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Welcome back, we are talking about arithmetic in this set of residue classes modulo any given
interior n, a natural number n. And we saw that this arithmetic means that we can add two classes
that we give us a class. We can multiply two classes that will again give us a class residue class
modulo n. In the last lecture towards the end |1 made some noise about these operations being well

defined. So, why it is so much important?
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Since +, - and x preserve congruence modulo n,
the set of residue classes modulo n admits addition,
subtraction and multiplication.

[a] + [b] = [a + b,
[a] x [b] = [ab].

The arithmetic modulo n is an arithmetic with these

n numbers, 0, 1, ..., n-1.
D)

Let us go and see what we have done in the end. That whenever we have congruence modulo n,
addition subtraction and product is going to preserve the congruence. And therefore | said that we
have addition as well as subtraction and multiplication on the set of residue classes. And indeed in
the last lecture | asked and answered this question that this addition and multiplication is a well-
defined operation. So, what does one mean by this? So, let us go through these two operations one
by one. And to really understand the concept of well definedness properly we will also see an

example of an operation where the well definedness does not hold.
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Is [a] + [b] = [a + b] well defined?
Yes, itis.
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So, let us go to the very first property we have, we are asking whether this addition is it well
defined? Answer is that yes, it is. But how do we check this. So, what it means is that if you have
the class of a to be equal to class of ¢ and the class of b is equal to class of d. If these two hold, then
we must have that the class of a plus b is the same as the class of ¢ plus d. Because, you know | told
you that I may look at the class of a as given by the element a and the class of b as given by the

element b.

We are defining the summation of these two classes and we are picking up one single element from
the class. As we saw in the last lecture that the class really has infinitely many elements. So, we
have infinitely many choices. And if we are taking two classes then we have doubly infinitely many

choices which is again just a number of infinite number of choices.

And then we say that the sum of these two classes is the class of a plus b. So, here we are making a
choice. We are choosing the element A from the class a and we are choosing the element b. Take the
sum and then take the corresponding class. So, to make sure that this is well defined or that it does
not depend on the choices that we have made; we have to ensure that if someone else chooses a

different element in the class.

So, if class a is class c, then the other person may actually choose the element to be c¢. And if class b
is class d, then the other element may, other person may choose the element d. And then the
summation for the other person will be the class of ¢ plus d. For me it is a plus b and its class for the
other person may be the class of ¢ plus d. And to have the mathematics well-defined, to have no

confusion at all these two classes; the class of a plus b and the class of ¢ plus d should be the same.



Only then we say that the addition makes sense. Only then do we say that the addition is well-
defined. It does not depend on the person, does not depend on the place. We are taking addition, the
date, time, etcetera. So, how do we ensure that this holds so first of all because class a is class ¢ we

have that a is congruent to ¢ mod n. This is something which is given to us.

And we have that b is congruent to d mod n. But then we have seen that whenever a is congruent to
¢ mod n, b is congruent to d mod n, we get A plus B is congruent to ¢ plus d mod n. That is all that
we needed to check. Because a plus ¢ mod n, and ¢ plus d mod n, are same and that means that

these two classes happen to be the same class. So, the addition is well defined.
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Is [a] x [b] = [ab] well defined?
Yes, itis.

0T (0350 thn e gt
hoe  [ab)=(cd].
Sine azC(modn) and b= d (medn)

We buve  abzcd (modn) .
9

Let us go over to the next slide to check whether the multiplication is well defined. So, indeed
multiplication is also well-defined and for that we need to check the same thing. So, if the class of a
is the class of c, the class of b is the class of d then we must have class ab to be equal to the class cd.
This is what we should have to have the product to be well-defined. Because once again someone
may say that ¢ is my element in the first class, which is the class of a, and d is my element in the

class of b.

And then for that person the multiplication will be the multiplication of ¢ and d, and then taking its
class. And to have these two multiplications to give you the same class we should have that ab and
cd give you the same class. But this is again a simple checking. So, since a is congruent to ¢ mod n
and b is congruent to d mod n we do have that ab is congruent to cd mod n. This was also one of the

initial problems which | had given you and | had also invited you to think about.

And since we have the ab and cd congruent to each other mod n, we have that these two classes are



indeed the same. So, we have that the addition is well-defined. We have that the product is well-
defined. Once you have product you can take powers, so we can talk about power of an element in
the set of residue classes. So we have the, we will start with one residue class and we define the
power of that class. So, our definition is as follows.
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Is [a]° = [a°] well defined?
Yes, itis.
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We start, so left hand side we have a residue class and we are taking a power of that, which should

again be a residue class because we want to have arithmetic within the set of residue classes. To
have an arithmetic does not mean that you are allowed to go out. So, here we want to give the
definition of the power of the residue class A and we say that this, our definition is that this is same
as the class of a power b. Is this well-defined? So, of course, here we have to check something very

simple.

We need to check that if the class a is the class c, then we must have the class of a power b to be
equal to the class of ¢ power b. This is all that we need to check. And is this true? So, this is clearly
true. So, since a is congruent to ¢ mod n, | will consider this congruence ab many times take the

product of left hand side elements which are all aaa.

The product taken b times, so | get a power b and the element on the right side of the congruence is
cce, b times taking the product will give you ¢ power b. So, we get a power b is congruent to ¢
power b mod n. And this is all that we wanted because once we have a power b congruent to ¢
power b mod n we get that these two classes are the same. So, just like from multiplication we went

to power similarly from addition we can go to taking multiples.

But that is a very basic case of the multiplications. So, let me just write it here for you. Similarly, k



times the class of a is the class of ka. So, these were the 3 or if you consider the last operation we
had 4 operations which are well defined on the set of residue classes. Now, | want to give you an

example of a operation which is not well-defined. So, here the operation is given.
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We want to define power of a residue class by another residue class. We want to define power of the
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class a by the class b so look at that. The b in the slides has the square brackets given in red to tell
you that we are looking at the power of a residue class by another residue class. This is what we are
doing. And we have no choice but to define it in this way because this is the most natural way to

define it. Or let us say that our example is that if we define it in this way.

The class of a power class of b to be equal to class of a power b, then this operation or this
definition that we are giving is not well-defined. It does not make sense. So, why does it not make
sense? Let us look at why this does not hold? So, what | am saying is that if you have a class of
some element a to be equal to the class of an element ¢ and the class of b is the class of d. Then it is
not necessary that the class of a power b is equal to the class of ¢ power d. This is really the

problem.

So, to say that it is not necessary that this happens, we need to just give an example where this does
not happen. So, we consider the example where n is 3, let us say. Let us take a equal to 2 and | will
take b equal to 1. Now modulo 3, the class of 1 is the class of 4 because 1 is congruent to 4 modulo
3. And now if | want to take the power of this, we want to know whether these 2 are the same. This
is class of 2 power 1, which is class of 2. And this on the other hand is class of 2 power 4. 2 power 4

is 2 into 2 into 2 into 2 which is 4 square which is 16.



And, since your n is 3 class of 16 is class of 1, but class of 2 is not equal to the class of 1 modulo 3.
These are not same. So, we get that these two are also not same. The class of 2 power class 1 and
the class of 2 power class 4 these by the definition that we have made here are not the same. So,
indeed we will have to think about and ensure that the operations that we define. So, what we have

done here is that we have defined operations where our elements were some sets.

Remember the classes, the residue classes modulo n, are themselves sets and we want to talk about
what it means to sum 2 sets modulo n. And we said that the sum of 2 sets is given to be yet another
set where the set is obtained by choosing 2 elements from these two sets, taking their sum in the
integers and then looking at the corresponding class. This is how we had defined.

Similarly, we defined for the product. Thankfully, these two operations are well-defined and
therefore, we have a nice arithmetic on the set of residue classes modulo n. So, we have done a bit
of theory until now. It is time to get our hands dirty and do some problems. So, | am going to give
some examples. | will give you a minute or 2 to think about them and we will solve them together
after that.
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Examples:
1. Compute 13? modulo 5.
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So, very first problem. So, simple problem — Compute 13 square modulo 5. So, we are working in
the arithmetic of congruence classes, residue classes, modulo 5. 13 will give it is own class. | want
you to compute the class which is the square of the class of 13. Your minute starts now. So, since

your time is up. Let us compute these things together.

So, we have first of all 13 is congruent to 3, modulo 5. Therefore, if | wanted to compute the square

of 13 this would be same as computing the square of 3. Of course, many of you would know what is



the square of 13 right away, but if you do not know be at ease because we are doing the arithmetic
modulo 5. And therefore, it is enough to compute the square of 3 which is 9.

So, you may say that the square of 13 modulo 5 is 9 that would also be okay, but since we are
looking at the residue classes we will look at elements which are between 0 and 5. So, we are going
to look at only the five elements 0, 1, 2, 3, 4, and among these 5 elements 9 is congruent to 4, mod
5. So, our answer is 4. Quite easy, so let us go and do some more problems.
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Examples:
2. Compute 15 x 59 modulo 75.

19%x59= 2x5x59

Note Uat 23216 (mod 75).

Mone 15259 = 3x5 x(-1¢) (med 75)
=35 (-80) (med 75)
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Second problem is slightly difficult. It says compute 15 into 59 modulo 75. So, now, earlier we had
arithmetic modulo 5, we had only 5 numbers 0, 1, 2, 3, 4 and we wanted to take square of one of
those and again get the answer to be equal to one of those. Here we have 75 elements. So, here we
have to be slightly careful about taking this product. Do not use calculator, calculator is not going to

be needed for this computation, so your minute starts again at this moment.

So, let us do this problem together. There are two things that | would do to solve this problem. 15
into 59 is actually 3 into 5 into 59, because 15 is nothing but 3 into 5, so the product 15 into 59 is
same as 3 into 5 into 59. And further we note that 59 is congruent to a smaller number modulo 75. If
you add 16 to 59 that is adding 1 first and then adding 15, so you will be adding 15 to 60, you will
get 75.

So as much, as long as the arithmetic is happening modulo 75, we can replace 59 by minus 16. That
makes our problem much simpler. So, I will first of all write 15 as 3 into 5 and then I replace minus,
then I will replace the 59 by minus 16. Now this is simpler because this is 3 into minus 80 mod 75.

16 into 5 is 80 and we have to keep that minus sign. But 80 is same as 5 mod 75. This is nothing but



3 into minus 5 which gives you minus 15 mod 75. So, answer is minus 15 or 60.

So, the answer that we obtain in this case is that 15 into 59 modulo 75 is 60. So, this was a slightly
involved computation, but because we had 59, we could replace it by minus 16 and then do out the
calculation by also observing that 15 is product of 2 smaller elements. So, there are two things that
we can do here, which is that once you have one number into another number you can write one of

the numbers as product of smaller numbers and do the product in steps.

Or, if you have a number which is bigger than n by 2; here 59 was bigger than 75 by 2, so we could
replace it by a negative of a smaller number. These are the two things which we can do when we are
doing arithmetic modulo natural number n. This is why this arithmetic is simpler compare to the
usual arithmetic, which we do inside n, g, r, which is the real numbers or complex numbers. Let us

go n do one more thing, after doing summation product the very next natural thing is division.
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Examples:
3. Compute 25 + 16 modulo 79.
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T(:: ! (med ?5)
Neke 1675 =80=1 (md 29)
1/ =5 (mod?f’)
s L
/ﬂ\m %EQSXb =125 (med 739)
D) Z 46 (mod 79)

So, | want you to tell me what is 25 divided by 16 modulo 79? Observe that | am asking you to
divide by 16 mod 79. The GCD, the greatest common divisor of 16 and 79 is 1. In fact, 16 is 2
power 4. So, the only prime that will divide 16 is 2 and 2 does not divide 79, so there is no prime
which will divide both of them and therefore the GCD has to be 1. Of course, you may also say that
79 is itself a prime. So, your minute starts now. So let us do this computation, we want to know

what is 25 divided by 16 modulo 79? So, we want to understand this.

But it will be useful to note the following thing. Just like we had replaced the earlier 59 by negative
of 16 to have a simpler thing, here we have a division which is a somewhat difficult operation. And

so we would like to replace this division by multiplication by another number. So, what is that



another number? Note that 16 into 5 is 80. And this is congruent to 1 mod 79. So, 1 upon 16 is
congruent to 5 mod 79.

That makes our job quite simple because we then have 25 by 16 this is congruent to 25 into 5
modulo 79 and this is equal to 125. And then you just need to go modulo 79 and find once you
remove 80 from this 125 you get 45 and to remove 79 you have to remove 1 more so we get that
this is equal to 46. So, our answer is this 25 divided by 16 is 46 mod 79. Let us go and do one more

problem.
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Examples:
4. Compute 38 modulo 13.
2
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Compute 3 power 8 modulo 13. Your minute starts now. Alright, so let me do this problem as well.
Let us compute all powers of 3, so we know that 3 square is congruent to 9 modulo 13. Therefore, 3
power 4 is going to be congruent to 9 square modulo 13. 9 square is 81 and 81 is we need to remove
multiples of 13, 13 into 6 is 78. And once we remove 78, we get that this is congruent to 3, modulo
13. And hence, 3 power 8 which is the square of 3 power 4 is same as 3 square modulo 9, modulo
13.

So, our answer is that the class of 3 power 8 modulo 13 the residue class modulo 13 of the element
3 it is 8th power is the residue class of 9. We will see some more interesting problems in the next
lecture. What we have to do is to keep in mind that the moment we do addition, subtraction,
multiplication, or taking powers, we have to remove the multiples of n, and work with the smaller
number. We are actually only working with elements 0, 1, 2, 3, 4 up to n minus 1. Have this with

you and see you next time. Thank you.



