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b
The quotient map construction opens the flood-gates of geometric
topology to us. We can now study a large class of very interesting
geometric objects via topology. However, before proceeding with

the topology, let us recall some basic set-theoretic facts about
surjective functions.

®
Welcome to Module 12-- Quotient Spaces. The idea of a quotient map and the construction opens
the flood gates of geometric topology to us. We can now study a large class of very interesting
geometric objects via topology. Before proceeding with the topology, let me make it clear that all
of you understand the meaning of a surjective function from one set to another set, and what it
means in terms of decomposition of X or equivalence classes. There are three different pictures of

this which imply the same thing, the same concept.
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Giving a surjective ﬁmction on a set is equivalent to giving a
partition or giving an equivalence relation. Let us see how.
Suppose X is the set and f : X — Y is a surjective function.
Then the set X gets partitioned into {f~*{y} : y € Y}.

9
Look at this diagram, the first portion here represents a surjective function, an onto-function from
one set X to another set Y. When you have this, you can take f (y) as y ranges over capital Y.
That will give you a decomposition of X, as | have written down here. f "}(y) means all points of
X which come to the point y here. So by the very definition, they are disjoint and the entire X is
a union of these. Because f is surjective, each f "(y) will be non-empty. Therefore, what we get

is a non-empty disjoint decomposition of X.

So, such a thing is called a decomposition or a partition. So, what we have got here is a surjective
function of X into another set, and this implies a partition of X or a decomposition of X.
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Now suppose you have a partition of X, then you can define an equivalence relation on the set X
namely, in which the partition members will become equivalence classes, namely, x is equivalent

to y if and only if both are in the same subset.

In particular, here what will be the relation? x; will be in equal to x2 if and only if f (x1) is equal to
f(x2). Your partition giving rise to a relation or a function directly giving a relation. This picture
you can get from here directly or from directly from here.

Finally, suppose you have an equivalence relation like this on X. Look at the collection of all
equivalence classes. That is a set. Call that set Y. Then what should be the function from X to Y?

Take any x and take its equivalence class as f(x).

So, from an equivalence relation you can come to a surjective function. If you follow this procedure
again, this cycle, what you get is whatever you have started with, namely suppose you have an
equivalence relation and then you have defined f to be the function x going to the equivalent class
of x. Then what will be the disjoint union here? They will be the equivalence classes. And what is
the equivalence relation induced by that? The same equivalence relation because these are the
equivalence classes to begin with. So this is what | am saying, giving a surjective function on a set

is equivalent to giving a partition.
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On the other hand, given a partition X = [[;.5 A;, we define a
relation on X as follows: x; = x, iff both x; and x, are in the same
subset A;. Verify that this is indeed an equivalence relation,
Finally, given an equivalence relation on X, we shall take Y to be
the set of equivalence classes and take f(x) = [x], the equivalence
class of x. b
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And then, giving a partition say X is disjoint union of Aj, we can define x_1 is equivalent to x> if
and only if both x; and X2 are in the same subset Ai. This is equivalence relation. Finally, given an
equivalence relation we can take Y to be the set of equivalence classes and define f by saying that
f( x) equal to equivalence class to which x belongs.
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Verify that if you run this cycle of arguments once again, you will
get exactly the same partition, the equivalence relation and the
same function. It is in this strong sense that these three concepts
are equivalent on a set.

9

So, verify that if you run this cycle of arguments again, what you get is wherever you started from.
You come back to the same point, same concept. So, when you have an equivalence relation or a
surjective function or a decomposition, even if one of them is given you should have all the three

in your mind. So that you can use any one of them, whichever description you want you can use.
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Definition 3.1

Let (X, T) be a topological space and g : X — Y be a surjective
function. Put

T'={BCY : q}B)eT)

Verify that 7" is a topology on Y. It is called the quotient
topology on Y induced by X. Also the map q: X — Y is then

called the quotient map. 5

®

Now let us come to the topology. Suppose (X ,77) is a topological space. X isa setand 7t is a
topology and q is a surjective function from X to Y where Y is any set. We want to make Y into a
topological space such that g becomes continuous and this we want to do in a optimal way. How
many open sets can we put in Y? As much as possible, that is the whole idea. So, | define 7't

which is going to be a topology on Y as follows.

Take a subset of Y if g of that subset is inside 7, then put it in 7. That means a subset B belongs
to 77, if and only if g*(B) belongs to 77 This T 7~ will automatically be a topology on Y. Very
easy to check. Namely, g of intersection of two sets B1 and B> is nothing but g*( B1) intersection
qY(B2). This T is atopology. Therefore, if B, B2arein T, their intersection belongsto 7.

Similarly, g of the union of a collection Bi, union of all Bi (say they are arbitrary union) is nothing
but q(Bi) and take the union. That will be inside 7,7 because, each g ' (Bi) s there. Therefore,
union of Bi’s will be inside 7.7 So, 7' is a topology. Automatically ¢ is continuous. Why?
Because take a set here in T 7, its inverse image by the very definition is in 7. So, this topology
thus satisfies the condition that g is continuous. This topology is called the Quotient Topology and

the space Y with this topology is a quotient space, and the map q will be called quotient map.
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177



There are two other names in use in the literature. First one is
identification space and the quotient map is called the
identification map. The second one is decomposition space which
we shall not use.

Some people call it the Identification Space because a surjective function (may not be injective)
identifies a certain number of points which are taken to same point in Y. It is also called
decomposition space using the second description that we have there. See every surjective function
gives you a decomposition of the set or partition of the set. So those names are also used by some

authors.
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Remark 3.2

Often the quotient map g : X — Y and the quotient topology are
described by one of the following two statements which are
themselves equivalent to each other:

(i) U Y is open iff g~(U) is open in X.

(i) F C Y is closed iff g~(F) is closed in X.
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Often a quotient map from X to Y and the quotient topology are described by one of the following
two statements. So you should know various different definitions here, they are all, they could all

be taken as definitions of a quotient space. The first one is U contained inside Y is open if and only
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if gX(U) is open in X. The second condition is, by taking a De Morgan’s law, F contained inside
Y is closed if and only if ! (F) is closed in X. The ‘if and only if* is important. ‘Only if* gives
continuity of q. We are telling that everything that whatever satisfies this condition has been put

in there.
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Theorem 3.2

Given a topological space X, and a surjective function
q: X — Y. The quotient topology on Y is the largest topology
with respect to which q is continuous.

Proof: Easy.

Therefore, | get a third one which describes the quotient topology, namely, this theorem which
says that quotient topology on Y is the largest topology with respect to which g is continuous. If
some A is a topology on Y such that g is continuous with respect to that topology, (X has not
changed, topology on X has not changed) , then | want to say that every element of A, every open
sub set in this topology is in the quotient topology which we have to denoted by 7.7 Take an
element of A, so that its inverse image is open in X -- that is enough to put this one inside ¢ 7.

Therefore, A is contained inside 7~. Therefore, 7" is the largest topology.
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Theorem 3.3

Let g : X — Y be a quotient map. Suppose f : X — Z isa
continuous map such that f(x1) = f(x2), whenever q(x1) = q(x2).
Then there exists a unique map f : Y — Z such that foq = f.

X
ql 4
® Y h/fvy

One more criteria. So this will be the fourth one, it is called in some parlor as the universal property
of the quotient map. So let us go through this carefully. We start with the quotient map okay? Now

take any function, any continuous function from f : X — Z which, as a function factors down
from Y to Z. Factoring down from Y to Z just means that there is a function f here such that if
we start with g and then follow it with f i.e., composite with g, we get f. This is the same thing
as saying that whenever f takes two points to the same point here, sorry, whenever q takes two

points of X to same point here, f must take those two points to same point here. Then f of q(x)

is defined to be f(x). You get function here. This is a set theoretic fact.

But what this theorem says is that this / is automatically continuous. There is a unique continuous
map.

No matter what f is, what Z is, once they satisfy the set theoretic property correctly to get a function

[ like this, continuity of f will imply continuity of f. You see continuity of / automatically
implies continuity of f because f is foq. Composite of two continuous function is continuous.

Here what this theorem says is that if f is continuous then / is continuous.

So this is the so called universal property of q because it is true for all f and all Z. And there is no
other function which is continuous like this which satisfy this one. Such maps are called quotient

maps. You can take this as definition. Let us go through this one, see why this is so.
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Proof: The existence of a set theoretic unique function satisfying

) the above condition is obvious. It remains to prove that f is
Anudlniiaia Ca lad A ka an ainan sab fn 7 Thaa £=17/A\ fa acaa

Set theoretically that condition will tell you the existence of f. But why £ is continuous is what
you have to show. Start with an open subset in Z. Its inverse image must be open here, but what is
the condition for a set to be open here? Its inverse image under g must be open in X. So | have to

take the open subset U here, f inverse then L. That must be open in X. But f ~ inverse and then
qtis nothing but /" because f is nothing but foa soiffis continuous, f1(U) is open here, so

we are done.

182



(Refer Slide Time: 15:32)

NPTEL Course on Algebraic Topole

Module 12 Quotient Spaces

Remark 3.3

The above theorem can also be taken as the definition of the
quotient topology. viz., if we have given a topology 7 on Y
satisfying the property in the above theorem then 7 will be the
quotient topology 7". This property of quotient space topology is
often referred to as universal property.

St g s S\ 1P AT — A

Then there exists a unique map f : Y — Z such that foq = f.
NPTEL Course on Algebraic Topology, Part-|
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The above theorem can also be taken as a definition of the quotient topology, if we have given a
topology T on'Y and it satisfies this property, then T = T". There is no other choice. That is the

meaning of this, so | once again repeat: such a property is called universal property.
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Examples

(1) Quotient maps occur aplenty in mathematics. For in-
stance, suppose f : X — Y is a surjective open map (or a
closed map). Then f is a quotient map and the topology on
Y is a quotientgtopology of the topology on X.

9
Here is an example. Quotient maps occur a plenty in mathematics. For instance, take a surjective
open map. It will be automatically a quotient map, surjective, open and continuous, automatically
it is quotient map. Why? Because take any subset U in Y. Suppose that the inverse image is open
then | want show that U is open. But that follows because f of the inverse image of U under fisU
itself; FHU) =U, F7HU) is open and f is open therefore U is open. So this is the ‘only if’
part.

Now, f is continuous so if U is open then f(U) is open. That is easy because f is continuous. So
openness gives you that it is a quotient map. Also, exactly the same way, by using De Morgan law,
if we have a closed map, closed, continuous and surjection, that is also a quotient map. You may
be under the impression that these are the only examples. No. Of course, quotient maps are much

more general than open maps or closed maps.
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In particular, the projection map 7 : X x Y — X is a sur-
jective open mapping. Therefore it is a quotient map. On
the other hand, note that often it is not a closed map. For
example, the map py : R? — R given by

(x,y) = x

is not a closed map. In general, a quotient map need not be
an open map nor a closed map, as illustrated by the following
example.

N

®
But open maps are plenty again namely all coordinate projections from any product space into any
factor, X x Y to X, X x Y to Y, etc. From R2, R3, R*etc., to any of these coordinate spaces they
are all open maps-- the projection maps. But be careful-- projections maps are not closed, you may
be knowing that the standard projection X x Y to X , or, X x Y to Y for instance, R? to R is not a
closed map. Just look at the image of the hyperbola xy equal to 1, by the very definition the set of
all xy equal to 1 is a close set inside R?, its image inside the x- axis is all the real numbers minus

the 0. That is not a close set.

(Refer Slide Time: 19:04)
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(2) Consider the quotient space of R in which we collapse
the open interval (0,1) to a single point and also the closed
interval [2,3] to a single point. If g : R — Y is the resulting
quotient map then ¢ is neither an open map (the image of
the open interval (2, 3) is not open) nor a closed map (the
image of the closed set {1/2} is not closed).

)

9
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I will give you some examples of maps which are quotients maps but they are neither open nor
closed. So | have just cooked up this example, this is not a standard one, it is not occurring
naturally, there are such natural things also. Here just for simplicity, in one single example, 1 will
show you that a quotient map need be neither open nor closed. So what | do? | take the whole of
real line or some large interval. So let me take the whole of real line, then look at the open interval
0 to 1, all the points in (0,1), I identify them to a single point. O less than t less than 1, all of them

will be identified to single point.

Similarly, look at the closed interval [2,3]. All the points in between, 2 and 3 included, identify
them to another single point, to a different point, another single point. So these two are different
points not the same points. So this is all the relation; rest of the points are not identify with any
other point. Look at the quotient space Y obtained and let g from R? to Y be the resulting quotient

map, so Y is the quotient space.

Then I want to say that this map q is neither open nor closed. Why it is not open? The open interval
2 to 3, the image of that under ¢, is equal to one single point namely g of the closed interval 2 to
3. The closed interval 2 to 3 and open interval 2 to 3 have a same image point. That point is not an
open set in Y. Why? Because its inverse image is closed interval 2 to 3 which is not open inside

R. Therefore g of the open interval 2 3 is not open-- that means q is not an open mapping.

It is not a closed mapping either. Here, you come to the first part, take any point in 0 to 1. Any
single point is close set in R, but the image which is the same thing as the image of the open
interval O to 1, one single point, open interval 0 1 goes to one single point. That point is not a
closed point because its inverse image is the open interval 0 1 which is not a closed subset of R.

So this map is neither close nor open.
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The quotient space is not even a Ty-space since {q(0,1)} is
not closed.

e
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Figure 13: A quotient map which is neither open nor closed.
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So here is a picturesque representation of what | have done. This is the open interval 0 1 and this
is 2 to 3 aclose interval. This entire close interval is going to a single point. Here the open interval
is coming to this red point, but the end points of this interval, they have come just near to that
point. What is the meaning of this? If you take the closure of this point in the quotient topology
that will contain both the end points. So in particular the red point, the singleton red point is not a

closed subset. .....

In particular, the quotient space Y is not a T1 space, because this image of 0 here and the image of
1 here cannot be separated by open sets. If you take any neighborhood of the red point, it will
contain both of them. So Y is not a T space. So singleton 0 is not closed-- this is enough to
conclude that it is not T space.
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(3) While discussing loops, we have used the fact that the
space obtained by identifying the end points of the closed
interval [0, 1] is homeomorphic to §'. Here is a proof of this
fact. Consider the map g : I — S given by

q(()) = eZmll b

which clearly displays S!, set theoretically, as a the quotient
set that we want. What we need to show now is that the
standard topology on S! is the quotient topology. For this it
is enough to show that F ¢ S' is closed iff g *(F) is closed
in [0,1]. The ‘only if" part follows because g is continuous.
-"«) The ‘if" part follows because q is a closed map as seen below.

Finally, here is an another example. While discussing loops we have used the fact that the space
obtained by identifying the end points of the closed interval 0 1 is homeomorphicto S*. So let us
write down a neat proof of this one, by taking the exponential function on the interval [0 1]:
q(t) = €*™'0 Then what happens to q(0) and q(1)? They go to the same point and no other point

is identified with any different point.

In other words, q is injective on the open interval (0 ,1). Therefore, we look at the inverse image
of a point in S, only the inverse image on 1 contains two distinct points, all others are singletons.
So this is the same thing as saying that the identification set, as a set, it is S*. 0 and 1 are in the
same equivalence class and rest of them are in different class, that is the meaning of that. What we

have done? by identifying 0 and 1 in the interval close interval 0 1., we got the set S*.

So, set theoretically we are fine. So what we have to verify is that the subspace topology of S*
coming from R2 is the quotient topology on S coming from I via this map g. This is what we have
to verify. In other words, g is continuous function is fine, because we know that the exponential
function is continuous, it is surjective is also fine. What we want to say is, q itself is the quotient

map.

If you know q is the quotient map then our justification, our claim that identifying 0 and 1 inside
the closed interval 0 1 to a single point ,whatever space you get, is homeomorphic to St. So what

we have to observe is, we have to verify that this exponential function is a quotient map. So we
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know that this can be done if we verify that this is a close map because we have observed that

close maps are quotient maps. So that can be done very easily.
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is enough to show that F C S is closed iff ¢~(F) i
in [0,1]. The ‘only if' part follows because g is cont
The 'if" part follows because q is a closed map as seen
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So, let K C I be a closed set. Then being bounded, it is
compact. Being the continuous image of K, g(K) is compact
in 8! and hence it is closed in S'.

Take any subset K of I which is closed. K is bounded set because I is bounded, bounded and
closed subset of the Euclidean space R, is a compact space. K being compact the image of K
under continuous function g, g of K, must be compact. A compact subset of a metric space, S$* with
the standard topology, so it must be closed subset. So, q(K) is closed. So closed set goes to closed
set means the function q is closed. And that is the end of this argument here. So we will study more
of quotient spaces next time. Thank you.
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