Basic Real Analysis
Professor Inder K. Rana
Department of Mathematics
Indian Institute of Technology, Bombay
Lecture 50
Integration in several variables-Part 2
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So, let us now also describe what is called other type of domains, so domain of type-2
domains. So, you would have already guess what is type-2 instead of saying x is between
some limits a and b, and y varying between something is other way around y is fixed and X is
going to vary. So, d is written as X, y such that y is lie between some limit, say ¢ and d and
for every such y, x lies between some function. So, let us call it as phi y and less than or equal

to some other notations phi eta does not matter we can write eta y itself, does not matter eta y.

So, what does this look like? It look like y lies between some ¢ and d, so let us write here is ¢
and here is d. So, these are the lines in which and for every y, you have to look where does x
go from. So, x is going to be horizontally it is going to vary horizontally. So, here is how
much for every y effects how much | have to move along x-axis and see how much remain

inside the domain.

So, it starts at somewhere phi y, so let us write somewhere as so, this is phi y, so it starts here,
and goes up to where? Goes up to some function of eta y. So, it goes up some function let us

say this one, so that is eta y. So, this is for any point y so that is limits, where phi y and eta y



are functions, let us assume there continuous so that no problem comes continuous functions

defined on c to d.

So, in type-1, x so vertical things are fixed, X lies between a and b, and for every x we are
going to move vertically how much you move from bottom to the top limit, in type-2 your y
is going to be fixed between 2 limits ¢ and d, and for every y you are going to move
horizontally, so that you are inside the domain. So, let us look at some previous examples and

analyze them.
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For example, can | say that Semi-circular disc is type-2? Means what, y lies between
something and something. So, obviously y lies between 0 and 1. To be inside the domain
moving horizontally when you move horizontally you will be going from here to here, but
that is a same function, the limits do not change. So, it is not of domain of type-2 semi-
circular disc, upper semi-circular disc is of type-1 but it is not of type-2 because, | can say y
lies between something but for every y when | move horizontally it does not say it goes from

lower limit to upper limit, not able same function it stays.
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So, it is not type-2, it is not of type-2. Let us, look at the complete circle, this one complete
disc, is it of type-2? It was of type-1, we saw it so to be saying it is of type-2, let us write d is
equal to all x, y, where does y go from? Again goes from minus 1 to plus 1, how does x vary
minus 1 to plus 1 how much the x varying? It goes from the left side to the right side. Can |

describe this boundary as a function of y? This as a function of y.

So, x it starts here on the left side, so what is the equation of left side y? For every y you fix
what is x, so x is equal to 1 minus y square with a negative sign, is that okay? That is this part
so, this part is equation is minus 1 minus y square square root, and what is the right side?
What is this side? N That is with a positive sign square root of 1 minus y square, is that okay?
| have to write down the left side as a function of y because, what is a domain of type-2

function of y, function of y, for every y you fix what phi y.

So, x goes from so this is of type, so d is of type-2 also. So, this is of both type-1 and type-2
both.

Student: (())(6:55)

Professor: You cannot, you cannot write this as because, this equation of this for every vy,
where does it from it go from? It goes from this equation to a same equation as a function of

y, you will have a problem, so that is the reason.
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Let me look at this example, this was of type-1, can I say this is of type-2 also or not.

So, what is this domain d X, y, where does y go from 0 to 1 so, y goes from 0 to 1. Now, x for
any point y, | have to see x varies so, x starts at this line, vertical line and goes up to so it
starts at x is equal to 0 and goes up to 2y, | have to write x as a function of y this is eta y, it

should be function of y. So, this is also of type-1 as well as type-2. So, d is of type-2 also.
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Let us look at this one, this was a domain d of type-1, this was type-1 because we wrote it as

it goes from 0 to x goes from 0 to 2 and vertically we know it goes from one limit to another

limit on equation 2.



Can I say it is of type-2? No, why not so, y goes from 0 to 2 and if any point if I look at here |
have to go from here to here but, that depends on whether | am there or so, the function upper
limit changes depending upon the point y again, if | want | can cut it into two parts as union
of two non-overlapping domains of type-2 | can do that if | want to, otherwise domain type-1

is also fine.

So, is it clear what is domain type-1 and type-2? Type-1 x is fix and y varies between limits,
and type-2 y is fixed and x varies between limits. So, depending on your convenience you
have to interpret the domain as type-1 or type-2 or cut it into parts so that it becomes union of
domains of type-1 or type-2. Now, the question comes why | am discussing all these domains

of type-1 and type-2? Because there is a theorem which helps us to compute double integral.
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So, this is the theorem it is called Fubini’s theorem. So, this one helps us to compute the
double integral. So it says let f, d contain in R2 to R, f d close bounded, f double integrable,
double integrable on D. The basic idea of this theorem is very simple. So, let me just explain
that in the picture first. So, let us suppose d is of type-1, so that is a first assumption in case of
type-1, what does the picture look like? The picture will look like so, that is a, this is b and

for every point in between x goes from here to here.

So, let us give what was the name we got it psi X, does not matter what actually eta x so, d is
equal to all x, y such that x lies between a and b, and y lies between eta x and phi x. That was
domain type-1, it says if it is of type-1, basically what we are looking at, see what we are

looking at is what is the volume above this domain of something. Now if, | fix a point x here,



if 1 fix the point, now this is a line which is in the domain, this is a line which is in the
domain, where x is fixed, what is varying here y is varying so, all these points are X, y where

y is inside y goes from eta x to phi x.

Now, when | want to rise it above, | can think of at a every point what is the value of the
function and integrate. So, | want to integrate over this line, so what will that give me if |
integrate over this line, so integral of bottom is eta x top is psi X f is a function, and what is
fix here? x, so, | am integrating with respect to y, is that okay? On this line which is in the
domain x is fixed and y is varying from eta x2 on this line my function is defined because, the

function is define on the whole domain.

So, if I look at this integral what will this represent? That will represent look at the graph of
the function above this line, so there will be some graph, it will give me the area below the
graph of the function, it will give me the, so this integral will give me the area below the
graph of the function so, you can think it of with this line as the base there is a sheet, paper

sheet top is f of x, y x is fixed, y is varying.

Now, if | add up all these sheets | should get the volume, if | add up, this is a sheet is area |
know, what should be the volume if | take a small thickness that will be dx, I want to add up
so, | should integrate x is equal to a to b. That should give me the volume, is that clear to
everybody? Yes or no picture, this is my domain, let me probably if | can draw 3 dimensional
picture so let me go back to the my original picture and see whether we can add something
there.
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In this so, this is my surface at the top | think I can (())(15:30) so, this is my surface if you are
fixing, what are we fixing in this? x, we are fixing x, and letting y vary, so let us fix an x, in
this let us fix an x, some color which is good, so let us fix an x so, this x is fix so I am
looking at this line, is it okay? That is a line x is fixed y is varying, is it okay? This side is my
lower limit, this side is my upper limit for the domain, when | integrate as x varies in this way

it is the function value is going to vary, so they are going to vary like this on the surface.

So, here the values f x is fixed, so y is varying, X is fixed for every point there will be height,
for every point there will be height, for every point there will be height, so that will be curve,
so that will be a function. For, that function x is fix y is varying, so what happens when |
integrate this what should I get? When I integrate | should get the area of that sheet, | should
get the area of that sheet, and as x varies | will get that different sheets add up all the sheets of

small thickness you will get the volume.

If you like you can think of a book, what is the volume of the book? VVolume of the each page
added together, that is a simplest way of looking at it.
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So, Fubini’s theorem says the following that so, suppose d is of type-1, so this is then this
quantity exists meaning what? That means it consist of looking at the function f x, y so, exists
meaning what, for every x fix integral eta x to psi x of f x, y dy exists. This integral exists and
further.

So, f x, y, x was fixed, so what does this, what is the value of this integral? That will be a
number which will depend upon x. Now | sum it up, sum it over x, further this, further this is
integrable with respect to X, it is also integrable with respect to x and, so x going from ato b
we are saying this is integrable, so eta X, psi x, f X, y dy that is the area of the sheet into small
thickness dx that gives the volume of the thin sheet added up together that is same as the

volume that we are starting with.

So, the double integral of a function over a closed bounded domain, if the function is
integrable if the domain is of type-1, then the double integral can be computed by looking at
function f x, y one variable at a time, here we are fixing our X, X is fixed here as a function of
y integrate one variable, and then integrate this as, so that gives you another function of one

variable that is also integrable and that integral is same as the double integral.

So, this is what is Fubini’s theorem for domains of type-1. If your domain is of type-1, then
you can calculate the double integral as one variable at a time. So, the left hand side these two
integrals are called iterated integrals, these are called iterated integrals, you are iterating the

double integral by one variable they are iterations. So, that is why each one the inner integral



is called iterated integral with respect to y and that is integrated you got the second iterated

integral.

So, Fubini’s theorem says, if your domain is nice type-1, then double integral can be
computed as iterated integral, so that is the type-1. Similarly, there should be type-2, so, let us

write type-2 also so that we understand again.

(Refer Slide Time: 21:23)

L 8 x
fle 0 Vou ot Atow ok 1ol
o l-9-S40- HERREEN n \J

n f P g ‘;}«Z:

cv e d
D=L (3 e 2
fw] ) <7< Ul
- 0]
= j Jom)dt sk, L k)
A bl

= ((E{Z(,,@dl>/f _ JH(WW@

D Jre Mg =

WL 9k m 9"

So, second if d is of type-2, so what is type-2? So, d is equal to X, y say that y is between
some c and d and for every y x lies between some function say phi y and psi y, where phi and
psi are nice continuous functions. One can relax this conditions but, let us assume they are

nice is of type-2 then.

So, let me write then integral of f x, y dx, I am fixing y now we are fixing y, fix y so it is
between phi y and psi y this exists is integrable with respect to y and when | integrate this
with respect to y so, phiy psi y f X, y dx integrate this y was fixed, so this is a dependent on y
so, dy integral y goes from c to d exists and is equal to the double integral f x, y, then again it

is equal to the double integral.

So, computation of double integral by Fubini’s theorem becomes easier in the sense that you
can push the problem to one variable at a time, depending upon whether your domain is of

type-1 or of type-2 or you can cut it into pieces of types-1 and type-2.



So, basic fundamental things are building blocks are integrals over domain of type-1,
domains of type-2. Then everything is nice you can compute the integrals. So, this is a

computational aspect of Fubini’s theorem.
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Definition :

where
v,y I[C.dl -+R

are continuous functions.

Then D s called a type-|l elementary region in R?,
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Definition :

So probably let us look at some examples, so whatever | have said this is type-1, x goes from
a to b vertical goes from one function to another functions, so let us just revise anyway and
similarly, type-2 will look like this, horizontally there are limits ¢ to d and for every moving
along the horizontal line it goes from one function to another.

(Refer Slide Time: 24:39)

18 ot Wb ot - Adota hesvit Randes (O - 0 X
T 1 Ve Wt by

bore ot Danet D ABEQ OO weem R HAR T B - ® & oo
Computing Double integrals ‘

« Examples




10 ot 15hanmmer o - Mot kvt e O o x
B (4 Ve Wt oy

wwomn D OBEA OO rwm r0aR T O (O s
Computing Double integrals i

6 Nisert o
o Theorem (Fubini) oy
Let D ¢ R? be bounded closed and f : D -+ R is bounded
continuous function.
y (i) If Dis a type-1 elementary region {
D={(x.y)e R [a<x<b ¢(x) <y <alx)),
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and y
//Dl(x.y)d(x.y)sj‘ Alx)dx

AT

dx.

So, you go from this function to this function that is type-2. So, example of the disc and so on
we have looked at so, circular disc is both of type-1, type-2 and Fubini’s theorem say that if it
is elementary region of type-1, then the double integral looks like, integral x goes type-1, x
goes from a to b the iterated integral is f X, y phil x to phi2 of x dy. So, integrate with respect
to y with x fix, whichever is the finite limit ¢ to d or a to b that goes out, that is a outside one,
inner one is a variable thing that you so, that is type-1.



(Refer Slide Time: 25:22)

1)t 15hawmet o - Mot vt e O 0 x
P 1 Vew Wdee Moy

Home ols  Document GBHBAQ OO nevm AAAR P B - O & S

b b Acrobet Fondes (X 0 X
T 8 Ve Wodee oy

jome tools  Document GBBAQ OO »wu AHARB P a...@. Sign In
Computing Double integrals I

{(x.y) e R®|c<y<d, yyly) < x < ialy)),

] ]D fx.y)d(x,y) = [:B(y)dy- /:B(y)dy

= [ [/“::' I(x,y)dx] dy

So, that is what if that picture makes sense you are looking at the sheet and the sheet is
moving. Similarly, of type-2 y is between c and d, y between ¢ and d, x goes from a function
of y to another function of y. So, that is the double integral Fubini’s theorem says it same as
integrate the variable x with the variable limit psil y to psi2 y, that depends upon y because, y
is fix, so sum it up with respect to y, so that is double integral.
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So, this probably looks more clear picture you can see that sheet, and that green thing is
going to sort of move and cover up everything.



