Basic Real Analysis
Professor Inder K. Rana
Department of Mathematics
Indian Institute of Technology, Bombay
Lecture 39
Riemann Integration Part 111
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So, let us look at one more example. 3, I do not know whether | discussed a popcorn function.

No, let us discuss what is the popcorn function, so f is a function on 01 to R and this function

is f of x is equal to O if x is irrational like before. In 01, if it is irrational the value is 0. If it is

rational it will be a fraction p by g. If it is p by g, where p and q, this is a number between 0

and 1, so q will be bigger than p anyway, between 0 and 1 so put itas 1 over q if x is p by g.

Forget the numerator, take only the denominator of that function, clear what is this function.

Can you think of drawing a sort of a graph of this function? What do you think the graph

should look like?
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So let us try to plot this to see whether we can do something or not. So this is 01 function will
take values between 0 and 1 only. What is the... let us see when it is 0 this is not defined p by
g denominator could be anything. So, let us say x is equal to 0, both for x equal to 0 the value

is O for every irrational the value also is.

So, what is the or you can put value at 1 also, 0 if you like does not matter much actually. So,
let us take what is the value at the point x is equal to half, when x is equal to half what is the
value of the function? It is half, is a irrational, the value is half, it is 1 by 3 what is the value,

value is 1 by 3.

What is the value at 2 by 3? Again forget so again the value is, so this is 1 by 3, thisis 1 by 2,

S0 now you can see what is happening at 1 by 4, what is the value at 1 by 4?
Student: 1 by 4.

Professor: 1 by 4, at 3 by 4.

Student: 1 by 4.

Professor: 1 by 4 so here is 1 by 4 so, value at 1 by 4, and 3 by 4 and so on value, so it will be
kind of triangular kind of a thing and here the value is smaller, so if you make these dots

bigger and smaller these are small just for the sake of visualization.

They look like popcorns when being fried, or baked, they are jumping up? So this is normally
called popcorn function. In fact, it was given by a mathematician called Thomas, | think



spellings 1 am not very sure Thomas function or popcorn function anyway, does not matter

mathematically. We know what is this kind of function.

Do you think it is a continuous function? No, does not look like otherwise | should have
drawn the graph better, but what are the points of discontinuity of this function? At what
points it is discontinuous? So, let us look at the way of analyzing this continuity would be

because the function is defined differently at a rational differently at a irrational.

So, we should analyze continuity in two cases when it is rational and irrational. Supposing X
is irrational, the value of the function is 0 and look at a sequence, our points converge into
that irrational, but the sequence | can choose of irrationals then all the values will be 0, so no
problem. But I can choose a sequence of rationals converging to that irrational and if I choose
this rationals then close to it | can have a point where the value is not 0. So, they will not
converge to 0. So, at all irrational points it is discontinuous or at all irrational points it is

discontinuous or continuous.
Student: Discontinuous.
Professor: Are you sure.
Student: Yes.
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Professor: So, let me analyze discontinuities of f | have you given you some idea. Now

supposing let us take x to be rational point, the value will be 1 by g. Now value at all rational



point is 0. So, now given a rational point, so here is a rational point here is 0 here it is 1 this is

a rational point call it x 0.

I know the value is not 0 for the function at this point. But I can have a sequence of rational
converging to it or irrational converging to it, irrationals are dense. So, | can have a sequence
of irrational converging to x naught, but the value at every irrational is 0. But the value of the

function at that point is not 0.

So, at a rational point it is not continuous. So, that is why | was saying, try to convince
yourself that this function has discontinuity at all rational points it is continuous at all
irrational points. At a rational it is discontinuous. Is that clear? If you want to say it is
discontinuous everywhere, no it is not rationals are the only points of discontinuities. So
exercise, | have already given you that at a rational point is it is discontinuous that these are
the only points that means what, that means at every irrational point the function should be

continuous.

So, check that so mull it over and think about it. I will put it as a problem in the problem

session ask them to discuss it with you that this is...
Student: (())(09:15)

Professor: Let us not discussed now, because you will have time to think, let everybody have
a time to think about the problem and discuss the problem session that is a better way of
doing it. So, anyway, the number of discontinuities of this function are infinite, rationals and
every sub interval of 01 will have an infinite number of rationals. So, infinite number of

discontinuities, it has infinite number of discontinuities in every sub interval of 01.
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Now, let us try to understand is this function f integrable is this function integrable. It is not
differentiable everywhere anyway because it is not continuous everywhere. So, that point is
okay. Let us see integrable, can | think of saying what is the graph, area below the graph of

the function? So, let us try to see. So, to do that.

So, let us take P a partition. So, if | want to show it is integrable what | should try to do, let P
a be a partition of a b 01. What is the lower sum with respect to at a compute lower sum and
upper sum, what is the lower sum that will be 0, because every sub interval will have a

rational unit. So, it is O for every partition and to worry about what is the upper part.



So, let us try to see the upper one, the upper sum, the contributions will come from the
rational points because at rational the value will be non 01 over g into the length of the

interval. So, I had to bother about at how many points the function, what value it takes.
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So, let us look at the set A. So, let us if 1 want to show it is integrable | had to make upper
minus the lower small for some partition. So, let us start with let epsilon be given, so | am
looking at the values of the function, | want to look at here is my epsilon. At how many
points the value can go above epsilon. At how many points in the domain, the value of the

function can go above epsilon.

So, those are the rational points and at the rational points the value is 1 over g. So the only
points possible are when 1 over q is bigger than epsilon. So, I am looking at the set, consider
a to be all x belonging to 01 such that the value of f of x is bigger than or equal does not
matter epsilon. What can you say about A? It is bigger than f of x is bigger than epsilon when

f of x is 1 over . So how many gs are possible, so that 1 over q is bigger than...

Student: Countability many.



Professor: Countability many? | do not know | am asking. So, x belonging to A f of x not
equal to 0 implies f of x is equal to 1 over g. So, we want 1 over q bigger than epsilon that is

q is bigger than 1 over epsilon, other way around q is?
Student: Less than.

Professor: Less than, good, q is less than 1 over, how many gs are possible between 0 and q
has to be bigger than 0 anyway? Between 0 and bigger than 0 and less than epsilon is fix,

how many are possible?
Student: Finitely many

Professor: Finitely many, there are only finitely many, not countable only finitely many, q is
positive. So, how many are possible only how many natural nhumbers because also A is, so
that means implies A is finite. So, the set of points where it goes above, so points where it is

less goes above it is only finite.

So, let us call this finite number something say x 1 less than x 2 less than finite sum number
say X n. Bigger than a less than, now, so here are the here is a point xi at this point the value
goes above epsilon. So, | want to make them in some sense | want to enclose them in a box,
so that these points are inside intervals so of length small. So, around every point | can have

an interval.

So, itis x 1 x 2 x i and so on, enclose each one of them in a interval, so that total length of
this intervals is small, there are only finitely many, there are only finitely many, so let us
support. So, enclose these points in intervals of total length small, so meaning what, this is all
English, what is the mathematics of that, that means for every i find interval li an interval
such that xi belongs to li length off li is small, sigma length of Ii, i equal to 1 to any small, so

how small you wanted let us make it less than epsilon again.

Around every point find interval of length epsilon by n. So, when you add up all these finite
number total length will be epsilon by n plus epsilon by n, n times that will be epsilon, here is
my a and here is my b. Now, these intervals have got some end points like these are the
points. So, these points give me a partition of the interval a b. So, what are the partition points

a 1 point here 1 point here next point here, next point here, next point here and so on.



(Refer Slide Time: 18:46)

B sep23 ¢ - Wendows Journal .
Fle Ede Adiss Tock Help
4-2-9-54%- B/ HANNEEER o O
Jet——+—
&\ a " L

Eoddoe [t pi  ir wrbsamo T
bl Lot fmalls (g
T pm R X\‘FI;'} w

2

S 30 s

(%3]

U’ T = (4(,5.‘)

View imset Actions Tool
U-l-9-S40F- ANEREEER o ol
e e

W T, (@

"
{Cw—_/‘ '&’N ,I_L_\ 4{’
a, ;'&)’ab b,

— [ -
Commtn  Thas 0t b
(= do=a, LGB 4L - <¢<£<b}
ues = ZT”{ AMIi) + J’Z_ﬁ"}' (A;—}(‘)

(=

ﬁ):ﬂ

Fie Bt View ' Aciens  Tools 22
L-2-9-54%- 5/ AEEEEEN o .

- T e T
Commitn Thas 0t b
(= do=a, LGB 4L - Cach b
SZY) "(.,,Z”'" MIi) + J’Zﬂ}- (41

& <MW+ £ BG4

< Mgxgh cltve

-

6L 90 WA




1B ses3 pt- Wondows Jouma
Fle B8t View inset Acions Tock Help
i L-0-38¢F- EEEEEER o °

L= o 7

VF) =7
(;U(' ¢ >v be S,fm W/L"u
p> [ xe Bl o > 1

B ek, fzo =) 1Z/n);;’l:

Lo L '/4/>g ic»0<q/(/é

%) A S0 e

gP6L: 9 B B A - K

So, if you want let us give them a name so let us li be you want to give a name, so let us ai,
bi. So, what does it look like? Here is al, here is bl here is a2 here is b2, x1 is somewhere
inside x2 is somewhere inside and so on xn an bn and here is a and here is b. That is a picture
it looks like, length of a 1 b 1 plus length of this plus length of this put together is less than

epsilon.

So, this gives me a partition. So, consider this partition. So, what is this partition? So, P is a
equal to a 0 less than a 1 less than b 1 less than a 2 less than so on less than a n b n less than
b. With respect to this partition lower sum is 0 we know that already, lower sum for every

partition is 0, I want to calculate what is the upper sum with respect to this partition.

So, the upper sum | will divide it into 2 parts over the intervals whicharealbla2b?2anb
n, what is upper sums maximum value in a sub interval times the length of the sub-interval.
So, let us divide it into 2 parts. So, 1 part is with respect to this ai bis. So, let me call it as
maximum value in ai bi. So, length is, length of li, | equal to 1 to M plus the other parts, so
these intervals so, what is this sigma? Let us call it Mj if you like. So, what would be the

length now?

It will be a2 minus a 1 a 3 minus, so it is a n minus b n minus 1 what should I write n minus
1 Db 1, itis just only the way of writing, so this we call it as a 0 and this we call it as b n plus
1. Then what | am looking at is so, a 1 minus a, is that okay over j. You understand what | am
writing here? | am writing over the sums over these green portions. So, what will be that, the

maximum value Mj whatever that may be into the length of the interval. So, length of interval



will be like here will be a n minus a 2 minus what is the length here a 2 minus b 1, the length

next one will be a 3 minus b 2, so that is what | have written here.
Student: (())(22:32)

Professor: Oh sorry aj, yes. aj, Now, in the red ones, | do not know what is the value of the
function but I can sight the red ones. | can write some constant M the function is bounded by
1 into sigma length of li all the intervals maximum value each Mi the maximum in the sub
interval is less than equal to maximum in the whole interval plus what can you say about the
other part? Mj? What is Mj here, that is the maximum in the portion where the green ones,
what is the value of the function in the green portion? In the red ones the value was bigger
than epsilon. So, green ones, those points where it is bigger, whether or finitely many so it

will be less than epsilon.

So, let us write this value is less than epsilon times sigma aj minus bj minus 1 whatever that j
may be and this length this one we have seen it is the way we found this intervals were less
than epsilon. Let me put that as epsilon, so less than equal to M times epsilon plus epsilon

time some call it as M 1 you see this is a constant.

So, total length, so is less than or equal to M plus M 1 times epsilon, so the basic idea of the
proof. So, | have found a partition say that the upper sum is less than epsilon time a constant.
So, the constant does not matter in our analysis. So, | have found a partition, so that the upper
sum, lower sum is 0, so that the difference is less than epsilon that means the function is

integrable.

So, let me revise a bit the idea of the proof. See, this is the crux of the proof says upper sum
will arise from the values where the values are non-zero. So where the values are non-zero |

look at those points were the values exceed epsilon and less than or equal to epsilon.

Where they exceed epsilon the value of the function they are only finitely many such points,
those points where the value can tend to become larger | enclose them into small intervals of
total length small. So, | that a person with respect to those intervals | make it small by

enclosing each point in a small interval of total length small.

In the other intervals, the value or the function itself is small. So does not matter because the
total length of sub intervals is B minus A. So, that is how I contain the upper sum minus the

lower sum | make it small by making the upper sum small in the intervals where the value



exceeds something they are only finitely many, other part does not matter with our value is

less.

So, this is try to read the understand this proof yourself later on when | will send you the
slides, the basic idea is that this function is a function which has got discontinuities infinite in
every sub interval, but still it is a integrable function. Now earlier function rational irrational

01 that was discontinuous everywhere.

So, that was not integrable and if the number of discontinuities are finite that is not really a
problem. Once again we can define the integral and separate parts and add, so the function is
integrable. So, integrability of the function has to do something with continuity of the

function.

We have got different examples constant functions continuous everywhere integrable.
Monotone function discontinuities are countably infinite at the most, we do not know how
many but still integrable. This function is a function with infinite discontinuities in every sub
interval still integrable and the other extreme is that 01 function discontinuous everywhere

and not integrable.

So, somewhere continuity were to say how many points you were allowing discontinuity for
the function to be integrable. So, next time we will prove first one theorem that every
continuous function is integrable like every monotone function is integrable, every
continuous function is also integrable and there is a deep theorem which says, you can
actually give a measure of how many discontinuities are allowed and that is the beginning of
a story called lebesgue measure. That is the beginning of probability theory lebesgue

measure, measure theory and so on.

That basically says the set of discontinuities of a function if they do not contribute much in
the length of the interval, then that function is going to be integrable. For example, for a finite
set in this we were able to unclose each finite set in a interval total length small. But if | take
a countable set, even that | can enclose each point in a interval of total length small level x 1

X 2 X n is accountable infinite set.

x 1 enclosed in a interval of length epsilon by 2, x 2 enclosed it in a interval of length
absolute by 2 square. Next one epsilon by 2 g, so what is the total length of these intervals
sigma epsilon by 2 to the power n and that is a geometric series, sum is equal to epsilon, so

you can enclose countable infinite set of points in small intervals of total length small.



So, in that sense, you say that the countable set do not contribute anything towards the size of
the interval you say it is countable number of points from a set of length O because you can
put them in any small collection of sub intervals. So, there is a deep theorem says that a

function is integrable if and only if setup discontinuities are small size set of length 0.

We will not prove that theorem | am just saying this may come across some time somewhere,
but you have seen a lot of examples of that. On one hand continuous everywhere, constant
function slowly we are coming to monotone infinite but integrable. Then this function
popcorn function infinite in every sub interval still integrable and then discontinuous

everywhere not integrable. So, let me stop here.



