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Development of Calculus in India 1
In the next talk we will discuss the development of calculus in India, mainly the work of the
Kerala School. So, of course I will not define what calculus is. I will describe what is the work
the Indian mathematicians did and then you can see what aspects of our understanding of
calculus this what sort of contributes to, but this work of the Kerala School did not start in a
vacuum, so there were various ideas which preceded it, so the first half of today's talk will be to
trace these ideas in the earlier tradition of Indian mathematics.
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Background to the Development of Calculus (¢.500-1350)

» The notions of zero and infinity
» Irrationals and iterative approximations

» Second order differences and interpolation in computation
of Rsines

» Summation of infinite geometric series

» Instantaneous velocity (tatkalika-qgati)

» Surface area and volume of a sphere

» Summations and repeated summations (sarikalita and

varasarikalita)

2

So how in the understanding their understanding of zero and infinity, how in the understanding
of irrationals and iterative approximations to them particularly in their understanding of
calculation of sine table, the use of second order differences, summation of infinite geometric
series, the notion of instantaneous velocity we developed in the discussions in astronomy and of
course in calculation of surface area and volume of a sphere in doing this summations of powers
of integers. So, what does the work done from the time of Aryabhatta to Narayana?
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Outline

The Kerala School of Astronomy and the Development of
Calculus '

» Kerala School: Miadhava (c. 1340-1420) and his
successors to Acyuta Pisarati (c. 1550-1621)
» Nilakantha (c.1450-1550) on the irrationality of =

» Nilakantha and the notion of the sum of infinite geometric
series

» Binomial series expansion
» Estimating the sum 1% + 2% « _.n* for large n

2

Which preceded the work of the Kerala School that I will cover in the first half of today's talk.
Then I will introduce the Kerala School and discuss some aspects of their work. The main
discussion of the work of the Kerala School will be done in the next lecture.
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Outline

The Kerala School of Astronomy and the Development of
Calculus

» Kerala School: Miadhava (c. 1340-1420) and his
successors to Acvuta Pisarati (c. 1550-1621)
» Nilakantha (c.1450-1550) on the irrationality of =

» Nilakantha and the notion of the sum of infinite geometric
series

» Binomial series expansion
» Estimating the sum 1% + 2% + 0" for large n
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So some of these will be repetition, so the idea of zero and given the idea of infinities since you
have been rarely well established from the ancient times.
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Notions of Zero and Infinity

Background

» The concept of parna in the invocatory verse of Isopanisad
is closely related to the notion of infinite.

e e gofeoieena
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That ( Brahman) is parna; this (universe) is parna; this
purna emanates from that parna. Even when pama is
drawn out of piarna, what remains is piarna.

» The concepts of lopa in Panini, abhava in Nyaya and sanya
in Bauddha philosophy are closely related to the idea of
Zero.

» Zero (sanya) is introduced as a symbol in Chandahsittra
(VI1.29) of Pirigala (c.300BC)

A

This verse of (FL) has been quoted I think already which gives you an idea of the notion of
infinity that the notion of zero can be trace to Panini and philosophical discussion in the Nyaya
and the Bauddha School of philosophy.

(Refer Slide Time: 02:13)

Notions of Zero and Infinity

The Brahmasphutasiddhanta (.628) of Brahmagupta is the first
available text which discusses the mathematics of zero. The six
operations with zero (siunya-parikarma) are discussed in six
verses of the Chapter XVIII ( Kuttakadhyaya), which also
discuss the six operations with positive and negative numbers
(dhanarna-sadvidha).

Bhaskaracarya Il while discussing the mathematics of zero in
his Bijaganita, explains that the infinite magnitude, which
results when some number is divided by zero, is called khahara.
He also mentions the characteristic property of infinity that it
remains unaltered even if "many” are added to or taken away
from it, in terms similar to what we saw in the invocatory verse
of Isopanisad.

(FL) introduced the symbol zero in some other combinatorial calculation. The mathematics of
zero of course was discussed in detail almost in the way that we do today in the
brahmasphutasiddhanta. In this end set of six and eight verses Brahmagupta discusses the six
operations with zero as well as the operations with negative quantities also. Now Bhaskaracarya
tries to take this discussion further. Brahmagupta tried to define number divided by zero he

called it (FL).



So Bhaskaracarya calls this as khahara and he mentions and of course say that this is (FL) this is
infinite and he again describes this characteristic property of infinity that it remains unaltered
even in many or added to it or taken away from it in terms which is similar to the way it was
discussed in the (FL).

(Refer Slide Time: 03:17)
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So (FL). So khahara is a number which is obtained then some number is divided by zero. So for
incidence (FL) So this number is called in khahara and then he gives this words (FL) so which is
very similar that there is no change in this (FL). In the same way as in the (FL) all the (FL) then
they are emanated from him and when they enter back him during the (FL) there is no change in
the (FL) in the same way there is no change in the (FL). This is very similar to the way the idea
of infinity was sort of implicit in the discussion of (FL).
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Notions of Zero and Infinity

Bhaskaracarya, while discussing the mathematics of zero in Lilavati, notes
that when further operations are contemplated, the quantity being multiplied
by zero should not be changed to zero, but kept as is; and that, when the
quantity which is multiplied by zero is also divided by zero, then it remains
unchanged.

He follows this up with an example and declares that this kind of calculation
has great relevance in astronomy.
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Now Bhaskara does a little bit more. This was discussed in the lecture of Lilavati, Bhaskara says
(FL) that is when you are doing a multiplication with zero do not be in a hurry to cancel out and
make it zero. Later on you may be dividing by zero so for that purpose it is better to keep
showing it as it is and then he gives one example. So the example is (FL). So there is a problem.

(Refer Slide Time: 05:01)

Notions of Zero and Infinity

What is the number which when multiplied by zero,
being added to half of itself multiplied by three and
divided by zero, amounts to sixty-three?

Bhiskara works out his.example as follows:

[ Xy 3
0| ‘5)6 - 63
3x
53 = 6
X 14

o

What is the number which when multiplied by zero being added to half of itself multiplied by 3
and divided by 0 amounts to 63 and of in his vasana Bhaskara tries to sought out to put down the
working and then he says doing this (FL) you finally get the answer as 14 and finally he
comments (FL) this kind of mathematics has much use in astronomy. So the problem he is doing

1s 0*x + x/2*3/0 = 63. So here Bhaskara is cancelling out the two zeros and obtaining x = 14.



So he is not treating 0/0 as indeterminate. He is canceling them out and as you can see Bhaskara
though he is being quite clever he is saying that when zero comes in you keep it as it is and he
then realizes that this kind of mathematics has much to do in astronomy that various situations

you get a limit.

You take the value of a shadow so that tan 0, tan theta will come in that and tan 0 and tan 90
degrees both have a problem so in all these kinds of situations the kind of limits that you need to
do to have to be carefully done in what Bhaskara is saying, but he himself is not fully able to
handle this. So in (FL) he is giving an example and we see how Bhaskara is finding it difficult to
handle this.

(Refer Slide Time: 06:36)

Bhiskara, it seems, had not fully mastered this kind of
“calculation with infinitesimals” as is clear from some of the
examples he considers in Bijaganita, while solving quadratic
equations by eliminating the middle term (ekavarna-madhyama

harana).
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Bhaskara in his Viasana just cancels out the zeroes and obtains
==

0

(FL). So 0*x + x/2 whole square + 2*0*x + x/2 / 0 = 15 and so Bhaskara not being fully adapt

actually working out different orders of zero which are appearing here. He just cancels them out
and that is of course not something which we can sort of justify today. he would have had to see
different orders of different ways in which the quantities are becoming zero, zero square and zero

(0) (07:17) are equal 14.

So he still not fully conversant with this mathematics of infinitism as you can see, but the idea is

already there in his mind, but he is not able to fully put it into operation.
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Irrationals and Iterative Approximations

» Background

1 Sfulz-a-satm approximation for square-root of 2.
2. Sulva-satra approximation for .

» Systematic algorithms for finding the square-root and
cube-root of any number, based on the decimal place
value system, have been known at least from the time of
Aryabhatiya of Aryabhata (c.499).

» Aryabhatiya also gives the value
7~ 62832/20000 = 3.1416

and mentions that it is approximate (asanna). This value
seems to have been obtained by the method of circumscri-
bing the circle successively by a square, octagon etc., by a
process of doubling, and cutting of corners which is
explained in Yuktibhasa and Kriyakramakari.

an~

You later on see how the Kerala mathematicians are capable of keeping all different orders of
magnitude and then take the limit right at the very end so they keep on keeping all the sums and
everything and then go to the limit right at the very end so there will never been an error in what
they will be doing. Now we come to the understanding of irrationals and iterative

approximations for them.

This goes back to Sulva-sutra which has given an approximation per root two and also for pi.
Now a systematic algorithm for square root and cube root for the first time was given by
Aryabhatiya which was made possible because of the decimal place value system. Then
Aryabhata is also given this value for pi and specifically mentions that it is asanna this is
approximate and perhaps the way Aryabhata arrived at this might be using circumscribing this

circle by square.

And then successively by octagon and a polygon of 16 sides etc. A method which is explained in
Yuktibhasa and Kriyakramakari that is of course the other method which was discussed in the
context of (FL) commentary on Lilavati where is talking of a hexagon inscribed in a circle and
then 12-sided polygon and then 24-sided polygon and so on.
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Irrationals and Iterative Approximations
Sridhara (€.850) in his Trisatika has explained how the

Aryabhata method can be used to get better and better
approximations to the square-root of a non-square number.

Multiply the non-square number by some large square
number, take the square-root [of the product]
neglecting the remainder, and divide by the
square-root of the multiplier.

For instance if D is a non-square number, we can use

5 Iv D.102M)

> 10n

to calculate v D to any desired accuracy.

1.4

So he estimates the sides of the polygon and approximate the circumference of the circle by that
also, but the Kriyakramakari that is the Aryabhata tradition seems to be inscribing the circle in a
square and then in octagon and then in a so this we will see towards the end of the talk and proof
sometime. Now the Aryabhata algorithm of course they were not dealing with they had a place

where you notation, but for numbers below one.

What we today understand as the decimal notation was not adopted in India, it was discovered in
the West Asian region. Now what is done for a quantity which does not have an exact square
root. The Aryabhata algorithm is of course applicable so what is to be done so this was hindered
in (FL) at some level by a specific statement of the way to proceed is Sridhara and Trisatika he

says you take the number D which is not an exact square multiplied by a suitable power of 10.

And as suitable square power of 10 take the square rate and divide it by the square root of the
power of 10 so you get better and better values of the square root. This is like a decimal
expansion, but still treating the quantity as ratio of two integers. So (FL) this is the words of

Sridhara as to how to approximate nonsquare quantities how to obtain better and better.

We of course discuss the other method of obtaining better approximations to square roots the
more sophisticated one solving the (FL) equation and that this (FL) equation and (FL) can be

specifically used for getting better approximation is explicitly mentioned in.
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Second-Order Differences and Interpolatior
™ o bttty A Deimac
Computation of Rsines

Computation of Rsine-table (accurate to minutes in a circle of
circumference 21,600 minutes), by the method of second-order
Rsine-differences, is outlined in the Aryabhatiye (c.499).

The tabular Rsines are given by B; = Rsin(jh), where h is usually
taken as an arc of 225". Then the Rsine-differences are given by

j = Bj41 B

The second-order differences satisfy the relation

- (L )
j+1 — Bj = -B;’V' B 2"‘

\rvabhata makes use of the approximation /4 2 =~ 1" to obtain
. : 5
Spe=00r"5

The Rsine table is then computed by taking the first tabular sine

81 ~~ 225

13

Narayana’s Ganitakaumudi I gave this example yesterday also in the talk on Narayana. So this is
about irrational and approximations to them now comes the calculation of sine and how second
order differences have been made use of in the calculation of sine. As you have already seen
Indians are using the radius times the sine function as the (FL) that is the sine function. Now you

take some unit so you take your circle say that it is divided into 21,600 minutes.

So 60 degrees and 60 minutes’ product is 21,600 minutes so the circumference of the circle is
measured as 21,600 minutes and you take the signs of arc which are of lengths in steps of 225
minutes each. So the quadrant will be covered by 24 R sines. So this is all be done later in more
discussions of trigonometry so Bj is Rsin jH where j runs from 1 to 24 and h = 225 minutes so

Rsin of 225, Rsin of 450, Rsin of 675 etc.

Now these are called the (FL) or the tabulated jh 24 sines. Now sine differences are Bj + 1 - Bj
and second order sine differences are the difference of these delta j + 1 - delta j. So already at the
time of (FL) he had a verse which essentially gave this relation that the second order sine
differences are actually proportional to the sine themselves so this is a difference variant of the
differential equation for the sine function you know that sine satisfies D square sin x/D square it

1S - sinx.



So essentially this is a difference variant of the. Now this relation is implicit in the words of
Aryabhata I think it was discussed at some length. Later on (FL) makes this relation absolutely
explicit in his commentary on Aryabhatia. Aryabhata used the approximation that the first order
sine difference he said was 224, second order sine difference was 223 and so this deltal is just
225 minutes, delta2 is 224 minutes so he made this approximation that deltal - delta2 is 1

minute.

He also assumed that B1 is 225 minutes and he went induced this difference to calculate B1, B2,
B3. Bl is assumed to be 225 and then you remove this deltal - delta2 by saying that that is 1
minute so apparently this equation is dimensionally not correct that deltal - delta 2 =1 is sitting
there. So using this difference equation the various sines these are much more sophisticated and
simple calculating sines where other than using all those complicated trigonometric formula for
half angle, then going from say the 30 degrees then to 15 degrees then to 7.5 degrees this is much
better direct way of. So using this Aryabhata tabulated the sines.

(Refer Slide Time: 14:03)

Second-Order Differences and Interpolation

In his Khandakhadyaka (c. 665), Brahmagupta has given the
second-order interpolation formula for finding arbitrary Rsine
values from the tabular Rsines.
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Multiply the residual arc after division by 900" by the
half the difference of the tabular Rsine difference
passed over (gata-khanda) and to be passed over
(bhogyakhanda) and divide by 900". The result is to be
added to or subtracted from half the sum of the same
tabular sine differences according as this [half-sum] is
less than or equal to the Rsine tabuldr difference to be
passed. What results is the true Rsine-difference to be
passed over.

4 4

Now what do you do about the so this is for sine of 220/sin of 450 that is 3 degrees 45 minutes, 7
degrees 50 minutes etc, but about sine of 5 degrees or what about sine of 3 degrees 46 minutes.
So you have to do interpolation. The first thing was to do linear interpolation, but Brahmagupta
soon came up with the second order interpolation formula for finding sine values for in between

value.



Brahmagupta gave a sine table in basis of 900 minutes that is sine of 15 degrees, 30 degrees, 45,
60 and 90 only 5 sine values he gave and then said calculate all other sine values by
interpolation, but he gave such a beautiful interpolation formula that the value comes out to be
fairly accurate this is in his Khandakhadyaka not in his(FL) this is in later (FL) work or the
manual work (FL). So Brahmagupta is giving these verse.

(Refer Slide Time: 14:59)

If the arc for which the Rsine is to be obtained is jh + =. then
Brahmagupta interpolation formula is
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Just see the relation that he is giving. So Rsine jh is one of these values 220/450 675 minutes etc.
For any value beyond this in between this so he says you start with approximated first by bj itself
then usually you would have just said epsilon x Rsine cosine jh that will give you the first kind
of term. He has given two terms. This is today known as the Newton Sterling interpolation

formula to the second order.

So this is a prescription using this you have a sine table of 15 degrees only the sine of most of the
angles came out to be good enough for the purposes of astronomy.
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Summation of Infinite Geometric Series

» The geometric series 1 + 2 + ...2" is summed in Pingala's
Chandah-siitra (¢.300 BCE). Pingala also gave an
algorithm for evaluating a positive integral power of a
number in terms of an optimal number of squaring and
multiplication operations.

» Mahaviricirya (c.850), in his Ganita-sira-saiigraha, gives
the sum of a geometric series.

» Virasena (c. 8186), in his Commentary Dhavala on the
Satkhandiagama, has made use of tRe sum of the following
infinite geometric series in his evaluation of the volume of
the frustrum of a right circular cone:

+@'+.. @+..=}

40

Now we come to infinite geometric theories. The finite geometric theories go back to Pingala’s
Chandah sutra itself these are how he is summing this series. Mahaviracarya gives the sum of a
general geometric finite series like that. It is in the (FL) that the sum of an infinite geometric
series is mentioned of course this result is well known. It forms the basis of one of the

calculation in Archimedes work on the cylinder and cone.

So in the history of mathematics infinite geometric series were summed. They were summed in
some peculiar way in Archimedes. So Virasena in his commentary Dhavala on Satkhandagama
has given this explicit. He uses this in evaluating the volume of the frustrum of a cone.

(Refer Slide Time: 16:35)

Tatkalika-Gati: Instantaneous Velocity

In astronomy. in order to determine the true longitude of a planet, a
manda-phala which corresponds to the so called “equation of centre”
is added to the mean longitude. While the mean longitude itself varies
uniformly with time, the manda-phala, in the first approximation, is
proportional to the Rsine of the mean longitude. The velocity of the
planet therefore varies continuosly with time.

» An approximate formula for velocity (manda-qgati) of a planet in
terms of Rsine-differences was given by Bhiskara | (¢.630) and
he also commented on its limitation ( Laghu-bhaskariya 2.14-15).

» The expression for the true velocity (sphuta-manda-gati) in terms
of Reosine (the derivative of Rsine) appears for the first time in

the Laghu-manasa of Munjala (c. 932) and Maha-siddhanta of
\ryabhata |l (c. 950)

FleFedr HATARTA FATTES T I

The ketiphala multiplied by the [mean] daily motion and divided by the

radius gives the minutes of the correction [to the rate of the mation).

4




We will later on see how the Kerala mathematicians interpret a relation like this how do they
understand this. Then comes the idea instantaneous velocity. Instantaneous velocity occurs in
astronomy very naturally especially in considering the motion of a fast moving and whose place

is changing constantly object such as the moon whose motion is fairly irregular.

So what is done in astronomy is first you always calculate the mean position. so assume a
constant angular velocity calculate the mean longitude to that you add what is called the equation
of center in today's astronomy, it was called manda-phala by Indian astronomers. to the first
order of approximation this manda-phala is always proportional to the Rsine of the mean
longitude. So it is something like so if.

(Refer Slide Time: 17:30)

Lambda is the longitude it is something like. This just carried (FL) way of saying. So when the
longitude is changing with this time dependence if you want to calculate the speed or (FL) or
velocity obviously you will lead to know the derivative of the sine function at any instant if you
want to go to the idea of instantaneous velocity. So to start within Bhaskara 1 in his (FL) gave an

approximate formula.

The sines were as you saw the sines were tabulated in units of this, so you just subtract the
tabular sines around the longitude of the lambda that you are considering so use the sine

difference. So this was the first approximation to the velocity and Bhaskara later on immediately



saw the limitations of this because the tabular signs change only when you cross 225 or 450 so it

appears as if there is a jump occurring in the velocity of the object.

So obviously it is not something very physical. Now the expression for true velocity is sphuta-
manda-gati in terms of Rcosine which is called the (FL) appears first in the (FL) written around
932 and there is another Aryabhata who has written a Maha Siddhanta in 950 so (FL) call is for
the degrees, minutes of an angle so basically the mean daily motion kotiphala multiplied by the
mean daily motion so omega*cos wt so this is roughly the correction that you have to put for the
velocity of the value. Now, so this is discussed much systematically in Bhaskara who explains
the importance of instantaneous velocity in astronomy he calls it (FL).

(Refer Slide Time: 19:58)

I'atkalika- Gati. Instantaneous Velocity

In his Siddhanta Strornane, Bhaskara Il (e.1 150) discusses the
notion of instantaneous velocity (tatkalika-gati) and contrasts it
with the so-called true daily rate of motion which is the
difference of the true longitudes on successive days. He
emphasises that the instantaneous velocity is especially
relevant in the case of Moon.
. -

TRTAGIHRTA a7 W 9 F G JEedd: |

In the case of the Moon, the ending moment of a tithi

which is about to end or the beginning time of a tithi

which is about to begin, are to be computed with the

instantaneous rate of motion at the given instant of

time. The beginning moment of a tithi which is far

away can be calculated with the earlier [daily] rate of

motion. All this is because the Moon'’s rate of motion is

large and varies from moment to moment.
10

So in Siddhanta Sironamni, Bhaskara discusses this that he emphasizes that you have to do this
instantaneous velocity especially in the case of moon. So it is not good enough to take the
velocity of moon to be the differences of the longitude of today and the longitude of tomorrow.
That will be the average daily velocity of moon you have to know its velocity which is changing
at every instant of time (FL) is the moon. For him the velocity you have to take especially when
you want to calculate the time of onsite of tithi or the time to be elapsed for going to the next
tithi.
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latkalika-Gati. Instantaneous Velocity

In his commentary, Vasana, Bhaskara emphasises the above
point still further.
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In the case of the Moon, this instantaneous rate of motion is
especially useful. ...Because of its largeness, the rate of motion
of Moon is not the same every instant. Hence, in the case [of
Moon] the special [instantaneous)] rate of motion is instructed.

10

So the argument given Bhaskara as you know has written as Vasana commentary on his
Siddhanta Sironamni so where he extensively explains as one of the extremely beautiful
documents which explains all the principals of astronomy I mean prior to (FL) this is in fact one

of the best text to understand how Indians or you viewed out various principals in astronomy.

The vasana commentary of Bhaskara on his Siddhanta Sironamni. (FL) That is why it has been
said that you should do that. (FL). So in order to find out as I said when the beginning of the next
tithi arises or how much time as elapses the previous tithi it is best to do the calculation with the
velocity of the moon at that point. (FL) When the start of the tithi is far away that is when the
amount is large enough you can use a more approximate calculation. (FL) The velocity of moon
is not the same at every instant. It keeps changing every instant.
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Velocity Correction Vanishes at the Maxima
Bhiskara Il also notes the relation between maximum equation of
centre (correction to displacement) and the vanishing of velocity
correction, both of which happen when the mean planet is on the line
perpendicular to the line of apsides.
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Where the [North-South] line perpendicular to the
[East-West] line of apsides through the centre of the
concentric meets the eccentric, there the mean velocity
itself is true and the equation of centre is extremum.

20

So there is a very clear physical understanding of the notion of the instantaneous velocity and for
the sine function they have also arrived at the formula for the instantaneous velocity in terms of
the cosine punch. Again another principal of calculus that when some quantities are maximum its

derivative vanishes. This is implicit in the kind of discussions that Bhaskara does.

So here he is talking of the velocity correction. It vanishes when the equation of center is
maximum. So this is again in the Siddhanta Sironamni and that the derivative has to change sign.
When something becomes a maximum the rate of change of that quantity changes from positive

to negative and it becomes zero.

At some point all this is explicit in Bhaskara’s commentary of this principal. (FL) that the
velocity correction moves from positive to negative then the equation of center when the
correction is maximum so that is the kind of principal that Bhaskara talk. So when you take your
astronomy seriously then in no way in which the principals or instantaneous velocity and related
notions they will have to appear in your calculations and discussions.
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» In Aryabhatiya, the volume of a sphere is incorrectly
estimated as the product of the area of a great circle by its
square-root.

» Bhaskaracarya |l (.1150) has given the correct relation

between the diameter, the surface area and the volume of
a sphere in his Lilavatt.

HUUT FTFAR OGN FAHET AGH |
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Finally, the area and volume of a sphere. So here we should all know that Aryabhata gave a
formula which was incorrect. He said that the product of the area of the great circle by its square
root is the volume of a sphere. The r cubed factor is right, but the coefficient is not correct. It is
understood that in the way Sridhara and others between the time of Aryabhata and Bhaskara use

this formula.

They were perhaps aware of 4 pi 3 as the kind of factor. their pi was used are infinite by
assuming that they are giving the volume of a sphere as 4 pi/3 r cubed, but it is Bhaskara II in
1150 in Indian tradition he is giving and explicit correct statement for the surface area in the

volume of a sphere.

So all these arguments that Indian tradition was influenced by Greek and we borrowed this and
that we will become very suspicious when given a basic quantity like the volume and surface of
the sphere which was well know by the time of Archimedes they were not borrowed by the
Indians.
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Surface Area and Volume of a Sphere

In a circle, the circumference multiplied by one-fourth
the diameter is the area, which, multiplied by four, is
its surface area going around it like a net around a
ball. This [surface area] multiplied by the diameter and
divided by six is the volume of the sphere.

In his Visana commentary on Siddhanta-siromani Bhiskara has
also presented justifications for these results.

The volume of the sphere is estimated by summing the
volumes of pyramids with apex at the centre.

29

So in a circle, the circumference multiplied by one fourth the diameter is the area which
multiplied by four its surface area going around like a net around a ball. This surface area
multiplied by the diameter and divided by 6 is the volume of the sphere. So this is the verse in
Lilavati which was discussed in the class (FL). So this is the four pi r square. (FL) this is for the

volume.

Now in the Vasana commentary on Siddhanta Sironamni, Bhaskara placed to give an argument
for this both the formula a kind of a proof. I think the proof for the volume was both proves were
summarized in the lecture we will just recall a little bit in the lecture on the Lilavati. The proof

for the volume of the sphere involved thinking of the surface of the sphere being covered it.

By various pyramids which have their vertex at the center of the sphere and assume that the
volume of the sphere is approximated by the sum of the volumes of the pyramids and so in the
limit you will just get it to one third times radius times the surface are of the sphere so that it is
how the volume of the sphere is obtained.

(Refer Slide Time: 26:20)



This is very similar to the so for both the area of a circle you think of it as begin covered by
triangles like this and for the volume of the sphere you think of it being cover it by pyramids like
this you will get the correct value of the volume of the sphere of area of the circle. In fact, this
kind of an argument is even reproduced in the (FL) so it is considered valid argument for

estimating the volume of a sphere.

(Refer Slide Time: 26:48)

Surface Area of a Sphere

As regards the surface area of a sphere, Bhaskara's justification is the
following:
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Now as regard the surface area of a sphere Bhaskara says that we have to give an argument
especially for those who are unable to comprehend the result straight away and so he gives a

argument which is essentially.
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Surface Area of a Sphere

Therefore, the surface area S of the sphere is estimated to be
B.
B+ Bo+ ... B+ 3 )| (225).

S_z(g) :

Now, Bhaskara states that the by substituting the values of the
tabulated Rsines the right hand side can be found to be 2CR. In
fact, according to Bhiiskara’s Rsine table

[BT + ... Boat (%”(225) = 52514 x (225)

11815650
~ (3437.39)°

G-

It was summarized in the lecture there, but just to recollect this because this point may be
important so.

(Refer Slide Time: 27:09)

Surface Area of a Sphere

Here, Bhiskara is taking the circumference to be C = 21.600" and
the corresponding radius to be R = 3, 438'. As shown in the figure,
circles are drawn parallel to the equator, each separated in latitude by
225'. This divides the northern hemisphere in to 24 strips, each of
which can be cut and spread across as a trapezium. If By. Bs. .. .. B4
are the tabulated Rsines, then the area of the j* trapezium will be

_(C\ (B +Bju1)
AJ_(ﬁ)ﬁ—z——zzs‘

a7~

Bhaskara what he is doing is he is considering the northern hemisphere of the sphere and of
course the circumference if 21,600 minutes then correspondingly with Aryabhata’s value of pi
the radius turns out to be 3,438 minutes. IF you take the circumference.
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To be 21,6000 Aryabhata value is 3.1416. So you take twice pi here. So this will come out to the
3,438 minutes. So for the radius whenever you use 3,438 minutes it means you are using roughly
Aryabhata’s value of pi. Now so you draw circles parallel to the equator and so divide the sphere

into various strips like this and cut the strip and stretch out its area.

So each of them will look like a trapezium and the height of the trapezium the radius of each of
those circles will be the Rsines at the corresponding angle, the height of the trapezium will be
constant it is just 1/24th of the arc length from top to bottom so you have this Aj, the area of the
jth trapezium written the top side and bottom side/2*the height 225 minutes*C/R, C/R is the ratio
to get take the radius at the appropriate level.
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Surface Area of a Sphere

Therefore, the surface area S of the sphere is estimated to be

o-a(F)me o (%)

Now, Bhaskara states that the by substituting the values of the
tabulated Rsines the right hand side can be found to be 2CR. In
fact, according to Bhiiskara's Rsine table

(225).

[B1+Bg+...823+(%)](225) — 52514 x (225)
= 11815650
~ (3437.39)%.

So the surface area of the sphere is estimated to be this. Now Bhaskara says he will do a
numerical summation of these Rsines. So Bhaskara has a sine table. B1, B2 are all as I said this
is Bj.

(Refer Slide Time: 28:58)

So B1 is sine of so Rsine of 225 minutes where the radius is 3438. So Bhaskara says let me just
numerically sum the sines so once the numerically sums this signs he gets a value like this. using
his own sign table so you will get a value like this it is roughly 3437.39 square.
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Surface Area of a Sphere

Taking this as R? = (3438)2, Bhaskara obtains the surface area
of the sphere to be

C
R
The grossness of the approximation used in deriving this result

is due to the fact that the quadrant of the circumference was
divided into 24 bits.

s=2(¢) AZ=2CR.

/

Bhaskara himself notes that we can consider dividing the
quadrant to many more (bahunz) arc-bits. This is indeed the
approach taken by Yuktibhasa, where the circumference of the
circle is divided in to a large number (n) of arc-bits. Yuktibhasa
also uses the relation between the Rsines and second-order
Rsine-differences to evaluate the sum of the areas of the
trapezia for large n.

So Bhaskara says of course do not see where this is R square equal to 3438 square and therefore
I have proved that the surface area is twice the circumference times the radius. Now of course the
grossness 1s there in of approximation in deriving it. It is not that Bhaskara was not aware of the
grossness of the thing if you go back to his statement (FL) so divide this into 24 strips. (FL) So if

you want greater accuracy you can divide the upper hemisphere into as many bits as you want.

So it is not that he is not aware of the face that he is making an approximation, but making an
approximation to convince you that this is the result he knows the result and this make an
approximation to so he is doing a numerical integration to enable you obviously so if you want to

be serious about this argument you need a more sophisticated argument.

So these indeed the kind of approach given in Yuktibhasa where the circumference of the circle
is divided into a large number n of arch bits and then Yuktibhasa it is like doing the interval sine
theta, d theta, cos theta, but Yuktibhasa uses the relation between R sines and the second order R
sine differences to straight away evaluate that some in the limit.
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Sankalita and Varasankalita

\ryabhata gives the sum of the sequence of natural numbers

nn+1)
1+2+ +n

2
He further gives the sums of squares and cubes of natural numbers
" < 1) }
124 o2, a2 r n(n+1)(2n+ 1)
6
12 +2%+3%+ “n [1+2+34 = nj?
n(n+1) )
2
Arvabhata also gives the repeated sum (virusaiikalita) of the sum of
the sequence of natural numbers
1.2 23 n(n+1) n(n+1)(n+2)
2 2 - 6

a0

So lastly about the development of calculus in the pre Kerala era the topic we wanted. “Professor
- student conversation starts” They provide volume because all their measures are variant in
Rsine so it will be beneath the Rsine the linear units are now minutes so minute squared and
minutes cube will be the corresponding one so they have separate area units and volume units

which are given in the first chapter the (FL).

But whenever you are dealing with circle the circumference etc are measured in minutes of
circumference “Professor - student conversation ends.” So again the standard results which we
keep seeing in perhaps the next lecture and the lecture after let us. 1 to n is n*n + 1/2. 1 square
plus two square plus etc n square is n*n + 1*2*n + 1/6 then the sum of the cubes these two

results will well known in the Greek literature.

Also this cube perhaps is not known outside India and in Aryabhata’s book 1 + 2 +3 + n squared
then these repeated summations of this sum of 1 to 2 is n*n + 1/2 what is sum of n*n + 1/2 that is
what is 1%2/2, 2*3/2 etc. n*n + 1/2 this is n*n +1%n + 2/6. So all these are there in Aryabhatia.
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Narayana Pandita on Varasarnkalita (c.1350

Arvabhata’s result for repeated summation was generalised to
arbitrary order by Nirayana Pandita (c.1350):
Let
=1
14243+, +n= 000 v

Then, Narivana's result is

Vr|_‘r| v:;,w V;(‘r—l_u v’(Ir—I_u
_ [n(n+1)...(n+r)
[1.2....(r+ 1))
i:[m[m-n (m+r—1)] [n(n+1)...(n+7r))
[1.2...1 [1.2...(r+1)]

Nirdyana's above result can be used to estimate the behaviour
of V), as also the sums of powers of natural numbers
1"+ 2 4 n’, for large n.

20

So now as was emphasizing the lecture on (FL) it has a nontrivial result which is an extension of
the earlier result it is extension which is of an arbitrary order. So Narayana gives this expression
for (FL) from which he will works out the famous cow problem. So what is Narayana Pandita’s
formula called this summation of 1 to n as (FL) of order one. The (FL) of order R is given by

sum of 1 to n of (FL) of order R — 1.

And Narayana Pandita’s says that this is given by n*n + 1 etc*n + r divided by r + 1 factorial or
if you write it in extent so it will be like this. Now it is important to realize that Narayana
Pandita’s is not pulling this result out of a hat. This result I perhaps told you while discussing the
way (FL) is expressing the number of combinations of n things or things selected from n. He has
a (FL) and what was (FL).
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For 18C4 what did (FL) say he said write 1, 2, 3 etc up to 18 and in the next column you write
sum of this 1 then 3, 6, etc and come up to this point and the next column will be 1, 4, 10 etc and
come up to a column so sum of sum, sum of sum of sum and the fourth sum and he showed you

that the fourth sum gave you 18C4 and that is essentially Narayana Pandita’s relation.

So there is really nothing new in Narayana Pandita’s relation he is writing it in of course in a as a
formula of order r so Varasankalita of order r, but I think this idea is fairly implicit in Indian
mathematics from earlier times. Of course this plays a crucial role in the development of calculus
as we are going to see later.
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The Kerala School of Astronomy (c.1350-1825)

Kerala traces its ancient mathematical traditions to Vararuci.
There are speculations that Aryabhata hailed from Kerala. In
the classical period, there were many great Astronomer-
Mathematicians in Kerala such as Haridatta (c.650-700),
Devicarva (€.700), Govindasvamin (¢.800), Sabknnmﬁrﬁ_\'ﬂpu

(c.850) and Udayadivakara (c.1100).

However it was Midhava of Sangamagrama (near Ernakulam)
who pioneered a new School of Astronomy and Mathematics

Madhava (c.1340-1425): Of his works, only Venviroha,
Sphuta-candrapti, and a few tracts are available. Most of his
celebrated results, such as the infinite series and fast
convergent approximations for 7, Rsine and Rcosine functions,
are available only through citations in later works.




Now we will say something about the Kerala School of astronomy. So it is not that astronomy
started in Kerala with Mhadava or any such thing Kerala was sparely well known Vararuci, the
author of the famous (FL) I said to be from Kerala many scholars speculate especially those from
the Kerala region that Aryabhata headed from Kerala and then it is well known that these was

very well known astronomer, mathematicians like Haridatta.

He started the (FL) system of astronomy which is famous in Kerala even now, Devacarya,
Govindasvamin who wrote a commentary on the (FL) of Bhaskaral. Sankaranarayana, who
wrote a commentary on the (FL). So as you can say the Aryabhata tradition he is popular in
Kerala much prior to even the Madhava period and Udayadivakara whose name came up in the

context of (FL) that his commentary(FL) is where the (FL) versus on (FL).

So there have been various mathematicians, astronomer. There is a talk of a observatory in I
think Sankaranarayana’s commentary on (FL) he talks of the observatory in (FL), but it was
Madhava who started new school of astronomy he said to hail from Sangamagrama near
Ernakulum. Now none of Madhava’s work and you can see Madhava is roughly a contemporary

of Narayana Pandita slightly junior contemporary is around till 1425.

Because of the dates available in (FL) you can see something like that. None of his works are
available except two tracts both deal with calculation of the instantaneous position of moon a
better method for calculating the instant. It improves the (FL) and also it gives you a way of
calculating the longitude of the moon exactly at eight different points in a given day without

doing any approximations.

It is some interesting methodology so you can see that this Madhava must have been a great
mathematical sort of manipulator and genius even by looking at (FL). Now, but what he is more
famous is for the various results on infinite series for pi fast convergent transformed series for pi,
series for sine and cosine and many formulas for calculating sine and cosine many
approximations and all these sites are attributed to him so (FL) are sited in later works. We will
see the names of the later scholars so that is how he is much more famous Madhava of course is

called (FL) by later scholars.
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The Kerala School of Astronomy (c.1350-1825)

Paramesvara of Vatasseri (¢.1360-1455), a disciple of
Madhava: His major works are Drgganita, Geladipika, and
commentaries on Saryasiddhanta, Aryabhatiya,
Mahabhaskartya, Laghubhaskartya, Laghumanasa and Lilavat:
and Siddhantadipika on Govindasvamin’s commentary on
Mahabhaskariya.

Paramedvara is reputed to have carried out detailed
observations for over 50 years and come up with his Drgganita
system.

That he was supposed to be a specialist on spherics. (FL) is a direct disciple of Madhava he is in
Vatasseri it is in the point where the river (FL) or what is called (FL) today meets the sea. His
major works of Drgganita. Goladipika he supposed to have started new Drgg system of

astronomy.

What we call as (FL) even today and he wrote large number of commentaries on various earlier
works and he wrote a very detailed commentary on Govindasvamin’s commentary on
Mahabhaskariya a super commentary called Siddhantadipika. So Nilakanta says Paramesvara
carried out detailed observations for over 50 years and came up with this Drgganita system. Then
comes (FL).

(Refer Slide Time: 38:31)



The Kerala School of Astronomy (¢.1350-1825)

Nilakantha Somayaji of Trkkantiyur (c.1444-1555), student of
Damodara (son of Parameévara). He is the most celebrated
member of the Kerala School after Madhava. His major works
are Tuntrasarigraha (¢.1500), Aryabhatiyabhasya, Golasara,
Candracchayaganita, Siddhantadarpana, Jyotirmemamsa and
Grahasphutanayane Viksepavasana.

In Tantrasarigraha, Nilakantha presents a major revision of the
traditional planetary theory, which, for the first time in the
history of astronomy, gives a correct formulation of the equation
of centre and the motion in latitude of the interior planets. In his
later works he discusses the geometrical picture corresponding
to his modified planetary theory, according to which the five
plansts, Mercury, Venus, Mars, Jupiter and Saturn go around
the mean Sun, which itself goes around the earth.

Who is perhaps amongst the most well known members of the Kerala School after Madhava. He
is the student of Damodara who was son of Paramesvara. Nilakantha Somayaji of Trikkantiyur
which is near (FL) in just border of Mallapurum district is the most celebrated member of the
Kerala School after Madhava. His major words of Tantrusangraha which is written in 1500, the

commentary on Aryabhatia.

Small works called Golasara, Candraccjayaganita Siddhantadarpana, Joytirmimamsa which is a
discussion on the methodology of astronomy that what is a theory, what is observation how are
they to be related what is the purpose for discussing a (FL) text and all that. A very small track
called Grahasputanayane Viksepavasana. So apart from his mathematical equipment Nilakanta

he presents major revision of the older planetary theory of the Indian astronomy.

In general, and in that he changes the formulation of the equation of center for the interior
planets and so he comes up with a correct formulation of both the motion and latitude and the
equation of center for interior planets something which has not been done either in Indian

tradition or in European tradition or in Islamic tradition prior to his time.

So this was the major departure from the traditional models of astronomy so that it is given in

Tantrusangraha written in 1500. In his later works he also discusses what is the model of



planetary motion, geometrical model so where he speaks on the five planets Mercury, Venus,
Mars, Jupiter, and Saturn go around in the mean Sun which itself goes around the earth.
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The Kerala School of Astronomy (c.1350-1825)

Jyesthadeva of Parakroda (c.1500-1610), student of
Damodara: His works are Yuktibhasa (c.1530) and Drkkarana.

Yuktibhasa, written in Malayalam prose, gives detailed proofs
(yukti) for all the results on infinite series and their
transformations discovered by Madhava and also the
astronomical results and procedures outlined in
Tantrasangraha. It has been hailed as the “First Textbook of
Calculus”.

So he is famous for that, but the person whose work we are going to discuss in great detail is
Jyesthadeva who is also a student of Damodara so is a junior contemporary of Nilakanta. His
main work is Yuktibhasa or (FL) which is written in Malayalam. He has written a small
astronomical tract called (FL). Now Yuktibhasa is of course it details with yukti and is in written

in the (FL) or the language that is spoken.

And it gives the proof for all the results on infinite series and all the astronomical results and
procedures which are discussed in Tantrasangraha so it is generally now today it has been hailed
as the first text book of calculus.

(Refer Slide Time: 41:06)



The Kerala School of Astronomy (c.1350-1825)

Citrabhanu (c.1475-1550), student of Nilakantha: His works

are Karanamrta, Ekavimsatiprasnottara.

Sankara Variyar of Trkkutaveli (c.1500-1560), student of
Citrabhanu: His works are Karanasara, commentaries
Kriyakramakari (c.1535) on Lilavati, Yuktidipika, Kriyakalapa
(in Malayalam) and Laghuvivrti on Tantrasarigraha. The
commentaries Kriyakramakariand Yuktidipika present most of
the proofs contained in Yuktibhasa in Sanskrit verses.

Acyuta Pisarati (c.1550-1621), student of Jyesthadeva and
teacher of Narayana Bhattatiri: His works are Sphutanirnaya-
tantra, Karanottarna, Rasigola-sphutaniti, and a Malayalam
commentary on Venvaroha.

Citrabhanu is a student of Nilakantha. This (FL) is actually a generalization of the (FL) so given
two sort of combinations of A and B how do you find A and B so this (FL) 21 such possibilities.
You give A+ B, A - B, A square + B square and A - B and like that (FL) is a work like that. (FL)
is an astronomical manual. Sankara Variyar is very famous. His mantra Trkkutaveli because he
rewrote what was given in (FL) in Sanskrit in the (FL) commentary has rewritten much affect in

pros.

And in the commentary called Yuktidipika on (FL) he has re-written it in verse and so this
something that is accessible to the (FL) tradition of mathematics and astronomy because (FL)
text book was available in Malayalam only. Acyuta Pisarati the student of Jyesthadeva and he is
more well known as the teacher of the famous author of Narayana Bhattatiri. Narayana Bhattatiri
as you know was a great scholar of grammar also. So Acyuta Pisarati also written a book on

grammar.

He is actually from Trkkutaveli. His verses are put in (FL) and a Malayalam commentary on
Madhava Venuaroha.
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The Kerala School of Astronomy (c.1350-182

The Kerala School continued to flourish till early nineteenth

century. Some of the later works are Kamnapaddhati (¢.17007)
of Putumana Somayaiji and Sadratnamala of Sankaravarman
(c.1774-1839).

Modern scholarship came to know of the work of the Kerala
School and the demonstrations contained in Yuktibhasa through
an article of Charles Whish in the Transactions of the Royal
Asiatic Society in 1835.

However, most of these works got published only in the later
part of 20th century.

s | =

Now till (FL) the direct line from Madhava is stressable and the activity is continuing with great
intensity. It is sort of (()) (42:42) mostly by the political situation of Kerala which started with lot
of (()) (42:50) with the Dutch and the Portuguese playing a major role. In the Kerala School
there 1s a work called Karanapaddhati by Putumana Somayaji both his place and time are not

fully established still.

Of course, in 1820 raja Sankaravarman of (FL) wrote a work called Sadratnamala and when this
Charles Whish who sort amongst the first modern scholars to write about the Kerala School in an
article in 1835 raja Sankaravarman was alive at that time. so many of these four to five Kerala
works were mentioned in the article of Whish, but most of this works got published only in the
later part of 20th century.
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Nilakantha on the Irrationality of

One of the main motivations of the mathematical work of the
Kerala school is paridhi-vyasa-sambandha, obtaining accurately
the relation between the circumference of a circle and its
diameter.
Aryabhata (¢.499) had given the following approximate value
for 7

TS STHEIOT FIACTTAr TEHOTH |

FAAGATH S ATTHA FAARINE: |

One hundred plus four multiplied by eight and added

to sixty-two thousand: This is the approximate

measure of the circumference of a circle whose
diameter is twenty thousand.

Thus, according to Aryabhata, 7 =~ 52558 = 3.1416

LT3

So few topics of the Kerala School we will discuss now the rest we will discuss in the next
lecture on calculus. So the first is the issue of irrationality of pi and best discussion of this is
found in the commentary of Nilakantha on Aryabhatia. So the verse of Aryabhata clearly says
(FL) so its approximate value of the circumference when the diameter is 20,000. When the

diameter is 20,000 62932 is an approximate value of the circumference.

So the value of pi is approximate. So Nilakantha in his detail commentary of Aryabhatia while
discussing the rule of square root the algorithm for square root itself he explains that the square
roots are not quantities which can be fixed that the procedure for square root of a nonsquare
quantity is something that you can keep on carrying on for obtaining better and better

approximations only. So while describing that he says (FL).

So even when you multiply a number by a large power of 10 calculate the square root and divide
it by the square root of that power of 10 so you keep doing that (FL) So the true value of a (FL) a
square root of a nonsquare quantity can never be determined and then it goes on later on to say in
the same context that (FL). So Aryabhata is later on going to say this one Nilakantha is saying
that he is going to give you an approximate value of the circumference for a given value of

diameter. (FL).



So in order to calculate the circumference given the diameter there has to be series of inferences,
a series of calculations you have to make. (FL) even while doing it this square root operation
keeps coming repeatedly and therefore only the fact that the circumference can only be given
approximately. (FL) So we will speak about it at that time.
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Nilakantha on the Irrationality of

Later, Nilakantha states that the ratio of the circumference to
the diameter of a circle cannot be expressed as the ratio of two
integers exactly.
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So when he comes to the Aryabhata verse Nilakantha makes the clearest statement in Indian
tradition of the irrationality of pi. so basically he is saying why is Aryabhata giving only the
approximate value because the exact value cannot be given by whatever unit you measure the

diameter to be an integer in the same unit the circumference will not be an integer.

And this will be so however smaller unit you may go to or whatever unit you measure the
circumference to be an integer in the same unit the diameter will not be an integer the same will
be so whatever unit you may go to that is the meaning of this is the translation of that.

(Refer Slide Time: 46:48)



Nilakantha on the Sum of Infinite Geometric Series

Virasena (c. 816), had made use of the sum of the following infinite
geometric series
2 n

1 1 1 ) 1

4 (4 ) ( 4 -3
This is proved in the . |ruuhh-r_fu,m—f:.ﬁu_u,nra by \l\;|k;|||l_‘|\i| Somayaji, who
makes use of this series for deriving an approximate expression for a
small arc in terms of the corresponding chord in a circle. Nilakantha

begins his discussion of the sum of the infinite geometric series by
posing the issue as follows:

TRTRERIGHAE : Fol T AGeaHarral |

F TF: A1aEq 399 aagud 97

“The entire series of powers of “, adds up to just ‘3 How is it
known that [the sum of the series] increases only up to that

[limiting value] and that it actually does increase up to that
[limiting value]?”

a0

Now another important discussion by Nilakantha is on the infinite series. The geometric infinite
series as I said the series itself is quite simple fairly well known in history.
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Nilakantha on the Sum of Infinite Geometric Series

Virasena (c. 816), had made use of the sum of the following infinite
geometric series
2 n 1

1 1 1

() (3) +-=3
This is proved in the _|rJ,me-rf ruu-me._w,nra by N1 |;|J\<||_|T||;| Somayaj, who
makes use of this series far deriving an approximate expression for a
small arc in terms of the corresponding chord in a circle. Nilakantha

begins his discussion of the sum of the infinite geometric series by
posing the issue as follows:
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“The entire series of powers of } adds up to just J. How is it
known that [the sum of the series] increases only up to that
[limiting value] and that it actually does increase up to that
[limiting value]?”

A0

Now Nilakantha is provided a detail discussion of the series. While doing something else he is
trying to find the approximate value relation between the chord and the arc in a circle. so he is
saying (FL) that is (FL) is 1/4, (FL) that plus that square that to the power cubed etc. (FL) the
entire (FL). This entire family of all powers of 1/4 added together will become one third so then
the question is (FL) how can you assert that it will go only up to one third and how can you

assert that it will reach one third.



So this is the question that how do you understand an infinite series and he has posted it and then
he tries to explain it the way that more or less the way we understand infinite series.

(Refer Slide Time: 48:03)

Nilakantha on the Sum of Infinite Geometric Series

Nilakantha obtains the sequence of results

L 1
3 = 4’y
1 1 1
(43) ~ (4.4) + (4.4.3)
1 1 1
(443) ~ (444)  (4.4423)

and so on, from which he derives the general result
L 1)2 +...+ AN 1)n 1)
4 \4 (_4_;' - \4 (,3,

So he gives a sequence of results one third is one fourth + 1/4*3. 1/4*3 is 1/4%4*1/4*4*3. Like

that and so from this you can have a result like that. One third - sum of n terms in the series is 1/4
to power n*one third. So now this is the way we understand it today also the limit minus sum of
n terms in the series will become smaller and smaller and n becomes larger and larger and larger
and so that is what essentially Nilakantha is saying.

(Refer Slide Time: 48:39)

Nilakantha on the Sum of Infinite Geometric Series

Nilakantha then goes on to present the following crucial
argument to derive the sum of the infinite geometric series:

As we sum more terms, the difference between % and sum of

powers of }3 (as given by the right hand side of the above
equation), becomes extremely small, but never zero. Only when
we take all the terms of the infinite series together do wa obtain
the equality

1+(1}2+..-+(1—."\1..._1

47 \1, 4 3

Incidentally, Nilakantha uses the above series to prove the
following relation between the capa (arc), jya (Rsine) and sara
(Rversine) for small arc:

1

4 . 3
Capa= [{ g) Sara® + Jyde}



(FL) then goes on to present the following crucial argument as we sum more terms the difference
between one third and the sum of powers of 1/4 becomes extremely small, but never zero only
when take all the terms of the infinite series together do we obtain this equality. Incidentally the
relation Nilakantha was trying to do was something that is likely better than (FL) is equal to
(FL).

(Refer Slide Time: 49:05)

So this is Sara this is Jya so it is just trying to obtain an approximation for the. So this is Capa so
this is Jya and this Sara. Next is the binomial series.

(Refer Slide Time: 49:23)

Binomial Series Expansion

In obtaining the accurate relation between circumference and
diameter, the binomial series expansion plays a crucial role.
The following derivation of the series is found in Yuktibhisa and
Kriyakramakart.

Given three positive numbers a. b, ¢. with b > ¢. we have the
identity
o
c (b-c)
a(p)=a-a—
In the right hand side, we may replace b in the denominator by
¢ by making use of the identity

(b—c) __(b-c) (.(b-c)_ (b-c)
& p T ¢ *(ac" b)

A2




Again this is obtained by an iteration of an algebraic identity so it is obtained in a way because
this is the context in which it appears in the astronomical context that is in the derivation of the
Madhava series so let us try to see the binomial series in a complex way that is formulated. Let a,
b, ¢ be three positive number b > ¢. then you have an algebraic identity a*c/b is a - b -¢/b. Now

the question is this b - ¢/d can be replaced by b - c¢/c if you have something called (FL).

So this a*b - ¢/b can be written as a*b - c/c - (FL). Now on the right hand side again a b - ¢/b is
appearing so for that again you can apply the (FL) replace it by b - c/c.
(Refer Slide Time: 50:20)

Binomial Series Expansion

Substituting for 2.} on the right and iterating we get

c (b—¢) [(b-¢c)]? . [(B— €)™
a a-a ! a‘ oot (—1)"a|

b c Ll ¢ L ¢
”I{b C]

ai—[b c)
b

[+

( IJm- 1

Both Yuktibhasa and Kriyakramakari mention that logically
there is no termination of the iteration process, so that
2

(b-c) [(b—¢)]
a —

ac a-a k™
b c

+(=1)" ._a_lb-c‘]‘
c | c
(b=¢)1™

+ (-1)"a

Al

So you can iterate this b - ¢/b with this equation once again. You do it once you get like this in
the end you still have b - ¢ so this b - ¢/b up to end terms will come like this and now they say
this iteration process can be we can go on indefinitely and so you can write an infinite series.
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Binomal Series Expansion

It is also noted that one may stop after having obtained results
to the desired accuracy if the,later terms can be shown get
smaller and smaller, and that this will happen only when

(b — ¢) < ¢ (which is the condition for the convergence of the
binomial expansion).
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If we set ‘% — x, then the above series takes the form

a
14+ X%

m

—a—ax+ax—...+(—1)"ax

d.i,

So the crucial thing is that the condition for the convergence of this series is also noted and the
fact that the way the condition is understood. (FL). So (FL) is using the (FL) going from b - ¢/b
to b - c/c. So (FL) means repeatedly if you do this iteration it will never stop and you can never
say that it is going to stop. (FL) So what he obtained the kind of accuracy that you want. (FL)
forget about the succeeding terms (FL) you can stop the calculation. (FL) so the succeeding

terms will become smaller and smaller only ifb - ¢ <c.

So basically the kind of series that they are talking about this standard binomial theories that we
know.
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Sum of Integral Powers of Natural Numbers

Yuktibhasa and Kriyakramalkari derive the following estimate for
the general ~rrrrlu4;hr1.“”—-:H}.".m’.'?u:

k) k K K [k
Sy =1%+2 o+ ntx o forlarge n

They also give an estimate for the repeated summation

(varn-sarnkalita)

v S i s n(n+1)
n

(k) (k—1) (k—1) (k=1) __ n
Vi Vi + Vo etV T for large n
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Lastly, the next thing that comes in (FL) is the estimation of the sum of powers of integers and
estimation of the repeated sums of integers. both the crucial quantities this will appear in our
derivation of the Madhava series for pi this will appear in the derivation of the sine series and
both these are extremely interesting estimates and they play a crucial role in the history of

calculus the world over.

So both (FL) and (FL) which are words of early 16th century, they are discussing this these
topics were discussed in Europe in early 70 and mostly in later. In 17th century so this sum 1 to
the power k + 2 to the power k plus n to the power k when n is large goes like n to the power k +
1/k +1 that is the dominant behaviour of it for large n is proved both in (FL) and (FL) and this

repeated summation it goes like n to the power k + 1/k + 1 factorial for large.

Then is also proved there. Of course this second one can straight away be inferred from (FL)
formula, but (FL) prepares to prove this again by mathematical induction which we will see in a
later class. Again this one was well known for K = 1, 2, 3 but for a general k it had to be proved

by mathematical induction only.

So these are the four kinds of results of the Kerala mathematicians that I have discussed in this
part their understanding of pi, their understanding of convergence of infinite series, their
understanding of binomial series and more than anything else their estimate of sums of powers of
integers and estimate of repeated sums of integers. So all this will be used in the derivations.
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That (FL) does of Madhava results, but in the next class we will first discuss what are the results
of Madhava which we understand as we think of him as a founder of calculus so let us see what

are the kind of results that Madhava comes up with so that will be discussed in the next lecture of

calculus.



