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Lecture — 26
Ganitakaumudi of Narayana Pandita 2

So, we continue with Narayana Pandita, so in this second lecture and Ganitakaumudi, I will be
talking about the meeting of travellers, then progressions and the very important topic the (FL)
some of sums, kth sum, so then a Cow problem, which is an application of this, so then some
progress in cyclic quadrilateral Narayana Pandita has made, so that is the diagonals of a cyclic
quadrilateral.
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» Meeting of travalers

» Progressions

v Vinesaskalita: Sum of sums. The & sum. The k
saries in &P

= The Cow problem

» Dlagonals of a cydic quadriiateral - Third diagonal, area of a
cyclic quadrilateral

w Construction of rational triangles with rational sides,
perpendiculans, and sagments whose sides difer by unity.

+ Generalization of binomial coefficients and generalized
Fibonacci numbers,

th sum of

He introduces the concept of a third diagonal and so on, so then constructing of rational triangle
with rational sides, perpendiculars and segments and then lastly, some generalization of
binomial coefficients and generalize Fibonacci numbers.
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Meeting of two travelers

Let d be the distance between two places and suppose that
bwo persons started from these places simultaneously in
opposite direction with speeds v and v=. The fallowing rule
gives the rules far their times of meeting

Rule 39,
WAl MAARET TAAT TIHEFH #: |
A= AT REror A AR OAT 32

“The distance divided by the sum of the speeds
happen to be the time far the first meeating. Twice (the
quotient) obtained by the division of distance by the
same (is the time of) meeting again after that meeting.”

Suppose, 2 travellers are there; they start from 2 places; the distance between which is D, so
then the 2 persons, they suppose they started from these places simultaneously in opposite
directions with v1 and v2, so the following rule gives the rules for their times of meeting, so
they will meet several times, so distance divided because some of the speeds happen to be the
time for the first meeting twice the quotient obtained by the division of distance by the same is
a time of meeting again after that meeting.

(Refer Slide Time: 01:48)

Meeting of two travelers

Py B A Pz

v %

Meeting of two travelers at Al ) and Bifz)

Let the travelers start from Ay and P> with speeds vy and

v2(Py Py = d). They meet first at A where 1A = x, attime #. Then
traveler 1 proceeds towards F; and 2 towards Fy and reverse their
directions and meet at again at 8, where P28 ¥, attime I5

At A 1" would have traveled a distance x at with speed vy and '2'
would have traveled a distance d — x with speed v,

Then

(FL) in the meeting again; second meeting, so it is illustrated in this figure, so one person is
starting from here, other person is starting from here, so first they meet at; he is travelling with
speed v1, this person with speed v2, so they meet let us say here first, so then clearly of this is
X, so then this fellow is traveling distance x with speed v1, so x/v1, so that must be =, so this

willbed —x; d —x/ 2.
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So, solving for x, we get dvl/ v1+v2, the time of meeting is x/v1 is v/ v1+v2, so that is this
thing and the second meeting is at B, where you know again, so this fellow will proceed toward
that and comes back. Similarly, he will also proceed and come back, so we can work out all
these things, so the second meeting will be; it will be 3D v1/; 3D/v1l+v2, that is from the
beginning, so that will be the time of meeting.
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Example

Example 44
TrSFAar] T T, |
TETRAI AR AT T
THFTES dt T g e g
“The distance between two towns is 300 yojanas. Two letter cariers started
from their respecive towns (simultaneously], one with a speed of 11
yojanas, and the other, & yojanas per days. O learned, if you know, tell

quickly the times of their two mestings, (the first) after their start and (the
sacond) while returning badk”

Selufion: Here d = 300, 1y = 11, 1: = 9.

d
Time of first meeting {f,} = TP

3d

Time of second meeting () = T
)

(Time between the two meetings = 30.)

So, time between the first and second meetings will be 2D/ v1+v2, so that is a simple result. So,
he has given some example for this, the distance between 2 towns is 300 yojanas (FL) so one is
having the speed of 11 yojanas for some time per day, other 9 yojana (FL) so tell quickly the
times of their meetings, so you can work it out; so time of first meeting is 15, then second is 45,

after the; I mean from the beginning.



(Refer Slide Time: 04:03)

Travellers along a circle

Next, the problem of two travelers traveling along a circle (or
any closed path) with different speeds in the same direction is
considered.

Rule 40 (a).
OFEF: T Teg=aeH s T Jafd 1 goa i

“Length of the circumference, divided by the difference
of speeds, happens to be the time of meeting.”

Let the travelers start from the same point P with speeds v,
and w.

So, time between meetings is 30, okay. Then, traveling's along the circle.
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Travellers along a circle

L 4

Meating of two traveders, traveling along a closed path

Speeds v, and v Let v, = v et them meet x at a distance fram 2. Let the
circumference of the path be C. Distance traveled by *1' = ¢ + x. Distance
traveled by 'Z
[ K X
L2} L)
Cw
Sohang for x, we find x = — —. As x is the distance traveled by 2, Time of
meeting = s stated

True and False statements as in earlier texts

Suppose, 2 people are traveling in a circle like this, so then what is the; when do they meet
okay, suppose they start with different speeds v1 and v2, so then see that vl > v2, then suppose,
let them meet at x at a distance from P, so that means if they are meeting that means the person
was traveling fast, he would have completed one circle and then extra, you see and the second

person will be meeting here.

So, the distance travelled by one, who is moving with higher speed is C+x, is this x and the
distance travelled by 2 is x, so I have got C+x/ vl is x/v2, so solving for x, we get x is = C v2/

vl — v2 and time of meeting is C / vl — v2, so this is you know, applied in; this is applied in



astronomy, this called you know for to calculate what is the cyanotic period; see, suppose, if the
planet you are seeing that it is moving around Earth as you observe it, so then they move with

different speeds.

When are they are in conjunction okay, so that is what is seen here. For instance, Sun and Moon
when they are; apparently they are moving which respect to the earth, right in a circle; 2
different circles but of course, does not matter with even though, they are different circle, the
angular speed will be what is; what comes okay. So, when they are in conjunction, so then that
will be this Amavasya or new moon day, then again how much is that.
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Chapter 3

Earlisr results on arthmetic prograsson slated here also. some saphisticated
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Ha consider an AP with tams;

(1424 -—a), (42— +a+a+ 14 -+atd),-- [1424:--a+(n-1)d|

So, that they can calculate by circumference divided by difference in velocities, okay, so, next is
an important result is doing, suppose you have got this, you know this first sum of the integer,
second sum; sum of squared, sum of cube, so they are old results by the time Narayana Pandita
wrote his work, it had been; they had been discussed threadbare in the earlier works and second
sum is also; this second sum is also stated in Aryabhata onwards.
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A.P. with each term a sum of A.P.

Sothe ™ term =11 2 | Fia+ [r—1)d}

ig tha sum of an AP

The sum of this AP '\i {a+[r—1dMHa+({r—1)d+ 1}
P=% :
=1
is stated o be
mr—1) [d &2 nala 1) p |
=— Doar 14 | maatl] & e =D,

[Try this as an axercise. ]

So, now we consider an arithmetic progression with these terms that is each term is a sum of an
arithmetic series, okay, so the rth term will be this, 142 etc., a+r — 1*d, so sum of this arithmetic
progression you see; you have to sum over this, r = 1 to n, so then you will get like this, so
when he gives the; so slightly more general kind of a thing, you see, so from the sum of and
sum of sums of integers, you are going to the arthritic progression kind of the thing.
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A very important advancement in Candtokawmudi. K™
Sum
The following rule |s an extremealy Important result in
) (r+1
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EERr=E- 5 =——F—5 5 Thelastisthe sum of
sums or the 2% sum, MNarayana Pandita generalises this to the
.Fi'.th sum
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I'his resull is slaled in Yekitbhasa also withoul releming e
Navigone Pendste, It is possible that the Kerala mathematicians
discovered it independanthy. This plays a crucial rle in the
infinite Taylor series for the sine and cosine functions.

This is how he states if:

So, this will be there, so there stated is; okay I am not given this first, does not matter. So, now
a very, very important advancement in Ganitakaumudi, I would like to talk about it. See, earlier
we had the Sigma of R, you see sorry; this must be n*n+1/2, so that is when you sum from 1 to
n, the sum of first n integers is n*n+1/2, then sum of sums, so that is n into; that is sum of this

you know, so if you sum this once, so then it will be n*n+1/2.



Now, sum this from R is = 1 to n, so we write it like this, 1 to n, so that is n*n+1*n+2/ 1*2%*3,
so this is given by you know earlier mathematicians, the last is the sum of these; sums are the
second sum; so, Narayana Pandita generalizes these to the kth sum, suppose you do it k times,
so then that is = n*n+1*n+2 etc up to n+K/ 1*2*3/ K+1, so this is = ntk C k+1, so these are

very important result.

These had not been stated in earlier in Indian mathematics literature, this result is stated in
Yuktibhasa also without referring to Narayana Pandita, so probably they would have discovered
it themselves also because I mean, that is at fairly advanced level that they are doing, so they
might have done it because other things with they are in a borrowed from the always quoted,
you know, (FL) they always quoted, so this is not quoted.
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kM sum of n

Rule 15 {b) - 20 {a):
yerEARfE: TaREdET O AsEe 0
TRFEEE: AgEl AREgTH I 90 8 |

“Mumber of terms (say 0 is the first term {of an 2.F) anc 1
tha camman differance. Thass (e, erms o the AF, thair
numkbare baing) 1 more than the number of imes (tha sum is
1o be taken, e, & 4+ 1], separaizly {are) the numaraors 1
fis ) to first tarm (of another 4P ) and 1 the comman
diflerance. Thess ara tha denamiralors (thair nambar
being) tha =ama as that of tha formar A F) Their praduct (is)
the kM sum of n*

So, probably they do, anyway and this plays a very crucial role in the infinite Taylor series for
sine and cosine functions and this is how Narayana Pandita states it; (FL) so number of terms
say n, is a first term in arithmetic progression and one the common difference and those that is
terms of the AP, their numbers being 1 more than the number of times, the sum is to be taken or

the numerator.

Then, one needs to be the first term of another AP and one the common difference, these are the
denominators and their product is the kth sum of n, so he is clearly given this result yeah,
n*n+1*n+k up to because he is saying those one more than the number of terms, so this will go
numb; first term is 1, then it goes up to one more number, sum of the number that is taken is;

so, the n+k, to come in the last term, okay.
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-'-.'th sum of n
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So, now suppose, [ will use this notation for this V and k; kth sum of n, so we will; he has given
this, so we should so; but in how he is treated as the sum of sum, you see, so he should be; if it
is a sum like that, then it should be a sum of these k - 1 kind of a thing, right. So, first sum, then
when you sum this, you should get the second sum, then you get the third sum etc., so he is

giving the result for the kth sum.

So, we should show that it is actually k - 1 sum, when it is summed over things, you should get
this okay. So, we have to show that we will show that this actually satisfies this thing that you
know, that is k - 1 sum, when you sum from 1 to n, you get this result. So, now Vnk is nt+k
Ck+1, so using the properties of this nCr, you get these nt+k - 1 Ck+1+n+k — 1 Ck, so V and K
is=Vnk-1+Vn-1k.
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kM sum of n
But v — v Y 1,
—'r".‘&k U K1|’+"'*I'¢k 1)
i
. V&K}=lvjk 1}

r—1

Proceeding in this manner,

A N
A i

Mo, 'L-",[n] - 4 = . (Zeroth of sum of r, which is ritsell.) So,
VA is indeed the k™ sum of first n integers.

The use of the k* sum is illustrated with the "Cow problem” in
(fanatakanrmuds,

So, using this repeatedly, see this again we write as Vn — 1 k - 1+Vn - 2 k etc., finally you get it
is, Vnk up to Vn k - 1 etc. but here, that also be V1 k, so that is a sum with one term, you see,
so kth R k -1, it does not matter, so V1 k is = V1 k -1 that is always = 1, so V and K is this; so
this is a sum and result is already given see, so proceeding in this manner and this again can be
expressed as the sum of the lower order sum.

(Refer Slide Time: 12:36)

Cow praoblem: Stated solution

Rule 22.
FRTEATE A TIFTIE QA=A e |
Tt FAT AT AT Tar =

“Subtract the number of years (in which a calf begins
giving birth) from the number of years (successively
and separately), till the remainder becomes smaller
(then the subtractive). Those are the number for
repeated summations. Once, (hwice) etc.. in order.
Sum of the summations along with 1 added to the
number of years s the number of progeny. {Seems to
be including the angmal cow alsa).”

.

So, V and k is kth sum, we use to written on V 10, so now V 10 is r C1 is =r, right so that is 0 is
sum of r, which is r itself, so V and k is indeed the kth sum of first n integers. So, now this is
illustrated with a very famous Cow problem in Ganitakaumadi, so these are very interesting
problems. (FL) he gives a solution itself first, subtract when it is as if when you supposed know

the problem okay.



Subtract the number of years in which a calf begins giving birth from the number of years
successively and separately till the remainder becomes smaller than the subtractive, these are
the number for repeated summation (FL), this is first term, second number, etc. okay, some
other summation along with 1 added to the number of years is the number of progeny, so this is
the solution, he is giving.

(Refer Slide Time: 13:33)

Cow problem

The following table would help us in computing the number of
progeny in 20 years. The initial cow would give birth to calf
every year per 20 years, which constitute the ‘first generation’
numbering 20. The calf born in the first year would produce its
first offspring in the fourth year, this and the one born in the

second year would together produce two offsprings in the fifth
year, and so on. So, the total number of the the second

generation calves would be

vl =14+ 2434 +17

Similarly, the total number of third, fourth, fifth, sixth, and
seventh generation calves would be V3 V7,

vi¥ vi® and Vi®. There are no more generation within 20
years, as the eighth generations would only in the 22" year.

A=F

So, let us understand what is; I will just explain this slide before giving the table, see one cow is
there, so initial cow okay or some primordial cow, let us say okay, so it is there. So, then every
year, it is giving birth to 1 calf, okay you will assume that it is a female calf only.

(Refer Slide Time: 14:01)

Every year it is giving 1 calf, so for 20 years okay, we are discussing that okay, now the calf

born in the first year, would produce its first offspring in the fourth year. See, after 3 years only,



it is there, okay, so this calf, he is giving; see the first generation of course; you see first
generation of the cows, so then this is the second generation, you see, this is giving rise to this

here and here you see, in the next year; fifth year, this will of course give one.

And here this also will give rise to 1 calf, and similarly, so this is 1+1+1 etc., so the next one is
1+2, so then in the sixth year, this also will start okay. So, all the you know; calf will you who
are born in successive years, they will start producing their own calf as successive years, so
they will be; that is the third column will be this, second column will be that. So, then again

these you know, so these are fourth year.

From the seventh year onwards, there will be the third generation of course, so that is what is
happening. The calf born in the first year will produce its first offspring in the fourth year, this
and the one born in second etc., so total number of second generation calf will be 1+2 etc., 17
okay, first generation is 1+1, second generation is 1+2+etc up to 17 only; no 17, I will see that
here.

(Refer Slide Time: 16:01)

10

Similarly, the total number of 3rd, 4th, 5th, 6th etc. will be V14 to V11, 3 see 3rd sum of 11,

2nd sum of 14, 3rd sum of 11, 4th sum of 8, 5th sum of 5 and sixth sum of 2, so no more
generations within 20 years as the eighth generation would be only in the 22nd year. So, let me;
the table it will be clear, you see the first generation is 1, 1, 1 etc., Ist year you see.
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Al

It will go on in the next slide also, it goes on. Then the second generation you see, V1 0 is = 1,
V2 0 is = 2 because the one born in the second year also is giving, so 3 etc. For second
generation, if you sum, you will get 1+2 etc. up to 17 because it goes from 4 to 20, so it is 17;
1+drop to 17. The third generation will be; so this one you see, V10 that will give 1, then next
in the 8th year; 1+2, you see that will become okay.

(Refer Slide Time: 17:28)
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So, next will be like that you know, so the second sum will come and in the 4th generation it
will be; so like that V1 2 etc., so 5th generation, so V20, 0 that is only just 20, then V 17 1, so
that is 17*17+1/2 and this will be 14, this is a 14*14+1*14+2/ 1*2*3, so like that, so this is the
17th generation of their offspring, so total will be total progeny produced by the gomata, he is
you know 20, 17, 1, 14, 2 etc.
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.';:th sum of a series in A.P

The next nde gives the 1 sum ol & seriesin AP

Considaran A F With: &, a+ d,--- .a+(n— 13d (s ta&nm is a, common
diffarencais o, numoer of terms is o)

Fuls 20 b - 21.
T HaTEaRAHg o ¥ 4 O |/ TEF an 0
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ﬁ?;umm;m‘fﬁrrr T J AN 2

The k1 sum af mumber of tarms less 1' iz the miultiplisr af {1ha
commen difference). That separately multiplisd by *1 more than
numbes of imes’ (the sum is o ba taksn, e, & + 1 and then)
divided by the 'mnumber of tarme ees 1'is multiplier of the first term
Thefirst term and the comimon cifference (are boih) multiplied by
Iheir owm mullipliers, The sum of the products happans 1o ba the
&M sum ol the saries in AP

So, 20+17*18/ 1*2+14*15*16*1*2*3 etc., etc., okay so finally it will be 2744, if we had to add
1, if you want to going to the original initial cow also. Now, that will be the total number, so
this is the direct application of the; so then of course, we talked about the kth sum of a series in
arithmetic progression. So, consider an arithmetic progression a, a+d etc., to atn — 1 d, first
term is a; common difference is d, number of terms is n.

(Refer Slide Time: 18:48)

kth sum of a series in A.P
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Then he has given this result (FL) the kth sum of n number of terms < 1 etc., | mean I might as
well give the result hinder this thing, so what is doing is; there is an arithmetic progression, so
kth sum of that, so that is given by this result. So, how do we understand is the first term is this
you see, when you sum of arithmetic progression, the first term will be this, an+n*n — 1/2*d,

right that is in a sum of an arithmetic progression.



First term a, common difference is d and number of terms n, so now we have to sum over this,
so make it into r and an r is going from 1 to n, you see that is a; so kth sum will be k — 1 sum of
this; k - 1 sum of an+n*n — 1/2*d, so k - 1 sum of n+d *; you see this is; this is; these are
actually first sum of n — 1, so k — 1, so kth sum of n - 1 at the first sum n - 1 is n*n — 1/ 2, so
finally you get this result.
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Example

Example 15.
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“First termn of (an A.P) is 5, commeon difference, 3 (and) the number
of terms, 7. O best ameng scholars, tell quickly the 4™ sum (of the

saries in A.P). (Also,) if you have passion for mathematics, tell the
sum by changing the ingredients.”

Solution: a=5,d=3,n=7,k=4.

55 67 89 10 25
2P |2 13 4x63=2x25x21412x63 =
]12345 3 3] 63 =2x25x 2141263 = 1806

One can work out changing ingredients.

The treatment of G.P is as in Canitasarasadigrahe and at Ldavats nothing new.
S0 also, Sama Vrttas as in Liavati,

Because k - 1 sum of n is this, right n*n+1 you should go up to nt+k - 1 and so k terms are there
and below again, k terms 1*2*etc., k because d*kth sum of n — 1, so which is n - 1 you should
start n — 1+k, so like this, so these are final result. So, for instance he gives an example (FL) the
first term of arithmetic progression is 5, common difference is 3; 3 Sankhya, right and the
number of terms is 7, number of (FL) oh, best among learners okay he is doing wooing his

audience.

Tell quickly the 4th sum of this thing, you see (FL) you say passion for mathematics tells the
sum in changing the ingredients also. So, a is 5, these three common difference n is 7, k is 4, so
if you plug in these numbers here, you get the result, these 1806. One can work out changing
the ingredients, what he is saying is make it 6 and other kind of a thing, so then geometric
progression nothing new as far as I could see, apart you know from what is given in
Ganitasarasangraha and Lilavati.
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Geometry in Ganitakaumudsin chapter 4

All the results of an geometry in Gaexifesdrasengrahe and Ldavats ara
stated here. Naragana Fandite adds many results of his own
especially on rational triangles and quadrilaterals, and slso generalizes
many earliar results. Ve give some interesting resulis in the geomeiry
of plane figures introduced / stated in this chapter.

Rule 15 gives “gross-area of regular polygon with n sides.

Rule 15

T F AT AR T B ey

“Subiract the number of sides from tha sguare of the number
of sides. Muitiply {the differenca) by the sguare of the side.
(The product) divided by 12 is the (gross) area of a triangle”

Then, Sama Vrttas and all those these things that is also same as in Lilavati. So, geometry in
Ganitakaumudi in chapter 4, so all the results of geometry in Ganitasarasangraha and Lilavati
are stated here and adds many results of his own especially, rational triangles and quadrilaterals
and also generalizes many results, so you might have noticed this you know, I always try to
generalize the results given in earlier works.
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Area of a regular polygon with n sides

he area of a regular polygon of & sides, each of length 5 15 states to be
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scribe the pokqgon with 0 sides each of length = in & crele of radius e (Vs
clear that # — — and 5 = 2rsin#
e area of each nanghe, as indicated rosin e oo
Area of the palygon — - Sindcos o
o s, A 5 cos |
A= n '
& 5in i dsini2)

So, we give some interesting results in geometry of plane figures. See for instance gross area of
a regular polygon with n sides, so he gives the n side, so suppose a side is s, so in the gross
area, is say as n squared - n*s squared/ 12 where just see the side and it does not come out all
right
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Area for large n

When s large,
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Further approximation

If we put = = 3, (this crude approximation to = has been stated
by Marayana), we obtain

n*§? 3% (P-3)
A {1 = | e 2 5
12 n- 12
It is not clear what is the appraximation which led the author to
his result.
After many other ‘gross’ results Narayana states;"The earlier

gross rules have been stated for novice calculations. Due to
occasional disagreement between (gross and exact) results, |
have not much respect (for them).”

And even in approximation of large and; I find that it will be n squared — 3/ 12*a square, apart
term of course, we are already made an approximation of pi being = 3, okay, so it is not clear
what the approximation is; anyway it is small result here, so after many other gross results,
Narayana states that you know, the earlier gross results have been stated for novice calculations,
due to occasional disagreement between gross and exact results, I have not much respect for
them, he himself is stated, okay.

(Refer Slide Time: 23:39)



Diagonals of a cyclic quadrilateral

Diagonals of a cyclic quadrilateral

Hare Narayans gives the standard exprassion lor the diagonals of a cyclic quadrilateral.
Ha also introdu cers the concept of third diagonal, which is wery useful in deriving many
results (including the expression for the area of a cyclic quadrilateral,

Vs — a)(s — b5 — c)(s — d)) which is proved in Yiltdbhiase

Rule 47-562 includas:
THTHAMETHFTIGA & wER frgen
TERITFITIET &0 7 5 T F
FE g R g g AR ge o

“Divide the sum of tha products of the sides about baoth the diagenals by
each other. Multiply the quotients by the sum of the products of coposite
sides. Sguare rools of the, products are the diagonals in a quadrilateral.

In all (cychic) quadrilaterals, the (mew) diagonal obtained by the interchange
af ks face and flank side s the third diagonal *

So, it is only maybe to you know test the alertness of the students, whatever it is anyway but
many of them in approximations do make sense. Then diagonal of a cyclic quadrilateral, so will
not going into detail of this earlier result okay, so area for you know; that area of cyclic
quadrilateral is this, then the diagonal of this thing is 2 diagonals, you know how to get it, see

that is the result; famous result due to Brahmagupta.

Divide some of the products of the sides about both the diagonals to each other, multiply the
quotient with some other products of opposite sides, square roots of the products or the
diagonals in a quadrilateral, now comes the new thing, so new thing he is saying; he introduces
the concept of a third diagonal, so which will be very useful in many results on cyclic
quadrilateral.

(Refer Slide Time: 24:41)

Cyeclic quadrilateral: Third diagonal

A cyclic guadrilateral ABCD. AC, BD are the diagonals. Ancihver cyclic quadrilateral
ABC'D got by interchanging the sides BC and CD. AC' is the third 'diagonal’

In the ligure, ABCD 15 a cyclic guadrilateral wilh sides, AB = a, BC = b,

CD =g, and DA = d. AC = e and BD = f are its diagonals. Mow on the arc
BD, chooss a point C' such that are DC" = are BC. Then naturally,

arc C'B = are CD. The comespending chords are also. Therefore, DC" = C'B.
So the quadrilateral ABC'D is generatad by interchanging the sides & and ¢in
the original quadrilateral. Then AC' = g is called the third diagonal.



In all cyclic quadrilaterals, the new diagonal; of course, he does not say the diagonal obtained
by the interchange of its face and flank side is the third diagonal, so this is; this is; so this is
your cyclic quadrilateral ABCD, so these are the diagonals, right BD and AC, they are the
diagonals, so call them E and F. So, the expressions for that is you know, fairly straightforward,

we have already done that.

Of course, the result may look slightly different because my order of the sides maybe you know
you please check you know, so here you know it is ABCD, so AB and CD at the opposite face,
so when you are comparing with other results, please mark this. Anyway, so now he is saying
you know, see now you get another quadrilateral you know, by making DC prime is = BC, so
they are essentially interchanging the side.

(Refer Slide Time: 26:06)

Expressions for the three diagonals

W had already derived the expressions for the diagonals AC — e ar
B0 = f in the material on Brahmasph siddhanta These are stated
by Mardvan
g ad il
ab + cd
— ac bad') C
BL
=ie ) L]
The expressions may ook slightly different, as the symbols for the

sides is different here

The third diaganal AC g s gat by interchanging b and ¢ n the
onginal gquadrilateral Hence, by interchanging b and ¢ in AC

1/3
ab od || ad 0G|

- ac

So, DC prime is = BC and BC prime is = CD so, essentially these 2 sides are and these diagonal
are kept saying that the upper flanks you know you can say they are interchanged, so that is this
thing and then so, AB C prime D that is the new cyclic quadrilateral and this is AC prime is the
third diagonal, so that is the thing and a third diagonal and very easily, you can find out the
third diagonal.

Because essentially, what have you done in getting this new diagonal, essentially these sides B
and C have interchanged, right see this upper; this thing, so you should have seen this is
become B and this is instead of B, it is become C, so that is the thing, only we are interchange B
and C, so diagonal expression also is straight forward, only you have to; this thing you know, so

instead interchange B and C.



So, ab+cd, so this will be sd+bc, then ac = bd, so these are third diagonal, so it plays the very
important role in the proof for the area of a cyclic quadrilateral and also for the area of the
circumdiameter, so that (FL) and the other speakers one of them probably professor

Ramsubrahmanyam will prove that result, which is given in (FL).

So, for that this concept is very crucial; the third diagonal plays an important role. ”Professor —
student conversation starts” So, yeah that is what he has given know, interchange of sides;
upper side, yeah, yeah, yeah now, this will come in various things, we will see that actually you
know, the new diagonal has come has come but what is the use of that? Yes, several results as |
said using this, it is very important for proving the expression for this area of a cyclic

quadrilateral.

He had to use this concept of third diagonals yeah, that is the thing, no, no that is how they are
using you see, so it as important as the first 2 diagonals of the original quadrilateral perhaps that
is what they mean, yeah, yeah it is not the third diagonal the same quadrilateral, anymore this
thing yeah, because if you interchange this, the order will be different but you will get the same
these things you know, so maximum you can generate 3, probably yes, yes that is the thing.
“Professor — student conversation ends.”

(Refer Slide Time: 28:38)

Circumdiameter

Mow we had already seen that in a tnangle, the product of sides
(about a perpandicular) divided by the parpendicular is the
diameter of the crcumeircie. The crcumdiametar O of a cyelic
quadrilateral can be obtained in this way, by considernng an
appropriate triangular part of the cyclic quadrilateral, For
nstamce, Let 8Q  r be the perpendicular to the diagonal AC.

Then,
o ab
It is perpendicular fo A8
n ADBD df_

So, then you will get a circumdiameter have already given this result earlier, you see, see
suppose your sides A and B suppose is a triangle, ABC, so then this BQ is perpendicular to AC,
it may not appear in the figure like that but it is take it like that, so suppose this is at



perpendicular R, so then he states that D is = ab/r, these are Brahmagupta result, which I do not
have to say again.

(Refer Slide Time: 29:43)

Area of a cyclic quadrilateral

Area of & cyclic guadrilateral is stated in the following rule;
Rulke 134 2

FON AT afe gaersi
FETEad fgeiast Al )

‘Multiply the sum of the oroducts of the sides (of a
quadrnlataral] lying on the same side af a diagoral by the
diagonal. Divide (the product) by 4 times the Circum-radius.
[The naswit) is tha area of the equilateral and othar
quadnlaterals (A)"

{ab+cd)e  (ad + bo)f

That ig, area A a5 a5

) i sl
(Here citcum-radius, A = ).

And it is perpendicular; you can also write it as d*f/ p, see suppose, you take instead of that you
know this triangle, you see, so any triangle, you see the circumdiameter will be the product of
the sides and divide be the perpendicular, you see so that is the thing, so this is the result here
also. Then the area of a cyclic quadrilateral is stated in the following, multiply the sum of the

product of the sides lying on the same side and divide the product before time the circumradius.

That is the area of the equilateral and other quadrilateral he says, so this is the expression for
the area, so there would have; he is very clear because you know you can consider it as 2
triangles, you know say AB, these two triangles and you know, those perpendiculars are there,
so from that you can get the result, okay because the half base into altitude and altitude itself is
given in terms of the two sides and circum diameter that is the thing you see.

(Refer Slide Time: 30:47)



That is what you are doing, did you get the point. So, the ABCD is cyclic quadrilateral, the area
of this cyclic quadrilateral can be thought to be the sum of the areas of the triangle ABD and
BCD, so area of triangle ABD + area of triangle BCD, call this as Al and call this as A2. Now,
the area of this angle ABD is half base into height, you can consider BD as the base, half BD
into height, so which is essentially to drop a perpendicular from a to this base BD, call it as p1.

(Refer Slide Time: 32:05)

So, BD is f, so 1/2 f*p1, now the circumradius of the triangle; circumradius, if you call it as r,
triangle ABD R, so this is the product of the 2 sides AB*BD/; pi is the perpendicular so this is
essentially AD/ 2 *; now the perpendicular is p1, so you pl is = ad/2R.

(Refer Slide Time: 32:54)



So, substituting that here, one can see that this is equal to 1/4*ad*F/ 4 R so the area of the

triangle abd.
(Refer Slide Time: 33:09)

So, the similarly the area of the triangle BCD, so which is A2, so same logic will apply, instead
of ad, you will get BC here, so BC into the base is the same F/ R, so the area of the
quadrilateral; cyclic quadrilateral is equal to A1+A2 is = 1/4*ad+bc*f / R, so these what has
been stated okay.
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The diagonals, circumradius and area

ARA
ef
From the expression for the diagonals 80(f) and AC {g)

That is, g

gf = ab + od
o LAl b oed e
But, A an
47 . 4
af =
- 4R
| &
From this it folows that
efg
R =
A4
witach 15 stated in tha fallowing rule
Rule 138 a
ATTTRAFE AR FEROa SUA {TOH 1 Pas |

Alternatively the product of the three diagonals divided by four
times the area is the circum-radius.”

-

So, an alternate expression yeah, see for instance, he gives a result that the radius circumradius
is = efg/ 4A, so this is where you know, said neatly it comes that the radius is = the product of
all the three diagonals divided by 4 times the area. So, (FL) circum radius alternatively, the
product of the 3 diagonals divided by 4 times the area, so that is circumradius so this will you
know introduce some symmetry in this thing you know.

(Refer Slide Time: 34:53)

Construction of integral cyclic quadrilaterals

Construction of integral Cydlic quadrilaterals.

Remember that if we had twa right-triangles with the upright,
side and hypotenuse as (&) b+, ¢;) and (a2, b, &),
Brahmagupta had constructed a cyclic quadrlateral with sides
Cofy, &by, coby and ¢y a2 and diagonals: §482 + b2 and
By a-> — a1 b; which are perpendicular to each athar.

Here Nariayana Pandita states how one can obtain a cyclic
guadrilateral using the same procedure in which not only all the
sides and diagonals are integral, but also the various
perpendiculars (from the vertices to the appropriate sides,or
diagonals) and the various segments which the perpendiculars
divide the appropnate sides and diagonal into, are integral or
rational. It is stated thus:

So, all these things are somewhat equivalent and radius comes out neatly as the product of all
the 3 diagonals divided by the 4 times the area. Then, construction of integral cyclic
quadrilaterals, I will not have too much time, I am not going to that in detail.
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Integral cyclic quadrilaterals

ot {r W= b}, 2rsl= @), (r U2 o+ | b thee base, upnghd and the dagons
of the smaller inengle and (@ M= b ), 2091 11§ ared (p g W= &) b those
of the bigger trargle in onder. Accordmg bo the rale, & scalens (unegual sdes)

quadrilaleral can be fomed such thal ils

e — {r° | £ - g°) hase — (1~ | &) 20
Mank sides — [r- + 5 )(p" +a@*)ir 5 and  Ira(r g +q)
degonais = (r° -3 | |dpgra+ir 2 i =g )| mnd (r 45 dpglr -5 ) +2re(p —g
(So e T an exiid fMchar {r- | & ) wis nol Aeceidary b make the ades and dagonals
integml by choosing r_ 5, g, g inbegralh. But this exira mclor in fhe sides and dinganals

15 nepessEny 1O Mmake [Fe papendiculars and lhe segments inkegral |

=i Apgra )y
23

Cyelic guadriaberal construcied acoonding bo the rube

See for instance, he will start some 2 triangles; right triangles like this, r squared - s square 2rs r
square + s square P squared — q squared 2pq P squared + q squared, see if our r,s , p, q etc. are
rational number, this also will be rational okay, so then actually you can get, if you are integer
they will be integers, so you can get an integral quadrilateral using these starting from this,
where the sides and perpendicular etc. are given in this figure.
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Integral cyclic quadrilaterals
The perpendiculars are given to be;
pi={r—&)pqlr —&" 1+2rsip"—q)]| and po = 2rsl(p"—g" )"~ }+-dpqrs]
Fithas (complaments of the sagment) are given 1o be!
§ = 2rsl2pgirt — S+ 2rsp” - gf)] & = (F — ) - s%)(pF — of) + 4paprs]
Links are (thase ara appropriaie basa 5 or s, thal is the ciher ssgment)
b =2pa(r + &) — [2palr”* — &) + 2rs(p’ — g°)] - 218

ieds +h=AB=(r + 5V 2pg
Iz =7
circumdiameater = (i | &0 + g7

Area = ;[ﬂm(“— &) + 2es(p” — @ NIir* — 86 — &)+ dparslir® + &
Exarclse: Vanty the expansion for gy and work out AE, EB using AD and BD
and then find the circumdiameter. Verify the expressicn for the area. From the
expression for the circumdiameter figure out which are the sides / diagonals
Invalved in pe and indcata it Find .,

So, what is important is not only the sides but the various perpendicular, the various segments
etc., they are all integral here you see, so it is highly quite a non-trivial result, so it will take
some time to explain but he has constructed, that is why there is some extra factor you know, r
square + s square everywhere otherwise, that need not have been there. So, that this is to make
all the other things also, the perpendiculars and segments also integral, so use this result.
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Construction of rational triangles, whose sides differ
by unity

The following rule gives the procedure

Rube 118
& o Tmor o SrwshiE @m0 eee 0

.

Diwide twice an oplional number by the square of the optional number
58 3. Add 1 lothrice the square (of the guobent). Twice the sguare rool
of ihe sum is the base. 1 added bo and sublracted (from the base) are ihe
flank sides

Rational triangle whose sides differ by unity

We can concefe of Ihe triangle &5 above, with he sides AB 1, AC ¥ — 1and

BC — x + 1. The perpendicular CE — y dides the base AB into segments

x X
AE . 2 and EB = 2. 'We want the perpendicular and 1o segments also bo be
Ihe rational

So, then he gives a very interesting result consistent of rational triangles, whose sides differ by
unity. So, he says that; so this is, you know what we have want is a triangle besides x — 1, x+1
and here yeah x, x -1, x +1 okay, so where all the sides are integral, you can say what is so great
you know because you can choose any x and you can keep you know a triangle is determined

by 3 sides.

But what he wants is all the perpendicular segments, they should all be integral okay, so that is
what he is doing, he is giving this thing. So, the construction is as follows; divide twice an
optional number by the square of the optional number less 3, add 1 to thrice the square of the
quotient, thrice square root of the sum is the base, 1 added to and subtracted from the base are
the flank sides.

(Refer Slide Time: 37:24)

Rational triangles whose sides differ by unity
W should have:
This leads to

Choose: y - — fan integer

2 (=13
The salution for x is as stated in the rule. Clearly, ¥ is ratanal



So, what he is saying is that you know, (FL) So, essentially finally, he is giving, if you are
having this kind of a situation, so then using the theorem of the right triangle, one can easily see
that the solution for this is if n is this, I mean x is this in terms of n, then this will be a rational
triangle with all the perpendiculars and segments also being this thing okay.

(Refer Slide Time: 37:53)

Rational triangles whose sides differ by unity

Fule 119-120.

FEE ] S FAGA | £2% )
e ufe: whRwr=gT Fw TEEAR
FAU R TR S A $ae

"3 being tha length of the perpandicular and 4. the basa of the first
right angled triangla, and its infinite {pairs of) right angled triangles
ara procucad In which sidas increase by unity, [In thesa), tha
perpendiculars from the vertex to the respect ve base is the sum of
thrice the previous base added to the still previcus perpendicular
and ihe bass is wice 1he sum of the previous perpandicular added
i tha previous base. Triangles in oppesition (in such thangles) ars
nght-angled ard in all such triangles, 1 added 10 and subtractad
fram the base, are tha flank and the sides”

Now, very important thing is now, he will generate an infinite number of triangles with this kind
of a procedure, so that is what is stated here. I will give the; I will tell you what he wants to do
see, so it essentially sees, you are having this kind of a thing, you see this is the triangle right,
these are triangle and considering the fact that these are right angled triangle, one can easily get
this result, 3/4 x squared — 3 =y square, okay.
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Rational triangles

We want solutions for the equation 3,‘,2 — 3 = y?, where x is the
base, and y is the perpendicular. Let the solutions for the base
be written as xy, Xz, - - - and the corresponding perpendiculars
¥, ¥z, - . Suppose we have found x; and y;, uptoj =i —1.
Then it is stated that new solution x;, y; can be found using

X = 2(Xi—1 + yi1) andy; = 3%1 + Y2

This is a ‘bhavana’ or a ‘composition law’. {Samdsa bhavand in
this particular case). From these x;,.. ¥4 can be found, and so
on. The simplest integer is ‘0" and this is not a solution for
triangle. Next is x; = 4, y; = 3, which is a trivial solution. Then
we can generate an infinite number of triangles.




See, X and Y should satisfy this relation you see, where Y is the perpendicular okay. So, now he
will say that you know where x is the base by the perpendicular, so let the solution for the base
be written as x1, x2 etc. and a corresponding perpendicular y1, y2 etc. Suppose, we have found
xj and yj up to j is =1 — 1, so then it is stated that new solution xi, yi can be found using xi is =

2*x1— 1+yi -1 and yi is = 3*xi -1+yi -2, okay.

So, this is what he is given in the verse, 3 being the length of the perpendicular and 4 the base
of the first right angle triangle and its infinite pairs of right angle triangles are produced in
which sides increased by unity. In these the perpendicular from the vertex to the respective base
is sum of the thrice the previous base added to the still previous perpendicular and the base is
trying to sum of the previous perpendicular added to the previous base, so this is what he is

stating.

So, this is in the spirit of yesterday and today the bhavana, the bhavana or a composition law
(FL) in this case right, so we are getting from Burma Gupta right, xi, yi. If you have a pair of
integers which is satisfying the (FL) equation, x squared - dy squared is = K, there we talk of
two of them; x1 squared/d, yi squared is = k1, then x2 squared — g, y2 square is = K2) so then
you can generate another pair, which will satisfy this with K1, K2 are the (FL).

So, that was discussed in detail, how to get that; how that x is in terms of x1, x2 and things like
that, so these are another bhavana kind of a thing, so from these xi+1, yi +1 can be found and so
on. Let us impress the equation of course, is you know this 0, so that is not a solution then take
next is x1 is = 4, y1 is =3, so then here 3/4 x squared - 3 is = Y square, so that is satisfied. In
this case, one segment of the base is 0 and other segment is the base itself, so that is 4.
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“Integral Triangles” whose sides differ by unity
‘oot Ve have to solve _E- -3 =y Lebtx =x ¥ =y salisly this, that
5 ;

1
Mow take x, — 2({x F W1} and ¥ =2 |.,- - 1— | =21 + o
: X 3 - ¥ dy L ¥ ] 3
using 3=y,
‘We have N 3 ¥ By 9
9
¥ ¥ ; L .
Again using the relation between x,_; and p,
¥ TV, B, ), a8
1B rIce :m 3 =y’ 50 the equation is satisfied

The upright is 3 and the hypotenuse is 5, so we can prove this, I will not be going to; prove in a
simple proof okay, so induction I mean, so that is one if you are generated up to I, the next
phase that is what is given here, you are generating the next set of values, so I will these quite
some you know, just some manipulations with right triangles and so on.

(Refer Slide Time: 41:42)

Integral traingles

Mow the recurrence relation for
x — 2(X_q +¥_4) iscomect

Recurrence relation for y;, we have used y, = 2 (¥ ¢ + 3% 4

3 3
¥ 22&‘-."41-?_' o %1
¥i—z + 3¥_z2 + x_z) gx. :
7 3.:1' 31
Yz ¥ g1+ 3%

Yi=3x_1+¥2

This is the recurrence relation, as stated in the rule.

Er.

So, these are sequence, so this correct, one can show that this is you know, this will satisfy all
the criteria.
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Generating the triangles

Genarating the tnangles.

lake xp = 2, vp = 0. These salisly the equalion.

4 . 3
=2kt w=4 1 EL}‘U|4x;} 3

S50, x—x —4,v— 3 — 3 Theothersidesare x 1 — 3.

X+ 1 =Eandrhcﬂngmnntsnm%—9 =n,%—9=4.

Mext xp = 2% — 310 = 14, ¥2 = 33y + g = 12

S50, % = x = 14,y = = = 12 (perpendicular). The other sides

arg x —1 =13, x + 1 =15, and the segmants ana g —2=5

X
2=8
2I

So, say for instance, if you take x0 =2, y0 is = 0, you start from that, so these will satisfy those
equations, x1 you take this and y1 4, 3, okay, then you start to 4, 3, other sides are x -1 =3, x+1
=5 and the segments are 0 and 4 and as I told this will collapse but the next will be 14, 12; x2
will be 14, y2 will be 12, so x =x2 = 14 and 12, this is the perpendicular, the other sides are 13
and 15; 13, 14, 15 are the sides and the segments are 5 and 9.
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Generating the triangles

Mest s = 2(xs + o) = 52,8 = 3K + g = 45
S0, x5 = xy =52 [base), ¥ =y = 45 (parpendicular) The other sidzs
x
are x — 1 =51, x4+ 1 = 53 and the segments are 5~ 2 =24,
X
—+2=028
2

These are depictad in the figure below:

First three triangles with sddss diflsring by urity, generated by the algarithm
stated i Ruls 118-120

These are integral =alutiens (for sides differing by unity, &= well as the
perpendicular and the segrments). Clearly thara ane an inflinite numbsar
af soiutions

So, this is essentially the first kind of a; so the one of the segments is 0 here, so 3, 4, 5, it will
not collapse, sorry it is just you know one segment is 0, it is a valid triangle, it is a right angle
triangle that is all, okay. So, next is you know this triangle 13, 14 and 15 that you will get and
from that you will get, 51, 53, 52 with these as the perpendiculars and all that, so these are
integral solutions for sides with differing by unity as well as perpendicular and segments.
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Combinatorics

Chapter 13 on ankepdde of ‘combinatoncs’ s a very elaborata one, cantaining
many new results on permutations and combinations. We first consider the
generaisad 'Fibonacoi” sequence described hera.

The Fibonacc sequence is1, 1. 2, 3, 5 8 12, ... Il Fydenotes the nlf'l term

in the sequence, where we start with n = 0, it satisfies the recursion relation:
Fao=Fo14Fnoa

They ara related to the number of orderad parttions of a number into parts
containing 1 and 2 only. Py = 1, by conventicn. We have

1 1,Pi=1
2 = 1+1=2F=2,
F = 1+1+1=1+2=23+1,RA=3,
4 = 1+1+1+1=1+1+2=1+2+1=2+1+1=2+2,F =5,
5 = 1+T14+1T4H 141 =T+14+T14+2=14+1+2+41

= 1T4+2414+1=24+14+141

= 1+24141=14242=24142=2424+1,F =8
and 5o on.

So, (()) (42:13) infinite number of solutions, so these kind of nice tricks that he has. So, then of
course, | will not be dealing too much with combinatorics but a little bit I will tell, with that
there is in the thirteenth chapter called Ankapasa, it is very elaborate one containing many rules,
new results on permutations and combinations. So, he considers a generalized Fibonacci

sequence, he described here, so we already heard about it.

Fibonacci sequence is 1, 2, 3, 5, 8, 12 etc. and if Pn denotes the nth term in the sequence, it
satisfies this relation. The same thing as what professor Srinivas talked about he was using the
symbol S instead of P, so Sn they seem and he was also explaining how it occurs, you know
naturally in this you know, suppose you assign the value 1 to a laghu and 2 to a guru okay, then
with a given number of Matra, that is the number; total number, you know then, how many

possibilities are there?

You see, suppose there is only 0 of it is; 1 only okay, 1 is 1, sorry 8, 13 okay, so suppose you
have only 1, the total is 1, then it can only be 1, then suppose is 2, then it is 1+1; these are the
partitions or it can be written as 2 that is 2 laghu or 1 guru, right and 3 is 1+1+1, so 3 laghu and
also or 1 laghu and 1 guru returning to this thing say, so totally there will be 3 ways, so like
that, so and this is what will lead to you know, this relation also.
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Narayana's Samasiki sequence
It can be shown that

Pa="Co+""C1+ ™22+ + ""Cp,
n.o n—1. .

where m = _ if nis even, and m = if mis odd. One can
check that the numbers P, satisfy the recursion relation
mentioned earlier.
The Fibonacci numbers in fact appeared six hundred earlier in
the work Vritajafisamaconye of Vimhaika (C.600), who arrived at
the recurrence relation P, — P,_4 + Pa_z, in the context of his
discussion of Matra-uritas of moric metres. Narayana’s Samasik
sequence is essentially a generalisation of the sequence
discovered by Virshanka in the context of prosody. It is
essantially a generalised Fibonacci sequence, where one
considers the partitions of a number n when all the digits from 1
uplo q take part in the partitions. This is denoted by P7.

This nice relation and you will get the things, so he generalizes this and it can be shown that
this Pn will be = nC0+n — 1C1 etc., up to n-m Cm, where this m is n/2 if n is even and m is = n
—1/2, if n is odd, I think this also was I think done in that lecture. One can check that this will
satisfy the recursion relation like this okay. So, remember the origin of this kind of how would

this go; this is understood okay.
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Suppose, you have got this total is n; n - 1 and n -2, okay so then what was explained earlier
was that you know suppose, you have got this n - 1 Matra kind of a thing, so then you add a
laghu to each of them okay, so that will become n, you see total will be n and similarly if you
have n — 2, okay n -2, you add a guru to each of them okay at the end, so this numberis Sn— 1,

so this number is S n — 2, the total will be a Sn.



The total number of the arrangements said that the total becomes n, right so that is total is the
same, so that is the logic here total is n, actually yeah, the number Sn. So, now you go to the
Fibonacci numbers in fact, actually appeared 600 years earlier in the work with (FL) who
arrived at the recurrence relation Pn is = Pn — 1+Pn - 2 in the context of a discussion of
Matravrttas or moric meters, this was discussed in earlier lecture by professor MD, Srinivas.
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Samasiki sequence

We have the relations:

F§ = P{=1,
Pl Pi+Pl+.--Pl ., 2<n<q,
P = PLo+PLot 4P n>q

When g = 2, we have the Fibonacci numbers: 1,1, 2, 3, 5, 8,

. When g = 3, the Samasikt sequence wouldbe 1,1, 2, 4, 7,
13, 24, 44, -... The members of this sequence satisty the
recurrence relation:

PR =P+ ot P

Narayana Samasiki sequence is essentially a generalization of the sequence discovered by
Virahanka, in the context of prosody, it is essentially a generalized Fibonacci sequence, where
one considers the partition of a number when all the digits from 1 to q, take part in the
partitions, so this is denoted by P and Q n subscript and q superscript. So, then in that case, one

can show that we have got these relations.

POq is = P1q is = 1 and then Pnq is = this and similarly Pnq is = this up to you know summing
you know this is n - 1 q terms are there, q terms are there in the sum, so when q is equal = 2, we
have the Fibonacci numbers 1, I mean the 0 term also I putting, 1, 1, 2, 3, 5, 8 of course, next is
13, not 12 and q is = 3 is; if you take q is = 3, now the Samasiki sequence will be 1, 1, 2, 4, 7,
13, 24, 44, etc., so here Pn3 is sum of the previous 3 okay.
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So, 4 is 2+1+1; 7 is 4+2+1; 13 is 7+4+2 like that you see, so this also could be understood in a
similar manner, so instead of these 2, you know now laghu and guru suppose you have laghu,
guru and Pluta okay, so then you see, what is the number of combinations with total matra to be
n, and you see here; what you do is; suppose, you can start with the n - 3 okay, which is the

total this thing n — 3.

So, note to it add this Pluta, which carries a value 3, okay, so then you will get total to be n.
Similarly, n — 2, you take and add a guru, which will carry the number 2, right so this will be n
— 2+this thing that will be become this, so and similarly n — 1, you add the laghu here, so this
also will give rise to the total number n, so if you have to sum of all these arrangements that
will be this Sn3, I mean Pn3 or Sn3, okay.
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Generalisations of binominal coefficients

Generalisations of the binomial coefficients: The binomial coefficients
"¢, can be defined through:

{1+x)”=Z"C,x",

where the summation is from r =C0ton

The binomial coefficients are generalised to ‘polynomial coefficients’
which we write as u(p, g, r), in Gapitekaumudi They are defined
through what amounts to the formula:

(T+x+x+ +x7=3" u(p,q, X,

where the summationis from r = 0to r = (g — 1)p. He also gives
methods to generate u(p, g, r). It is obvious that when

q - 21 u(p,E,r) - pcr



So, Pn3 is you know Pn3 n - 14+n — 2, n — 3, so that is how we can understand and you can
generalize it to g, so as you can see he is always in the business of generalisation, okay. Then,
he generalized the binomial coefficients also, the binomial coefficients are defined through this;
1+x, you know that you get from this, nCr*x to the power of r, right; sum is =; r is = 0 to n, so

this is the binomial coefficients.

So, now he is generalising the polynomial coefficients in Ganitakaumudi, so what it; does is
take 1+x+x squared + etc. + x to the power of q - 1 whole to the power of p, so here only the
first power of x is coming, now you are going up to q - 1 power okay. So, then you can write it
as upq because this; see here only n is there, one index, so here pq is there, they also fixed these

things, r of course varies, so u pq r x to the power of r where the summation is from r is = 1 to;

Because the highest power is here is p*q - 1 and he gives the methods to generate qp, was he
does not write it in this fashion, you see, i will talk about you know the number 1, 1, 1, 1
etcetera multiplied by several times and so on you see but it amount to that; at the amount to
that. So, then if you take q is = 2, of course it will be reduced to this binomial theorem and you
get pCr, p2r.
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Samasiki sequence and polynominal coefficients

Various mera’s agsociated with these co-efficients are discussed
In the text. MNarsvana akso ghves the relathons among the
ganaralised Fibonacel numbars and the polynomial coefficlents:

Pl — 1-u0,40
F? 1=wil,q0
£ ui2,q,0) +uil,q,1)

Fy ult, g0 +uit—1,g9,1) 4 Fult— s, q,8),
whare s< 31y,
q

Otherwise, and then he will give the relations between these generalized Fibonacci numbers and
these use, so there are very interesting. So, it is fairly quite advanced you know, it is just 14th
century, remember you see all these things became you know very common currency much

later in other countries, so it is quite seemed to be comfortable with this; fairly advanced topics.



So, I given a glimpse of Ganitakaumati, some of the important results, some more things will be
discussed by professor Srinivas, so I will stop here. ”Professor — student conversation starts”
That same thing as you know whatever is given in that Ganita Sarasankara I told know, same
thing is repeated yeah, see many other topics, they retain those things you know, so because

they do not want to leave anything, all those things plus something addition.

So, it comes in Ganita Sarasankara, it comes in Lilavati, it comes in; nothing more is added as
far as they know I do not think, yes added anything to that. Yeah, when we are talking about the
third diagonal, when the sides b and c interchange you get, ac prime, suppose we interchange
the sides a and d, can we get another diagonal; just out of curiosity? Ah, that also it can be done.
“Professor — student conversation ends”
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But relatively I think, finally you will be essentially only 3 will be there, see that will be you
know rotating the whole figure, that is what I think, it would be I essentially rotating the whole
figure, the order is what is important know. See here you what you are saying, so whatever is
you see, a, b, ¢, d okay, so next we are getting a, b, ¢ here and d, they are interchanged, right.
So, now you are saying, suppose we interchange b and a okay, b and a let us say suppose, we

do, so then this ac and db, so this will be ac, db.

Essentially it will be this triangle rotated, we are getting the same thing you see; ab; see these
are the original thing, now you are saying interchange this, so ba, so essentially what I am

saying is it is this only rotated you know, so ba, cd so ba, cd okay in the other way, I mean the



relations between various things will remain the same yeah, so you will not get anything new.
Essentially you will get 2 figures, you know, so that is what is this.
(Refer Slide Time: 55:22)
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Double sigma is the second summation; second summation, so first Sigma r is 1+etc up to n and
second is for; you do the first sum; so n*n+1/2, replace n by r, then r*r+1/2 that to sum from 1
to n, so that is what it stands for second sum means that yeah, yeah you have just written like

that, the references are given here, thank you.



