoint union of some v omega’s. So, you see this is what
we wanted out; then | want to say that each of V omega comes to V, which is obviously by a
homeomorphism. Namely, p restricted to VV omega to V is a homeomorphism; this is what we have
to verify.

(Refer Slide Time: 17:15)
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Since V s path connected, it follows that p: Vi, — V is
surjective. To show that it is injective, suppose p[ry] = p[r] where
[7i] € Viu)- Then 7; = wx w; for some w; C V. Also wi(1) = wy(1).
Since iy : w1 (V) — m1(X) is trivial, we know that

w1 *wy] = 1. Therefore,

[ = [wsw] = forwr 3wy #ug] = [wrwn) = [n].

This proves that p: V{,) — V is injective. Observe that the
openness of e implies that p is also open.
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Figure 43: Evenly covered neighbourhoods
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So, V is path connected, it follows thatP? Vbl = Vs surjective. Once a path has come inside
omega has come inside V, from there | can join it to every point inside V. So, that gives you that
p is surjective, from V omega to V. Let us show that this is injective. And this is where, so far we
never used this fact, namely, V' is ambiently 1-connected. So, far we not, where the injectivity, we
used that one; having said that, | can leave it that as an exercise; but now let us verify this one.

Suppose p([m]) = p([72]), taul and tau2 are two elements in X bar.

Actually, I should assume that they are inside VV omega; where tau i is inside VV omega. That means
what? [7:] = [w * wilwhere wi, i = 1,2are pathsin V. | am assuming that P([71]) = p([72]) which
means that their end-points are the same. We can go back to this picture modulo that these two
end-points here of omegal and omega2 are the same. What does that mean? w1 * Wz Yisa loop
inside V. Therefore, inside X, it is null homotopic; But then

To o Wk Wy W (Wo *wy 1) kWi & Wk wi = T1. Therefore [71] = [2]-

This omega followed by omega2 is the same thing as omega followed by omega2; all the way from
omegal and come back to omegal. It just means that taul is homotopic to tau2. These kinds of
things we have seen several times; so, | repeat this. So, omegal equal to omega2 means they have
same end-points. | check from pil of V to pil of X is trivial; so we know that omegal composite
omega?2 inverse is null homotopic. The class is 1; therefore, taul which is omega star omegal is

omega star omegal; | can put omega2 inverse star omegaz2, because this is this is trivial. But, now
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put the bracket this way, omegal star omega2 inverse is trivial; so, this cancels out. What is left

out is omega star omega2, which is tau2.

So, we have got P - Vil =V a bijective mapping; it is already continuous. We have shown that

it is an open mapping also.

(Refer Slide Time: 20:39)
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To show that each V[wl is open, we actually show that o‘l(VM) is
open in P. Let A € ¢7*(V{,)). Cover A with finitely many
ambiently 1-connected open subsets, Vy,...,V, =V, and get a
partition 0=ty < -+ < t, = 1, such that, A([t;, ti1]) C V;. If W
denotes the set of all the paths )’ at xp, such that,

X([ti, ti+1]) € Vi, Vi=1,...,n, then by the definition of the
compact open topology, W is openin P and A € W.

®

Only thing what remains is to show that each Viwlis an open set in X. So, that that is that is that
is remaining; then proof that p is a covering projection will be over. Because we have to show that
p inverse of V is disjoint union of open sets; each of them coming homeomorphically onto V. So,
everything else is shown except V omega must be an open set. So, V omega is where V omega is
in X bar; X bar is a quotient space of p. How to show something is open in the quotient space?

We have to show that ¢ inverse of that set is open in P. This is the definition of quotient topology.

So, | have to show that ¢_1(V[w]> is open in P. Take any A€ ‘75_1(‘/@])- Around that I shall
produce an open set contained inside phi inverse of omega. Yes or no? For every point inside this,
we should produce a nbd contained (b_l(v[w])- What are open subsets in the compact-open-
topology? We have to produce that some basic open set namely intersection of Ki, Vi et-cetera

has to be found out now. So, watch this look at this lambda, it is a path from Zo to some point

inside V. Because #(A) belongs to Vi just means (A € Viw)).
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So, this entire curve X\ can be covered by finitely many ambiently 1-connected open sets
Vi, Vo -+, Vi =V the last Vn | can choose it as V itself. In fact, | could I can come back from
that side; start with V and then cover some other portion some other portion. Actually, we can take
a infinite covering first and then take a finite covering, because the whole thing is compact, lambda

is compact. We get a partition 0 =to <1 <--- <t, = 1of the closed interval [0,1] such that
A([tla ti-l—l]) CViyi=1,2... ) T,

So, cut it cut the entire lambda and cover it; so then then cut it into partition into V sub-interval. If
W denotes Mico ([tistiv1], Vi) the set of all paths )\ starting at o and such that
N([ti tita]) € Viyi=1,2....,7n then it is a basic open set by definition in the compact open
topology for P. for every il to i; by then definition of the compact-open-topology, this W is open.
So, that W is an open subset of P, and lambda is to start with lambda satisfy this property; so
reWw.

-1 -1
Claim is that W € ¢ (Viw)) = 07 (Viw)), (The last equality follows, because we started with
(A € Vw]-) So, we have to show the same homotopic property for all such \" inside W. So, here is

the last picture.
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o

® Figure 44: Evenly covered

This was your X\ which you covered by these evenly covered open subsets
Vi, Va, Va, Vi, Vs, Ve, -+, Ve =V This ) also has the property that A’ ([ti; ti+1]) € Vi, for all
i=1,2,...,n. Join A(t:)to A'(t:) by a path 7i inside Vi—1 N V;. Denote the restriction of A
(respectively, N) to the interval [tisti+1] by Ai (respectively, by AD). It follows that

! -1 . . . T
Ai—1# 7% (Xi_1)"" * Ti—1js a loop in Vi—1and hence is null homotopic inside X.

This way all that you will get is this path is homotopic to this path, composite this back going back,
composite going back, composite going back and so on; exactly, similar to the Van Kampen’s
theorem that we have proved in the beginning. To prove a Van Kampen’s theorem is intuitively
works. Introducing in between paths here, so it follows that this lambda prime is homotopic to this
lambda. And particular lambda prime or lambda are arbitrary it says; it applies to omega also. So,
they are all homotopic to omega star or something. So, this completes the completes the proof of

that p is a covering projection.
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Finally, it remains to prove that, X is connected and simply
connected. Again the connectivity follows from that of P. To show
the simple connectivity of X, let A: 1 — X be a loop at [C(x)]
where [C(x)] denotes the homotopy class of the constant loop at
Xo. In order to show that this loop is null-homotopic in X, by the
injectivity of py it suffices to show that w := po A'is null
homotopic in X. ‘

)
What remains is the proof of simply connectivity of X . So, let us complete that one. Connectivity

follows because P is connected and ¢ is a quotient map, there is no problem. It is path connected

because P is path connected and it is quotient map.

To show that X is simply connected, let A : T — X be a loop at the constant path at zo. We have
to choose the two end-points to be the base point of X which is mapped onto zo € X. So, I will

choose the constant path ¢z, of Zo and its homotopy class to be the base point for X.

So, A is a loop, the loop of loops remember that, in X not in X. In order to show that this null

homotopic in X, by the injectivity of P#; ( we have proved that P is a covering projection and

therefore, P# : T1(X, [czo]) = (X, 20) js injective), you go down to X and show that w :=
poA jsnull homotopic in X. Letuswritew = p © A.\We have to prove that this is null homotopic
in X; so we are using the partly proved statements to prove further things here; this is what. So,
now what is this lambda? Lambda is map from I to X; then we have come here. That A is a loop

at [Cxo) has to be used.
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Now, the path Q : 1 — P defined by Q(t)(s) = w(ts) is such that
e o = w. Therefore po ¢ o Q = w. Thus we have two lifts, A and
¢oQ of w in X. Moreover, (¢ 0 R)(0) = [C(x)] = A(0).
Therefore, by unique path lifting property of p it follows that

A= ¢oQ. Therefore ¢ 0 Q(1) = A(1) = [C(x)] which means that
w = Q(1) is null-homotopic.

This completes the proof of Theorem. 7.11. )

)

So, let :1— P be defined by the formula €2(t)(s) = w(ts). This map we have considered

earlier to show that P is contractible.

So for each fixed t, and for s=0, we have 2(t)(0) = w(0) = 2o = p o A([cx,]) = Zo- That means
first of all, each €(?) belongs to P. We check that eoQ:T— X is w. That is
e(2(t)) = Q(t)(1) = w(t), e being the end-point map. Now we have P © ¢ = e. Therefore,
po ¢ o =w=poA. Thus, wehavetwo liftsof win X, one is A and another is ¢ © €2 Moreover,
¢ 0 Q(0) = ¢(ca,) = [cao] = A(0). Therefore, by unique path lifting property of the covering
projection P, it follows that this A is nothing but ¢ © £, this path here.

So, we took A in X, came down to X via P, call it w, then we have identified what is this
original A in terms of w. Itis @ © 2. This Q is now all the way inside P. So, you see we have
used the property that any arbitrary path inside X can be lifted to the space P very easily. And
when we quotient it out, the lifting property is still retained by the covering projection P. This is

what it happening.

So, here we have used a lift of w, so this omega is lifted to Q in P. And that under quotient map ¢

it goes to A.

So, most of it is like tautology; actually, all several construction in mathematics, when you have

in a blank where to go for this tautological one. In the beginning of construction of real numbers
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out of Cauchy sequences of rational numbers. You want every Cauchy sequence to be convergent
what did we do? You took equivalence classes of Cauchy sequences, and declared them as real
numbers over. Now, Cauchy sequence of Cauchy sequence is convergent is what we have to show;
so, this proof is similar to that. We want all kinds of lifts of paths inside the simply connected

covering.

So, you declare the covering itself to be set of all paths; but that is too much, so you have to do the
equivalence classes. So, it is in simplistic language this is | could have taken the example of metric
completion of a metric space; or construction of real numbers. And this similar to that; so, let us
stop here. Let us comeback to other things in the next session. Thank you.
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