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Lecture — 33
Trigonometry and Spherical Trigonometry 1
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Crucial role of trigonametry in astronomy problems
Indian sines, cosines, bhujujya. kofijya, sine tables
Interpolation formulae

Determination of the exact value of 24 sines
Dhiiskara’s jyotpatti - sin(18°), $in(36°)

Okay, so these are first lecture on trigonometry in physical trigonometry in Indian works, so

these are outline, so where I will first deal with the crucial role of trigonometry in astronomy

problems, then Indian sines, cosines that is bhujajya and kotijya and sine tables, some

interpolation formula which are needed for finding the sine and cosine at an arbitrary angle,

then determination of the exact values of the 24 hour sines.
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Mon-uniform motion of planets

Ancients had observed regularity in the motion of celestial
bodies ( Stars, Sun, Moon and Planets) in the sky. Stars :
Extremely regular. Others | Not Completely. Departures from
complete regularity observed over millenia. Ancients : Sun ,
Moon also considered as planets. So @ Mon-uniform Motion of
Planets

Trigonometry is needed to explain the non-uniform maotion of
the planets. This was the historical context for developing
trigonametry both in Indian and Greek astronomy.

Mow, we know that the planets move in elliptical orbits around
the Sun. Moon mowves in an elliptical orbit around the Earth. In
a geocentric framework, One can say that the Sun moves in an
elliptical orbit around the Earth. So, the orbits have an
eccaentricity. How was this taken into account in ancient
astronomy?



And Baskaras, some aspects of Baskaras jyotpatti, will be discussed in this lecture and the rest
later. There is; inevitably there will be some overlap between this lecture and the previous
lecture, okay. Now, the ancients had observed regularity in the motion of celestial body, so by
celestial bodies I mean Stars, Sun, Moon and planets in the sky and actually in the very olden
days, when things were uncertain; far more uncertain and life were more difficult.
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In fact, this is only regular thing which you would have seen you know; one of the most regular
things would have been the motion of Sun and Moon and to a little; far lesser extent, the
planets. The stars themselves have an extremely regular motion that is what [ am trying to say
the following. So, you observe the motion of celestial bodies in the sky okay, so far the celestial
sphere, you see and we see that the objects; all objects will raise in the eastern portion of the

sky, so then raise up go to the top and then come down okay.

And all of them, it will be seen that they will be moving parallel to what is known as a celestial
equator which is parallel to or celestial equator itself, so all the objects will be moving from
eastern portion of the side, rise and go up and then come down okay, that is what we see,
everybody would have seen that. So, now this is the daily motion, okay but apart from that,

what one has to see is the relative motion.

If you see the stars, okay; if you see the stars, if you have observed the motion of stars the
relative positions of stars will be always fixed; the relative position of the stars will be fixed

completely of course, now modern astronomy say that that also has a little bit of motion but we



ignore that. The relative positions of stars in the sky will be fixed, suppose, they are moving but

the relative positions that way, okay.

But whereas, Sun, Moon and other objects seem to be moving in the background of stars; in the
background of stars, in the sky suppose, you know trace a path, they will be moving in the
background of the stars and that will be from west to east, so eastward motion. So, that is what
you know, is; I am considering a motion of these objects okay. Stars are extremely regular in
the sense that you know, if you see some star in the top portion of the sky at the night, some

way say, 12 o'clock in the night.

So, next day it will be exactly in the same position about 4 minutes earlier. Similarly, the second
next day it will be about you know, same position about 8 minutes earlier and so on and always
it will complete one in the circle in this distinct sky; I mean, if you observe the positions at
some fixed time in the night and then again you know, so that is regularity, no question;

extreme regularity will be there.

And that period is; as you know, it is slightly 4 minutes < than the day, so 23 hours 56 minutes
that is called a sidereal day or nakshatra agadir. This sun, moon and all that will be moving in
the background of the stars okay, so those that motion will be not so regular, not completely and
departure some complete regularity has been observed over millennia okay not centuries

millennia okay, 1000’s of years; ancient.

By ancients, I mean not only in India, Babylonians Egyptians okay, Greeks so many, say
Chinese all of them have you know observed this at whatever level and whatever level of
sophistication of course earlier, there was not much of mathematical formulation only about for
the past 2000 Or 2500 years, we have some mathematical formulation okay. So, now ancient

considered Sun and Moon also as planets okay.

Whatever is moving, it is moving around the earth, from the earth we are see, so they also are
moving, so they are considered as planets and what was seen was that over. Let us say I said
millennia you know, for a long; after long observations over very long periods, they found that
the motion is not so uniform with different you know, varying degrees of you know non-

uniformity.



For instance, sun itself is fairly more uniform, with some small departure from uniformity,
okay. So, that is if sun, there we also you know; in Indian terminology we say you know, which
zodiacal sign it occupies you see, Mesha Rasi, Rishaba Rasi, so zodiacal sign, okay, so it
completes one revolution, first they thought it was 360 days okay, it will complete; it will take

360 days, then more accurate observations told them that it is 365 days and some 366.

And more accurate things you know, even you know, 3000, 4000 years back, it would have
known that it is not 365 but 365 and a quarter, see so that is the thing and of course, later some
few thousand years more, they founded that also is not accurate but slightly <265, 365.2 okay.
So, even in that it is not fully uniform but slight departure for uniformity way but that is small.

For moon, it is even somewhat more irregular, okay.

If you would see the relative motion of the Sun and the moon okay, so that is suppose, this you
know from; let us say, new moon day is when Sun and Moon are in conjunction, so you take the
observation from one new moon day to another that is called a month that is the Masa or the
month okay. So, that the average is about 29 and 1/2 days; 29.5309 days but it varies.

Sometime, the motion may be or the month may be just 28 days.

And sometimes, it may be 30 kind of thing, so there is a variation is about 2 and 1/2, so that is
because moons motion is not that uniform, more less uniform than suns okay. Now, planets they
do not, you know; have such an important role in various you know, religious activities and all
that and also, they are not so conspicuous but even then, planets also they could see the

regularities but these have a different nature.

You know; in fact, it is very difficult to see a pattern, if you just observe you know; start
observing okay Sun, Moon and all that. Suppose a person has a; you know, very good
extremely intelligent mind and he is very meticulous reservation, he can find a pattern between
Sun and Moon, I know their motion; planetary motion, their rate of motion and so on but for

planets, it will be very difficult to guess you know, what is the kind of a thing.

We know the reason now, you know that they move around the Sun, whereas we are observing
around the earth but anyway still they could make out that you know that there was some kind

of a regularity in this motion and there was non-uniformity. So, this non uniform motion of



planets, you see that is at the (()) (08:35) you know lot of developments in astronomy okay,

non-uniformity; you see, how they handled the non-uniformity.

And astronomy was the exact science in the earlier time in the before 15 century, so astronomy
played the same role as physics in the recent times you know. Physics see some kind of a; you
know; central signs is around, which most fundamental of the signs around which other things
are built. So, astronomy had a similar role earlier okay and then so, I explained this new this
thing; a new non uniform motion, trigonometry is required, that is what I am giving this

background.

So, trigonometry is needed to explain the non-uniform motion of planets, so this was a
historical context for developing trigonometry both in Indian and Greek astronomy, okay. Now,
we know I mean of course, even a school boy or school girl will know that the planets moving
elliptical orbits around the Sun and moves in a’ moon moves in an elliptical orbit around the

Earth.

And in a geocentric framework one can say that the Sun moves in an elliptical orbit around the
Earth, you see those orbits you do not observe, what you see is you know variations you know;
it is in the background of stars okay, and you have to construct the picture after observation
over so many of these things. So, behind this simple sentence you know that it moves in an
elliptical orbit, at the extreme hard work over millennia.

(Refer Slide Time: 10:19)

Epicycle model

One had an “spicycle’ model for the motion of a planet both in Indian and
Gresk astronomy. The detaills are diffierent, but the basic idea is as follows:

s
8 A pages (Mandoce s,

Epicycle modeal for the eccentricity correction

Fu : Mean planet moving acund C at a uniform rate in a circle called the
'Kaképavrtta’ or ' Deferent’. Tis a reference line (like the direction of the first
point of ' Mega' radi)

rOP — 4y is called the ‘mean planat”.



Now, the ellipticity will mean that there is some kind of a; you know eccentricity it is a
departure from circularity and that will lead to non-uniform motion. So, how was this taken into
account in ancient astronomy, we have to see that. So, one had an; so called epicycle model for
the motion of a planet both in Indian and Greek astronomy. The details are different but the

basic idea is as follows, okay.

So, essentially suppose; you assume that you know to the first approximation, the planet is
moving uniformly around the earth okay, in the background of stars okay. So, PO is the so called
mean planet or the Madhyamagraha, okay, so this is moving at a uniform rate in a circle called
Kaksyavrtta called Deferent. Now, this gamma; this is a reference line the direction of the first

point of Mesa Rasi.

According to Indian normally, according to Indian convention, all of you would have heard of
Mesha, Rishaba and all that, so there is a division of the zodiac 127 part of this thing. The
beginning point of that is the this Meshhadi they say, Mesha Rasi. So, now with respect to that,
you measure this angle okay, incidentally only you observe the angle only, you all; distance
measurements came out later, you see.
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Finding the true planet

Te find the true position of the planet, draw a circle of radius r
around P; (the radius of the Deferent is R.) This is the
eplcycle, or ‘Wandavrtia’. Mow there is what is known as the
direction of the ‘apogee’ shown as OA in the figure. A is called
the "mandseca’ in Indian texts: Draw a ling PP pa'rallcl to 04
intersecting the epicycle ( \andavrita) at P. Then O is the true
position of the planet. FOA is the longitude of the ‘apogee’ and
M = AQPy = TOPy — FOA = #y ~ NOA, is called the

N evrialenkerriiliw

True Longitude# = FTOP = FOPy — PyOF = fig — Al

whare Ad is the comrection to be applied to ¢, the mean
longitude to obtain the true longitude. It is called the "Equation
of Cantra.”

When you see some object you see essentially the angle with respect to certain directions, so
this theta 0 that is called a mean planet okay, which is moving uniformly okay. So, now to take
into account the non-uniformity, you know; you draw a circle of radius small r around PO, okay.

So, around this mean planet, you draw a small circle, so this is called Epicycle or Mandavrtta,



so these epicycle, okay and these are the radius r and it is what is known as an Apogee or we

have called (FL) in India terminology.

So, this the direction of apogee and how we get it that a different matter, you see that we you
have to discuss, which I assume you know that there is some kind of Apogee and that is a
direction associated with it. Now, draw a line parallel to this direction of Apogee and let it hit
the circle at capital P, so this is a true position of the planet, okay. So, got the point, this is PO, is

the mean planet called (FL).

And P is the true planet called us (FL), okay. So, now you have to find this, so difference
between them is you know PO O P, that is the difference between the (FL) are the correction
you have to apply to the mean planet to get the true planet, okay so P is; and that is where one
can; 2 longitude is this; theta O - delta theta, I am calling this as delta theta, this small you know
correction okay.
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Appearence of Sine function, Enter Trigonometry

Let X = OF. Thisis called the mesda-bane Exteand Py ta @ such that PQis
perpandicular to PG As Fof s parallel 1o OA by construction), PR — M
ard P — rsin M.

n triangle POQ, POQ = POF: = AR, amd so,
OF' sin Af = PQ = rein i

coKEnAf = rsin M
. r . o
L ENAR = —sinM= _ =sin(é — A)
& K o
- i Vo 1fr ot
o AB =sin [_Eﬁriw‘] sin [‘Ksm[ﬂ, A

where K = OF = [[R + rcos M) + ¢ gin® M]2,

To know the cormection A2, one neads the sine funclicn. One should also know
howr to find the inverss sins function, that is to find the arc from the sine

This is how the trigonometric functions enter astronormy.

To find A for any & and A wa should know sin(éy, — A) = sn M, eithar by
enqlicit construction or tabulated values

And from the geometry book, you can refer to it later, see you draw a perpendicular some P to
the line extended from OPO onwards, this P, Q, O is 90 degrees, | mean it may not look like this
in the figure but it is that and then simple geometry will tell you that you know one can show
that this delta; suppose this is K, OP is K, this is delta theta, so then one can show that this delta

theta is sin inverse or sin delta theta or K sin delta theta = r sin M.

Let me, so called Manda kendra, so which is this angle; angle between the (FL) mean planet

and the Apogee, so your delta theta the correction will be sin inverse /K sin theta 0 — A, where



A is the angle corresponding to the Apogee, okay. I mean this of course, you can look at it at
leisure sometime what I am trying to say that this; so to know the correction delta theta, one

needs the sin function, that is the important thing you see, details you do not bother now.

So, to know the correction you know, I have to know the sin function, you should know how to
find an inverse sin function also, sin inverse is there, so that is to find the arc from the sin. So,
this is how the trigonometric functions enter astronomy, so thus to find delta theta for any theta
0 we do not know a; we should know sin theta 0 - A sin M, either by explicit construction or

tabulated value, okay.

So, these how it comes there, so I mean, many other developments in astronomy like this are
intimately; I mean mathematics in the earlier days are intimately associated with developments
in astronomy, so non uniform motion you know; you have to know science and all that, you
have to develop a trigonometry. I mean even to describe the circle and all that you say, why did

you say 360 degrees because earlier it was thought that the average year is about 60 days.

So, that is how you know, so now, it is not surprising that you know all the important works;
important ideas in mathematics in the earlier days in India or from Aryabatta onwards, so they
were always in astronomy text, you see and mathematics was a part of the astronomy text and

later only Ganitasarasangara onwards, you will have independent treatises on mathematics.

I mean that is so even in the other Western countries also, I mean the Greek, European tradition
also, so they were intimately related and many important developments in mathematics always
occurred in relation to astronomy problems like instantaneous velocity of moon (FL) which was
mentioned earlier, so that is you know what is needed in this thing and the instantaneous
velocity intimately related to the development of calculus okay.

(Refer Slide Time: 16:10)



shadows and Trigonometry

Again, to find the tme from the shadow of & gnoman

r

5
i

Shadow of a gnomon

The light rays are slanted at an angle z to the vertical. z is the ‘Zenith
distance’ of the sun. g is the "gnomon” height and S is the shadow.

ginr

g ¥ cosz

Z depends upon how much time has elapsed since the Sun has
crossed the menduan, through the "hour anghe’ H

But we are you know bothering only about trigonometry here, so similarly to find that time
from the shadow of gnomon, okay. Suppose, this is some (FL) you know pillar whose shadow
we are observing and this is the; these are vertical direction and suppose the sun's rays are
coming at an angle z, so then you can easily see that this shadow s is g tan z sin z/ cos z, so
clearly there is a trigonometric functions are coming.
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Time from shadows: Spherical Trigonometry

¢ > @ \ . Diurnal path of the Sun
«  Equator

Y

Sun at zenith distance » on the celestial sphere

In the figure, the posibon of the Sun in the sky 18 shown, 7 is the Zenith
distance of the Sun, H is its hour angle, which indicates how much time has
wslapsed from the ‘noon’ whan the Sun crosses the maeridian. . is the latitude
of the place and 4 is Sun's declination (how much it 18 above or below the
equator). One can show, using spherical trigonometry that

[0 4 Sifhs 8N -+ COS o COS 4 CO8 M

S0, one determines 2 from the shadow, and M from the above relation. So lot
of ingonomatry (plane and sphancal) are invelved! So determination of sine

and cosing functions vary critical to calculation in astrenomy

So, these are shadow and then to find the shadow time from shadows that also were mentioned
one has to use so called spherical trigonometry, which I will discuss later. So, actually this is the
formula which is relating the shadow; I mean this angle z and the time H, essentially it is
related to the time okay it is called hour angle, so you can see that they are all related. So, you
can find out H from z, if you know phi and delta.
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Indian jya
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The Indian Jya.

In Indian astronomical and mathematical works, the

circumference of a circle is taken to be 360° = 21600". The

radius A = (21600 /2r) = 3438'. This is the ‘ Triyya’. Then for an

angle #, or an arc A8, the jya or yiva is AB = R sin# as shown in

the figure. OB = Rcos @ is the kotifya or kojya and

BD = R{1 — cosd) is called Ulkramajya or Versed R Sine, or

‘Sam’.
Phi is a latitude of the place; delta is the so called declination. So, determination of sine and
cosine functions, very critical to you know for time related things also daily motion, okay. So as
important a thing as time, so hence the trigonometry you know, the criticality of trigonometry
for astronomical calculations. So, now are going to discuss the Indian jya, for some of them

have been done earlier but let me repeat it for completeness.

So, these here you have a circle okay with the radius capital R okay and then this is your angle
theta and AB is the perpendicular like this okay, so then AB is called a jya okay. The radius R is
taken to be 21,600 minutes divided by 2 pi that is nearly 3438, you have already come across
this. So, essentially you are taking the length of the circumference to be 21, 600 which is the

number of minutes in a circle; 360 * 60.

The radius of that circle is jya you know Trijya, which is a nearly 3438, this is Trijya, okay. So,
then this R sin theta that is a jya; Indian jya is r sine theta, so it is a length, that at the length
okay and this OB is called a Kotijya or Kojya and this BD is r * 1- cos theta is called Utkramjya
or Sara and this also has been discussed okay, so these how it is. Of course, earlier it was called
this; I will come to that.
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ek Chord and the Indian Sine

Greaks worked with the chords. Indians, with the Rsines, as defined

Just now
A
Chord and Sine
AC = Chord (20) = 248 = 2R sin(8)
In all calculations, it is the sine the appears. The Indian sing 1s
perfectly suited for writing formulae and performing calculations. The
chord 15 far 2s8s 80

So, now the Greeks worked with chords and Indians with Rsines, okay. Suppose, we see the this
is a relation; suppose you have a circle like this okay, so these angle theta, so AB is a Indian
sine or sine theta, whereas chord, so this is does not touch the circle, it is only half of this chord
is AB and chord is AC, right. So, AC is chord of angle 2 theta, which is 2AB, which is 2R sine
theta, okay.

So, Greeks work mainly with the chords and Indians with these sines, you know all in fact, one
exclusively with signs after Aryabhata okay and of course, earlier India also, this used to be
called jya and then AB was called (FL) okay but later that was given up and this itself called
was called jya, okay. Now, the important thing is the Indian sine is perfectly suited for writing

formula and performing calculations.

If you actually want to go through that I wrote that figure you know, you have to calculate the
correction and all that, it is always the sine function which comes okay. So, the sine function, so
then if you know the formula and you can write it easily in terms of the sines not with chords,
so in all ways in Indian text, there will be some formula you know, for calculating their

positions of planets. Sun, Moon and planets okay.

It will all can be summarized you know with some parameters and all that you know, with some
2 pages you can summarize all the calculations okay and of course, I will tell how to compute
sine and all that there is a different matter whereas, in the Greek this thing, it was go to some
work like Ptolemy, it is difficult to find out how to calculate, so you know, you take this chord

and then you go to the table and then find out this and so on and so forth.



I mean is as accurate as the Indian thing, I am not denying that but it is more difficult for
computation and Indians always you know, enthusiastic about competition, it should have a
quick picture of this thing, okay. So, the full theory, the philosophical and all that, that can wait
a little so because for these computational purposes, this is most eminently suited and ideal
actually, so this is the Indian sine.
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he terms 'Sine’. 'Cosine’. can be traced to India

i Alse, jiva, Adopted by the Arabs.
fivd = jili = In Arabic, read as 'jayb’.

‘Jayb' (‘pocket’ or ‘fold’); Translated into Latin as
'Sinus'— Sine

So the term 'Sine’ is derived from Indian ' jivd’,
Now in India, the complement of the ;i is Aotijyd.

So complement of Sine —» Cosine

And actually, the very term sine cosine can be traced to India, see jya was also called jiva okay
and this was adapted by the Arabs and when it went to Arabs around 6, 7 century, jiva; jiba also
it became, mean Arabic is read as jayb, okay. So, jiva did not mean anything, jayb means some
pocket or fold in Arabic, so they started doing jayb okay, which means pocket are fold and it

translated into Latin, it is sinus okay.

This meaning, you know this got translated into Latin, then it became sinus and from sinus, it
became sine okay. So, jiva to sine, though they sound different, so the term sine is derived from
India jiva, so then Indian; in India, the complement of the jya is Kotijya okay, so that is we have
already seen that you know, the complement of that you see; so this is AB, AB is sine, OB is
cosine, right, so they are actually sine of 90 - theta it could be viewed like that also.
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24-fold division of the quadrant
For & Sine table, the quadrant & divided into 7 squal drasions. Typically, in
most texts 1 = 24, that is, the quadrant ie divided into 24 parts. Each
0
sagmani comesponds bo T T 3745 or 225, In the following figure, the
points P(i = 1.2.3 2:1] reprasant he end pomnits of the 24 segments
The sat of piras, o PN 1.2 24 r,t.'.\rrﬁ-u.p{:unrlmg to e '::,,qpqﬁ (=P =)
are expleitly staled n many bexts. such as A rpabhatipe, Surpasiddanta
Tandrasangroha @16, Later values of v other than 24 are also dscussed in
some works. for inslance, we will consider n = 30 ar 80, a8 discussed by
Fliiskesirn=ll oy e " Sypelmitld s@ction af 'Siddhantasssemana

8 corraspanding to anc langths wiich are multiples of 225

Irw M 2d-fald divigon, W Rave 1o ind B 8in o, wheng § = 225" = 3745 and
f=12 24

45

So, they always use kotijya or kojya in chart, so some complement of sine is cosine. So, the
sine and cosine are very much you know to do with India like just like algorithm, we see it has
mentioned earlier, it had to do with al-khwarizmi, who was interested in Indian ways of
calculation, okay. Now, 24-fold division of the quadrant to find out the signs okay that I will
not; you have come across this earlier also maybe. I should not be going to details.
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_.-ir'_t;x: hh.u.ll‘-x.-_l,w: Finding Rsine

In his Aryabhatiys, Arvalhata gives the following second-order
difference equation for finding A sin o

Asinio
AS5in o

The whole table of sines can be generated from this, with
Asina = Ao = 225 (as o Is small), as the only input. For
Irstance, HganEI&B(Tqug! Asin3x = 671 from this (We have to
divide by A = 5
It is amazing that Erymhhnm realized that the second-order
difference is proportional to 7 sine itself, as far back 499 CE
itsell. The second order relation is essaentially the equivalant of

d® sin x
dx?

Rsin{{i+1)al—Asin(ia) = Asin{ic)— A sin{(i—1)a}—

= 3438 to get the modern sine.)

=—ginx

So, you find out the sine at any particular for any angle you first find out the sines
corresponding to multiples of 3 degree 45 minutes at 3 quarter degree which is 90/24 okay, so
find that out and then sine tables and all that much has been said about it but I just briefly
summarized for completeness. So D is the difference equation; second order difference equation

for finding Rsin alpha, I alpha okay.



The second order difference equation, so this is what was used by Aryabhata, right even in the
previous lecture, you had this, so you are not going to detail. So, first Rsin alpha is 225 it is
given in Aryabhatiya, next is Rsin 2 alpha is 449, see all those things I need not explain but a
very crucial thing is that you know that D the second order difference equation and it is
essentially equivalent of the second order differential equation d square b/ dx square sine X is =

- sin x okay.

So, it is a very and for that time you know; at the time of you know this is, in 499, is a very
important thing you know and remarkable you see, there is one professor Mumford who is the
fields medallists, okay very important equal at or Nobel Prize in mathematics, he had come to
Chennai about 5 years back or so, so he was really; if there are some lectures and history of
mathematics and he was also talking about it, he was marvelling at this you know.

(Refer Slide Time: 25:04)

Correct difference equation, Nilakantha

The cormect finite difference equation of the sscond order is

Rsin{(i+1)al — Asinfin) = Asn(ia) — 80— 1)al — 201 — o8 o)A SN o

11
Rana 226
The exact racursion ralation is stated in Nilakanthe's Tantresanigraba (1500
CE.) He also uses a better value for 2(1 — cos o). Also the first sing, Asine is

taken to ba 224°50° o (224 + 2. Thisis basad cn the batter appraximalian

and

while 201 — cosa) = DOMMEEZ2, = (.00 4444

o

N s a

(For o — 225 wehave 2(1 — cofia) = 0.004282153). This is approximatad in
thie taxt by ;,_l, =2 (LDO42B2E55).

Obwicudy, Milakantha gets a much batter sine table. The topic of sine tables
generataed in this mannar will ba taken up separataly.

Fact that Aryabhata had something too close to that kind of you know, advanced and this is
most optimal way of you know, generating a sine table. So, that is what emphasized me many
people you see, from this you know the second order difference equation you can generate the
whole thing and the cleverest way of doing things and that is where it is important, so you are

not going to details of that, the exact second order finite difference equation is this.

So, cos 1 - minus alpha even the previous lecture, you saw that, so Aryabhatas values were
slightly inaccurate, so improved by Nilakantha, okay. So, under first sine, you took as 224

minutes sorry, this might be 50 seconds; 2 * 24 minutes 50 seconds are 224 + 50/60 and these



are the better approximation sine alpha is = alpha - alpha cube / factorial 3, okay and similarly
this was you know is 2 * 1 - cos alpha.
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This was you know approximately, 1 over 233 and 1/2 which is this, so obviously Nilakantha
gets a much better sine table. So, you already listened to this sine table know, so these how it is
done and please remember again that you know the Indian sine, okay; so you have to divide
essentially by 3438, to get the modern value of the sine, so that is all. So, when they say sine is
Rsine theta right, so that is the jya and R is very close to H; sorry 3438 so that is what you have
to remember, okay.

(Refer Slide Time: 26:33)

Sine of an intermediate angle, Interpolation

Whal aboul sines ol anglas which are nol mulliplies of o, that is intermexdiata
angles? Thisis dorms by inlerpolation, as stated

Figurs. Raine of an intermediate andls.

{6 = ia)

Rsing = Asing + A& — &) ’E‘Sll"llll‘]u-hll — Fl’Ein{l‘:'u]]

R — &)
In his Khandakhadyaka, Brahmagupta gives a second onder interpolation
formula in the cantext of gne and cosine funstions, but which i valld 1or an
arbitrary function too.

Now, how to get; for an intermediate angle, how do we handle the situation okay, so these 3

gives only the sines at regular intervals of 3 degree 45 minutes so yeah; so, for that you do the



interpolation. So, Rsine theta; the first; is the first order interpolation okay, so suppose theta is
there, it is close to theta I, let us say, so then Rs theta - theta *; so by the rule of proportionality,

so what is then here is you know.

Suppose, that is, if theta I; you are finding the R sine theta for theta 1 in theta i + 1, so these are
difference okay. So, for a difference corresponding to theta i + 1 and theta i, this is the actual
difference between the sines and what is the value, what is the correction for an arbitrary
difference, theta — theta i, so by the rule of proportionality, so if this is the change for this
change in the angle, what is the change of sine for this change in angle, so that is this okay by
proportionality you get this.

(Refer Slide Time: 27:59)

So, what I am trying to say is that you know, suppose you have; you want to find the; find this
Rsine at 300 minutes. So, the first approximation is that R sin 300 minutes, so close to that is R
sin 275 minutes, okay + 300 — 275, okay and R sin right 450; 450 or 250; sorry, I am sorry, 225
this must be 225; 450 - R sin 225 divided by 225, so this is the; and these are tabulated right,
225 you know, 450 you know, so these are tabulated values.
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Second order Interpolation due to Brahmagupta

L - ) L
aR]ferae At T JEE
“Multiply the residual arc left after division by 800" ()
by half the difference of the labular difference passed
over and that to be passed over and divide by 9007 {«);
by the result increase or decrease, as the case may be,
half the sum of the same two tabular differences; the

result which, less or greater than the tabular difference
to be passed, is the true tabular difference to be passed

aver”
Suppose one is given i — 1], fifa), {7+ 1)) ete.
(Brahmagupta - o = 800 . Residual arc left after division by
900 = da).

So, for a difference of 225, it is sin defined you know, this is what you have to add for a
difference of 300 minutes; sorry 225, you have to add this by rule of proportionality, about this
assumes that you know it is linearly varying in that interval which is not true, so one should
have a more clear you know, better approximation to take into account the fact that sine is not;

you know varying so uniformly, it is not a linear function okay, to take that into account.

So, the second order interpolation due to Brahmagupta, so he says in his other famous work
under (FL) so multiply the residual arc left of the division by 900 by 1/2 the difference of the
tabular difference passed over and that to be passed over and divided by 900. By the result,
increase or decrease that the case may be half the sum of the same 2 tabular difference, the
result which less or greater than the width it should be; difference to be passed either 2 tabular

difference to be passed over, it is easy mechanical translation.

So, what he is trying to say the following, so we see first we will get what he is trying to say
and actually Brahma Gupta in the (FL) is the Kannada work you see. So, for the fast
calculations without going to too much of theory, so in that the sine tables are you know a very
rough values are given, you know that it has interval of 15 degrees. So, there is the 900

minutes, so that is why 900 is coming.

So, the 90 degrees is divided into 6 portions, so he is giving the values for the 6; these things.
So, intermediate values; how do you get? So, because these intervals are so large, so more;

better approximation for the intermediate values is needed, so that is why he is saying this. So,



what he is saying is following okay, suppose one is given in fact, he does not say sine or cosine

and all that obviously, it is for sine and cosine from the context.

Actually, it is valid for any function and any function suppose, you are given some function at
the interval of alpha, you see so, alpha, 2 alpha, 3 alpha like that. Suppose, you are given if the
values is 1 - minus stage of this; f of i — alpha, then f of i alpha and F of i + alpha.
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SECoNd arder Interpo

Than, according to the interpolaticn formula
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Campara with Taylor sarnes
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So, then what he is saying is that suppose, beta is a fraction, so f of i alpha + beta alpha is f of i
alpha + beta alpha/ alpha * delta of i + 1 + delta i/2 + beta * delta of i + 1 - delta 1/2, that is what
he is saying and what is delta I, that the difference you see; i alpha and i - 1 alpha, so that is the
difference and this is the next difference, you see (FL) we are talking about right, the difference

between the sines that successive this thing; values of this multiple.

So, that is that, so we are taking these and then you find out that what he is saying. So, now
compare with the Taylor series; the modern Taylor series of course, he does not talk about it, |
am saying just to for a comparison, if you take this, this is how you do your Taylor series in
modern times F of i alpha is you know. Suppose, you know the function at this value, then to
find this you have to know the derivatives of df at various orders.
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second order Interpo

So Brahmagupta is taking

af 1 Il' 0 1 0 1 'lI
[= '] E L1 ik i ]
1| ML 1)« Fliew) i) = Al = 1]a]
2 1
{Average of the rate of change at (/ = 1}« and in) and
d*f A, A,
dx

PI{F + 1)a] = flia)  Flia) = P[0 = 1)a]]

{"Danvative™ of raté of change. ) as should It ba

And first order this is this and second order, you have to have this kind of a term; the second
order and also it is called Newton Stirling formula; second order this thing and so Brahma
Gupta is taking this essentially, he is taking df/dx as this so this is a change and this is amount
of change in the angle, so these are rate of change. So, he is taking the average of the rate of

change at 2 points; i alpha and i + 1.

Average rate are change at i + 1 alpha and 1 alpha and d squared f / dx and he is saying the
difference; difference between these you see, these are rate of change at i + 1 alpha, these are
rate of change in 1 alpha. Essentially, it is related to the second derivative as we call it. So, it is
very amazing that he is discussing this in 650 AD or whatever you know, that is what it is right.

So, only you have to plug in properly.

As I told you, I mean what he says is this but we can very clearly see you know, that alpha is
900 minutes and all the other things is the half the difference of the tabular difference, he is
saying; all the things he is saying and passed over and divided by 900, all lesser or greater than
the tabular difference, so all the ingredients are there and essentially he is giving this formula
which we can understand like this.
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Exact values of Sines

Exact values of Sines
Apart from finding Sines from the second order differénce equation,
fhere is a method of finding the 24 Reines axactly

Finding sin 30" and sin45

COne knows that a regular hexagon inscribed in a circle has a side
which s equal o the radius of the circle, and that the angle sublended
by a side at the centre is 60°, half of it which is 30°, Then in Fig. .19 a,

rsn 30 ;
1

sim 30 5

So, you can get more accurate values for the intermediate angle that is what I am trying to say,
so that is the second order interpolation formula for which Brahmagupta is justly famous, then
apart from tables one can do with; I know the exact values for the 24 hour sines without the
professor Ram Subramanian was also mentioning that, so without doing the tables, one can find
out all the 24 hours’ sines is a good geometrical method okay, that is what he was saying.
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Exact values of Sines

Similarly, if we take a right triangle whose sides are 1 and 1 and
the hypotenuse + 2, then from Fig. 19 b,

sinds
LY

Also it was known that sin® ¢ + cos® ¢ — 1. So, if one knows
sind

cosfl = \/1 — sin’ ¢

In particular. in the 24-fold division, if we know the i Rsine,

that is R sin «, We also know (24 — /)" Rsine, that is
R sin((24 — i)a]. as 240 = 90°, and
R sin[(24—i)a] = R 8in[90° —in] = Rcosin = \ R? — R2sin in

an

See for instance, if we inscribe a hexagon, you can see that Rsine 30 degrees is = R/2 okay, so
these are hexagon this side, so this angle is 60, half angle is 30, so this is 1/2, these 1/2, this is r,
so sine 30 is 1/2 basically, sin 30 is r/2. Similar sine 45 degrees is you know; 1/root 2, right, so
that is also given in; these are explicitly stated in the works, various textbooks, books in Indian

mathematics and astronomy.



And so you know sin 30, you know sin 45 and if you know sin theta, you can find out cos theta
from this. In particular, in the 24-fold division, if you know the i th R sine, that is R sin, which
will be 1 alpha, we also know 24 — i th Rsine that is Rsine 24 - i alpha as 24 alpha = 90 degrees,
s0 24 —1 or 24 — 1 alpha is Rsin 90 - 1 alpha, which is Rcos i alpha, which is this. So, what [ am
trying to say is; for instance, suppose, i is 2, okay then, Rsine 22 alpha.

(Refer Slide Time: 36:29)

L)~ - > | - »
Finding Ksin 2) from Ksir

It was realised that we can find Rsin(#/2) from R cos/ which can be

found from R sind. In his Bribmasphulesddhanta, Brahmagupta says
TAF TOHWUSOTSTHT AT T T |
- -

FET THATSHFI A FATGAA TEATHTA I

“The square root of the fourth part of the Versed Rsine of an
arc multiplied by the diameter is the Rsine of half that arc’

Thatis

D R
R sin |2] \ I:4h'|1 cos i) V :!M'i cos i) (D = 2R)

or sin® 1 ; ) ;| 1 - cos#)

Essentially square root of R squared - this one; this one; right, so Rsine 22 alpha is square root
of R squared - R squared sine squared 2 alpha. So, from 2, we can find out 22, so like that and it
was realized that we can find Rsine theta/2 from Rcos theta, which can be found from Rsine
theta. So, in his Brahmasphutasiddhanta, Brahmagupta says, (FL) The square root of the fourth
part of the versed sine of an R, multiplied by the diameter is the Rsine of half that arc, that is
what it means.
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Asin(#/2) from Rsin({#): Varahamihira

In fact, this had been stated by Varahamihira earlier in his
Fofeasiddhantika in Viarge 5, Chapter 4, thus ;

ST R TA AT 30+ ard=4T|
SfEI[o ST FUT AT AT ST

“Twice any desired arc is subracted from three signs
(i.e. 907} the Asing of the remainder is sublracted from
the Rsine of three signs. The result multiplied by sixty is
the square of the Rsine of that arc”

Here, he is again essantially saying :

(Asing) = gﬁ‘{i — cosé),
with & — 120.

So, R sin theta/ 2 is essentially is a giving this D / 4 * this, so this is square root of R/2 * R * 1 -
cos theta. So, essentially saying to say the sine squared theta/2 is = 1/2 of 1 - cos theta, this we
know right, so this formula also was known. So, in fact this is; we shall be noticed earlier by
Varahamihira himself. Varahamihira was just almost a contemporary of Aryabhata, slightly later

Aryabhatia 499, and see, Pancasiddhantika around 520 or something like that.

So, there he describes 5 systems of astronomy and so on. Panca; Pancasiddhantika and there he
describes some trigonometry, so that is what he says, (FL) so, twice any desired arc is
subtracted from 3 signs that is 90 degrees. The Rsine of the remainder is subtracted from the
Rsine of 3 signs. The result multiplied by 60 is the square of Rsine of that arc, okay, so that is
the thing.

See, I should mention that sometimes you know the capital R is not always taken to be 3438,
sometimes some other values also are taken for simplicity in calculation. So, Varahamihira is
taking R to be 120, so that is why he is saying 60 is coming you know, in reverse (FL), so there
is R/2 and even the Siddhanta siromani, baskara will take a shorter sine table you know, so he
will take because for faster computations, he will take R is = 120 there also.
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Finding the 24 Rsines

With the knowledge of the 8% sine which is sin 30° = 1,2, the

12" sine which is sin 45° = —, {i/2)" sine from the /" sine,

{24 — 1" sine from the i sine, the whole table of Rsines can be
generated. This Is indicated thus, from the 8% sine:

8 —+ 16,
8—+4204 2,22 21,23, 22—+ 11,13,
20— 10, 14; 10 = 5,19, 14 —= 7 17

From the 129 sine
12 618 6 +»3.21;18 +9.15

Of course Hsin{24a) = A. 3o, 24 Bsines are found.

There would be lots of square roots on the way. So the method
iz exact, but cumbersome.

So, like that there is only a constant here, so this is essentially, so this formula that you can find
out sorry; I am wrong here it must be 1 - cos 2 theta, right; twice any desired arc, 2 theta; this is
not correct, it is cos 2 theta. So, essentially cos 2 theta is found from sin 2 theta. So, if you
know sin 2 theta, you can find sin theta or if you know sin theta, you can find sin theta/2. So,

essentially, so you know sin 30; you know sin 45, you know sin 90, sin theta/ 2 from sin theta.

And you know how to get sin 90 - theta from sin theta, so using this one can construct it; so
with the knowledge of the 8th sine which is sin 30 degree is = 1/2, the 12™ sine which is sine 45
degrees is = 1/ root 2, i/2th sine from ith sine, 24 — ith sine from ith sine, one can find out the
whole you know. So, from 8th, you can find out 16, 8th sine and from 8 you can get, you know
from the 1/2 sine theta/2 formula, you can get 4 and 20, from 4, you can get 2, I mean that

second sine, 20 second sign.

From 2, you can get first sine and 23rd sine, from 22, we can get 11 sine and 13 sine, you see, I
mean this 13 means, 22 sorry; 11; 24 — 11, right, from 20, you can get 10 and 14, from 10, you
can get 5 and 19 like that and from the 12th sine, you can get this, so you can see that
everything is covered, so all the 24 sines can be found using this method and there will be lots
of square roots on the way.
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Bhaskara’s jyotpatti: Finding sin(187)
Bhéaslkara'’s "Jyofpaitsy (Generation of Bsines) is a part of

‘Goladhyays’ which ia a part of *Siddhantasiremand’. It gives the
value of sin 187 and sin 36°.

Verse 9.

TETTIATITAT ST ST aeam

"Deduct the radius from the square root of the product
of the square of radius and 5 and divide the remainder
by 4, the quotient thus found will give the exact Rsine of
187"

So, It states:

g _ plY5—1]
Asin18" = HT

So, the method is exact but cumbersome, so like you know finding the circumference inscribing
polygons with larger and larger number of sides, one can keep on doing it, can get a larger; very
high accuracy but it is very cumbersome after them, you have to do lot of, you know, square
root and square root, square root of like that. Now, Bhaskasras Jyotpatti, it is called some verses

or so or 28 I do not remember.

So that is; at the end of this so called Goladhyaya of Siddhantasiromani, so Siddhantasiromani
and his spherial astronomy part is at the end is jyotpatti, he calls you know, so it interesting you
know, so what it means a generation of science okay, so that is the Indian; you get the numbers
and of course, with all accuracy and with all following all the logic okay but that is the

important thing and it on the theory you can you know learn what we do it later also.

So, for instance deduce a method for finding sine 80 degrees in this; so sine 80 degrees does not
come this sine 24 he says, it does not come, so he gives a method so he says (FL), so deduct the
radius from the square root of the product of the square of radius and 5 and divide the
remainder/ 4, the quotient thus found will give the exact Rsine of 18 degree.

(Refer Slide Time: 42:42)



Proof of expression for sin(18°)

Froof: Refer to the following figure, (with circle of radius R), where ADB = 35°,
and OAB = 0BA =727 Lat AD (D on OB) bisect the angle OAB. So,
OAD = 25°. Both the tiangles ACD and DAB ars isosceles tiangles, so

a0 = AD = AB

a‘l-".
A - L
. ¥ r

Findirng sin 18
OF bisects the angle ADB — 36°, OF is parpandicular 1o AB, ADF = 18°. Lat

x = Aein18°
AB = 2AF = PAsIN 18" = 2x

Mo thiargle, ABD s gimilar to the thargle OAS

AB o4
- BD~ AB
VAR = 048D,

So, he is saying that Rsin 18 degrees is = R * root 5 — 1/4 because he does not use the; in the
(FL) and I will explain this method. So, essentially what is; what one has to do is the following;
so the circle of radius R, so here AOB is 36 degrees; AOB is 36 degrees of course, it looks
much larger than that for clarity, assume it is 36, okay. Then, OAB is 72, this angle is 72, and
let this AD bisects this you know OB.

So, we are taking this angles a isosceles triangle, okay this is 36, this is 72, this is 72, this is
radius okay and your angle OAD, so this is 72/ 2, which is, 36, so this is 36, these 108, and this
is 72, these 72 and these also an isosceles triangle, AD is = AB and AD also = OD okay, it did
not appear like that, I am sorry, the figure is not to scale. So, from these things one can find out
the sine 18, so for instance OF bisects this angle AOB and OF is perpendicular to AB, AOF that

is 18 degrees.

So, now let x is = Rsine 18, so here AB is = 2AF and AF is RSine 18, so you call it as 2x, so
one can see that one can show that ABD; the triangle ABD and OAB, they are similar, one can
show that because both of them 72, 72, so ABD, ABD, so this is 72, this is 72, this is 36.
Similarly, OAB, this is 72, this is 72, this is 36, so they are similar, so you get a AB/ BD is =
OA/AB, so AB squared is = OA * BD.
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Proof of expression for sin(18")

Mow, BD = Q8 - 00D =08 - A8 = R — 2x.
o4 = 5
. (2%) = R(R - 2x)

4x2 + 2Rx — R Q0

2R + VART 16R% _ (w5 - 1]
2.4 4

Hence,
/ 1
rM=-1l

in1
Rsin18 3

o

So, now BD is; BD is OB — OD, so it is R — 2x and OA is R, so essentially you get from this
you know, AB squared is = OA BD that translates into 2x squared is = R * R - 2x, so finally you
get x 1s equal; so this x; Rsine 18, so 4x squared + 2Rx — R squared is = 0, so these are
quadratic equation to get the solution, so you will get root 5 — 1/4, so Rsine 18 is =R * root 5 —

1/ 4, so these are angle, which we have discussed in detail.
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sin(36°) in jyotpatti

In Varsa 7 of Jyotpatts, Bhiskara says
E 4 T ﬁ ﬁ [ I
HATAT HEgaTa He Sigaaursar
Deduct the square root of five imes the fourth power
of the radius, from 5 times the square of radius, and

divide the remainder by 8; the square root of the
guotient will be the Rsine of 36°."

Similarly, in other words, deduce the Rsine 36, so (FL) deduct the square root of 5 times the
fourth power of the radius from 5 times the square of radius and divide the remainder by 8, the
square root of the quotient will be the R sine of 36 degrees.
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R R4
So, he says: R sin 36 I'r' 2 E.\ 2

{8 = w3
&

This can be easily understood as follows:

or sin 36 ll.

sin 38 1‘_;:1 cos 7T2%) 1‘-;:1 sin 18%)
1], v5-1] RS CEER))
1.,~21 4 | B
8= w3
V8

-~

So, using similar methods, one can do in fact, this is R sine 36, he is is giving this; this is a
thing 5 root of 5 and then inside the root, there is another root, so sine 36 is giving as root of 5 -
root 5/ 8 and take the square root of that, so this can be understood as follows because sine 36 is
= square root of 1/2 of 1 - cos 72, okay and cos 72 is sin 18 and sin 18, you have found, right;

square root of 1/2 * 1 —root 5 and finally you get this.

So, this is how, he has of course, here discussed more things in jyotpatti, so we will come to
that later for instance, he will tell how to find out; you know, you found 24 hour signs, then he
will tell how to find out 30 Rsines, that is you know if you divide 90 * 30 divisions, then how to
find that is; find a sin at the interval of 3 degrees or sin of 1.5 degrees and then he will go to sin
of 1 degree, you know sin 1, sin 2, sin 3, etc, how to find, so those things also he will do in
jyotpatti.
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So, which we will do in the next lecture in fact, you will say some very important things,
important results of that related to sine and cosine in the jyotpatti, so the famous, now, you all
of you know sin A + B, sin A cos B + cos A sin B, so those things we will discuss in that; so
next lecture, we will start with this more things on jyotpatti, so the references are given here,

thank you.



