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Lecture-24
Bijaganita of Bhaskaracarya 2

We are continuing the discussion of Bijaganita of Bhaskaracarya, so this talk will be continue.
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Qutline

» Review of the Cakmuvila method

= Analysis of the Cakravala method by Krishnaswami
Ayyangar

» History of the solution of the so called “Pell's Equation”
Xe—DYE: =1

» Solution of “Pell’'s equation” by expansion of v D into a
simple continued fraction.

» Bhiskara semi-regular continued fraction expansion of D
» Optimality of the Cakravala method.

Lo |

This is continuing with the analysis of the (FL) process of the (FL) method first I will remind
you what we discussed yesterday the basic algorithm of the (FL) method then I will summarise
the analysis mad by Krishaswamy Ayyangar then we will go to the currently known or what is
thought in the textbooks are the solution of this equation, equation x2-D y2 =1 is known as the

pell’s equation how it was solved in European 6, 17", 18" centuries.

Then I will compare the solution of Bhaskara or the older (FL) method of India with a (FL)
method of solution. Finally he says something about the optimality of the (FL) method.
(Refer Slide Time: 01:14)



Cakravala accoraing to Bhaskara

In 1930, Krishnaswami Ayyangar showed that the cakravala
procedure always leads to a solution of the vargaprakyti
equation with K = 1. He also showed that the kuftaka condition
(1) is equivalent to the simpler condition

(I') Py + Py is divisible by K;

Thus, we shall use the calkravdla algorithm in the following form:
Tosolve X2 -DY2=1:SetX;=1.Y5=0.K5 =1, P, =0.
Given X;, Y;. K;suchthat X? — D Y? = K;

Firstfind P,.; > 0 so as to satisfy:

(V') Py + Py is divisible by K;

(1) |PZ_, — D/ is minimum.

2

So, as I said the (FL) condition which was there in the (FL) method was replaced by the simpler

condition that Pi+Pi+1 is divisible by Ki by (FL) and so the algorithm (FL) algorithm that we are

using will be in this form use all x square-Dy square =1 remember D is a non-square integer and

you want to find out x and y in integer. So, you start with initial values X0 =1, y0 =0, KO =1, p0

=0. In any step Xi, Yi, Ki such as Xi square-D yi square =Ki find the Pi+1 such that these 2

conditions are satisfy Pi+Pi+1 is divisible by Ki, Pi+1 square+1 is minimum.

(Refer Slide Time: 02:12)

Cakravala according to Bhaskara

Then set
(P2 ,-D) (YiPiy+3)
""’.-I_ K Yie1 K &Y+ i
Xy = BBxDY) _ p v\ — sign(K)Kis Y = &)X + iy
These satisfy X2, — D Y2, = K.
lterate till K;,., = +1. +2 or +4, and then use bhavand if
I'IECE'SSEII””.
Note: We also need a; = P:1) and < = 'g :;' with g = 1

A

Then once Pi+lis found you can find out Yi+1, Ki+1 and Xi+1 and for that use the auxiliary

quantity ai who significance we will see in the minute, ai is defined as Pi+Pi+1by Ki in epsilon 1

is +1 is D is greater than Pi square and xi square and epsilon 9 is -1, if D is less than Pi square, so



this Xi+1 and pie i+1 that you are calculated satisfy Xi+1 square-Dyi+1 square is Ki+1. Now the
Ki+1 value could anything, so you have to keep iterating the algorithm till you get +1 in which

case the problem is solved.

But you can always do (FL) if you find -1 or +/-2 or +/-4 you can always do (FL) and go to the
solution, so this is the (FL) algorithm that we discuss in the last class.

(Refer Slide Time: 03:10)

Bhaskaras Ex impile X

i pl KI a; i x| YI
ol ol 1| 8| 1 1 0
1| 83| 5] 1 8 1
21 7| 6] 2[ 1 a1 | 5 |
3| &[-7] 2] T 90| 11|
4 9|2 91 21 27
5l 97| 21-1] 1,899 | 232
6| 5| 6| 2| 1| 3577 | 437
71 71-3] 5] 1| 9,053 1,106 |
8| 8| 116 | 1| 48,842 | 5,967

488422 — 67. 59672 = 1

B

So, to the collect let X square-67 y square =1, so here the initial stepisxis 1,y is 0,pis 0, ais 1.
So next step ei+Pi+1 is divisible by Ki and Pi square is closest to 67 then we have to choose this
to be 8, then 8 square-67/1 maybe-3, so the Pi and Ki you will be 8 and -3 and if you use the the
formula gave you Xi and Yi will turn out to be 8 and 1. This of course it will be 8 square -67 into

1 square it is —p.

Next step, so 8 you have to add Di+1 such that it is divisible by 3, so possibilities are 4, 7 and 10
of them 7 square 49 is closest to 67 choose 7, so 7 square-67 divided by —p is 6, so in this case
you get p and k to be 7 and 6. You can fill up this ai column also a0 is 0+8/1 that is 8, a al is 8§+7
15 divided by 3 that is 5.

So, in the next step from 7 you to find out Pi+1, so it should be divisible the sum should be

divisible by 6, 5 and 11 are the possibilities, 5 square is closer to 67 that 11 square choose 5 then



you will get 5 and -7, so at this point you have 90 square-67 into 11 square is -7, next you will go
you will immediately get the K of -2, so to 5 you have to add a pi+1 such that the sum is
divisible by 7, possibilities are 2, 9 and 16 amongst them 9 has the square closest to 67.

So, you put 9 then 9 square-67 divided by -7 is -2, so you have which reach the (FL) of -2 you
can do (FL) at this point 221 square-67*27 square is -2 you do the (FL) by 221 and 27 you obtain
the final solution 48842 square- 67 into 5967 square =1.

(Refer Slide Time: 05:28)

Analysis of Cakravala Process

In 1930, Krishnaswami Ayyangar presented a detailed analysis of the
cukruwila process. He explained how it is different from the Euler
Lagrange process based on the simple continued fraction expansion
of v D. He also showed, for the first time, that the cukrurala process
always leads to a solution of the varyaprulkrti @quation with K = 1.

Let us consider the equations
X2-DY2=K,
PR.-D12=FP2.-D

By doing bhivana of these, we get

EI:X,P_-.|'DY.|.‘- DIIY,P..-XI'E (P2,-D)
IL K J | K | K

If we assume that X;. ¥; and K; are mutually prime, and if we choose

Pi.1 such that Y., (¥ ph +%)| is an integer, then it can be shown

(%P, +D0 Y (P,
. T | and K, &

5
that X;., D) are both integers.

-]

So, let us summarise how (FL) analyse this algorithm he proved that this process always leads to
K =1, he also showed that the process is different from what is known as the Euler-Lagrange
method which is based upon the simple continued fraction expansion of root D I will explain all
these. So, now first step let us start with Xi square-D yi square =Ki, think of an auxiliary

equation like this Pi+1 square-D into 1 square the Pi+1 square-D do the (FL) of these two.

Then you will get this square up on the right hand side right but take this product to the take this
Ki to the denominator then you get an equation like this. If you divide the product of these 2 by
Ki square then you will get an equation like this, so by doing just the (FL) of these 2 equation
you have obtain this you can recognise these are the quantities appearing in the steps of the (FL)

equation.



So, the first thing is to show that the quantity that appear in this algorithm are all very defined
then non-negative, so that of the first thing that we have to do when we analyse the algorithm
like this. So, what can be shown is it is very simple if you assume that Xi, Yi and Ki are mutually
prime that means they have no common devisers and if we choose Pi+1 such that Yit+l
=YiPi+1+Xi by mot a is an integer that was the (FL) version of the (FL) algorithm by the first

condition was put in the (FL) there.

This is chosen to be an integer by the algorithm then you can show assuming that Xi, Yi, ki of
prime then you can show by this algebra equation that Xi+1 and Ki+1 are also both integers, so
that is the first thing.

(Refer Slide Time: 07:24)

Analysis of Cakravala Process

(Xis1Pri2 + D Yiig)
o :
2 K . .
(P P.)1 X (D-PR,)
X .
L Ki1 Ki| |K
8.1 X 1 X
and similarly for Y;, >
Therefore, instead of using the Luftaka process for finding P, 5,

we can use the condition that

(') Pi.q + P;.7 is divisible by K;_ 4

-

And if you write the algorithm for the next step you will get an equation like this and that
equation can be simplified into this forum which will show you that is ai+1 or ai+2+Pi+1 by
Ki+1 that is these have to be integers. So, (FL) version it is just obtain by second iteration of the
algorithm therefore this (FL) 2 point in Krishnaswamy Ayyangar’s proof he showed first that the
algorithm is well defined that these quantities are all integers.
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Cakravala according to Bhaskara

In 1930, Krishnaswami Ayyangar showed that the cakmila
procedure always leads to a solution of the varmaprakyti
equation with K = 1. He also showed that the kuffaka condition
(1) is equivalent to the simpler condition

(I') Py = P4 is divisible by K;

Thus, we shall use the calrmvala algorithm in the following form:
Tosolve X2 -DY2=1:SetX;=1.Y=0.Ky=1, P, =0.
Given X, Y;. K; such that X? — D Y = K;

First find P4 0soasto satisfy:

(I') Py ~ Py, is divisible by K;

(1) (P2, - D| is minimum.

2

If you start with an initial situation then you showed that the (FL) condition is equivalent to a
condition like this, so this algebraic relation shows you that ai is an integer if I know the Pi+Pi+1
by Ki+1 is an integer in that what gives you the equivalents between the 2.

(Refer Slide Time: 08:26)

AI"IE!WSFS of Cakravala Process

Krishnaswami Ayyangar, then proceeds to a study of the quadratic
forms (K. Pi.1, Ki.1) which satisfy

ﬁ._] _lKJKl.1 = D.

The form (Ki.y. P.a. Ki,z). which is obtained from (K;. P ;. Ki.)
by the cakruvalu process, is called the successor of the latter.

Ayyangar defines a quadratic form
(A B. C) = Ax2 +2Bxy + Cy*?
to be a Bhaskara form if

() omact (§) o

He shows that the successor of a Bhiskara form is also a Bhiskara
form and that two different Bhaskara forms cannot have the same
SUCCESSOr.

~

Then comes the proof that is always converges to k =1 that somewhat more complicated that is
based upon what is known as the theory of quadratic forms I will not tell you detail a quadratic
form A, B, C is something like this Ax square+2Bxy+Cy square (FL) is using this Ki is Pi+1 and
Ki+1 to make a quadratic forum and that Pit+1 square-Ki Kit+1 =D, 2 quadratic forms are

equivalent if B square-AC is the same for both of them.



So, you have a class of all quadratic forms of the forum Ki+pi+1Ki+1 such that they this
disdetermine D then he defined quadratic form to be a Bhaskara form when this kind of a
condition is satisfy and now in the (FL) what is happening you start with KO and a PO then you
go to P1 first from that you will find K1 also, so in the (FL) you will successively get successive

quadratic forms.

So, this successor of a Bhaskara form by doing (FL) process Krishnaswamy Ayyangar showed is
also a Bhaskara form.

(Refer Slide Time: 09:44)

Analysis of Cakravala Process

Krishnaswami Ayyangar considers the general case when we

start the cakmuvala process with an arbitrary initial solution
Xe-DYE =Ky

He shows that if |Ko| > v/D. then the absolute values of the
successive K; decrease monotonically, till say K, after which
we have |K;| < +/D for i > m. He also shows that |P; 2vD
for i > m.

Since |K;| cannot go on decreasing, for some r > m we have
Kiiq K;|. It can then be shown that (K. P;.y. K;.,) and
all the succeeding forms will be Bhiiskara forms.

It can also be shown that the P;'s do not change sign and they
can all be taken to be positive.

Fal

And then he even showed that you can start with any value of K and do (FL) you will eventually
come to a value of K which is less than root D and later on you will move within the region K
less than root D and P less than 2 root D. So, both case and P’s are bounded by root D and 2 root
D and K and P are integer and if they are bounded by root D and 2 root D after sometime they

have to repeat in a cycle.

So, already the cyclic property of the algorithm is proved finally he showed that the amongst the
set of all equivalent cycles of by doing the (FL) process.
(Refer Slide Time: 10:24)



A"t;_-‘;|'?"5 s of Cakravala Process

If we start with Xy = 1, ¥, = 0 and K = 1, then we see that cukravala
process leads to Py = X; = d. where d > 0 is the integer such that
d? is the square nearest to D. Also Yy = 1 and K; = @® — D.

Ayyangar shows that (K, Py, K;) = (1, d. d® — D) is a Bhaskara
form. So is the form (g2 — D.d. 1) equivalent to it.

Since the values of K;. P; are bounded, the Bhaskara forms will have
to repeat in a cycle and the first member of the cycle is the same as
the first Blinskarn form which is obtained in the course of culruvala,

Finally, Ayyangar shows that two different cycles of Bhaskara forms

are non-equivalent, and that all equivalent Bhiskara forms belong to

the same cycle. To show this, he sets up an association between a
Yhiskara form (K;. Pi.y. Ki.y) and an equivalent Gauss form

(K;. P..,. K;.,). which satisfies vD - F, , < |K/| < vD+ P,

40

The Bhaskara forms go in a cycle he showed that any 2 cycles of Bhaskara forum are not
equivalent and all equivalent Bhaskara forums coming the same cycle to do that proof he use the
older proofs that were done by (FL) or quadratic forms are what was known as the (FL) forms
and therefore he was able to show that you start with any K whatsoever you start with any xi any
yi such that any k is there Xi square-D yi square =Ki go on doing (FL) you will always first

come to a value of less than root D.

And eventually you come to the vale 1 and so this was the proof of (FL) now we quickly go to
the Euler-largrane method, so what is the history of this. So, in1657 sharma the famous French
mathematician he post a challenge to the British mathematicians first.

(Refer Slide Time: 11:26)



Fermat’s Challenge to British Mathematicians (1657
In February 1657, Pierre de Fermat (1601-1665) wrote to Bernard
Frenicle de Bessy asking him for a general rule “for finding, when any
number not a square is given, squares which, when they are
respectively multiplied by the given number and unity added to the
product, give squares.” If Frenicle is unable to give a general solution,
Fermat said, can he at least give the smallest values of x and y which
will satisty the equatiofis 61%2 + 1 = y? and 109x% + 1 = 2

At the same time Fermat issued a general challenge, addressed to
the mathematicians in northern France, Belgium and England:

~...| propose the following theorem to be proved or problem
to be solved... Given any number whatever which is not a
square, there are also given infinite number of squares
such that, if the square is multiplied into the given number
and unity is added to the product, the result is a square.

Eg. Let it be required to find a square such that, if the
product of the square and the number 149, or 109, or 433
efc. be increased by 1, the result is a square.”

i

You wrote to his friend (FL) saying that can you solve these 2 equations 61x square+1=y square
and 109x square+y 1=y square for x and y in integers already you see that the 61 x where it is
coming there and within couple of months he wrote this as a problem and sent it as a challenge to
mathematicians in Frnace, Belgium and England the question was the same thing can you solve

the equation x square-D y square =1 in integers.

And he say people know the kind of an equation but the important thing is to put the restriction
that you want solution in integers and this is the birth of the theory of numbers in modern
mathematics as and the rail says that this was the birth of theory of numbers essentially the
problem. Now it was sent to England William Brouncker was the president of royal society and

his friend John Wallis was the professor in Cambridge prior to Newton.

So, both of them wrote down the solution first they wrote down the rational solution that
Brahmagupta had written down in 628 and 72 (FL) said you are cheating and ask you for integral
solution rational solution (()) (12:39) so, then of course they sat down and worked out the
integral solutions (FL) had asked for 4 particular cases (()) (12:50) had asked for D =61, D =109,
so he had post the problem for 149, 109 and 433.

(Refer Slide Time: 12:58)



Brounker-Wallis Solution

Fermat's Challenge was addressed to William Brouncker (1620-1684)
and John Wallis (1616-1703). Brouncker’s first response merely
contained rational solutions and this led to Fermat complaining (in a
letter to the interlocutor Kenelm Digby in August 1657) that they were
no solutions at all to the problem that he had posed.

Brouncker then worked out his method of integral solutions which he
sent to Wallis to be communicated to Fermat. Wallis describes the
method of solution in two letters dated December 17, 1657 and
January 30, 1658, Later in 1658, Wallis published the entire corres-
pondence as Commercium Epistolicum. He also outlined the method
in his Algebra published in English in 1685 and in Latin in 1693,

We do not know what method Fermat had for the solution of the
problem he posed. Of course, he communicated to the English
mathematicians that he “willingly and joyfully acknowledges™ the
validity of their solutions. He however wrote to Huygens in 1659 that
the English had failed to give “a general proof”, which according to
him could only be obtained by the “method of descent”, o

49

He knew that they are going to involve large number of steps, so to check that you are proficient
in (FL) you solve the (FL) for all this (FL) equation for all this 5 examples 61, 4 examples right.
(Refer Slide Time: 13:13)

D =61, 109, 439 is a 433 and what is the other one 149 and 433.
(Refer Slide Time: 13:27)



If you do that so just this we saw already gives you solution which goes to trillions the order on
magnitude of x. So, the solution was communicated by (FL) in letters and then Wallis published
all this in1657 in latin and later on he wrote a famous book an algebra in 1685 where this
solution was put in that algebra equation came in let it is one of the earliest science books in

English Wallis algebra written in 1685.

Now for now of course wrote 2 English mathematicians saying that he willingly and joyfully
acknowledges the validity of their solutions but privately he complained to his friend Huygens
that they cheated they had not given in a general proof that they were asking.

(Refer Slide Time: 14:22)

Euler-Lagrange Method of Solution

In a paper “De solution problematum Diophanterum per numerous
integros” written in 1730, Euler describes Wallis method, but ascribes
it to John Pell. He also shows that from one solution of “Pell's
equation” an infinite number of selutions can be found and also
remarks that they give good approximations to square-roots.

In a paper, read in 1759 but published in 1767, entitled “De Usu nowi
algoritmi in problemate Pelliano solvendo”, Euler describes the
method of solving X2 — DY? = 1 by the simple continued fraction
expansion of +/D. He gives a table of partial quotients for all
non-square integers from 2 to 120 and also notes their various
properties.

In a paper which was published earlier in 1764 Euler proved the
bhavana principle and called it “Theorema Elegantissimum”.

In a set of three papers presented to the Berlin Academy.in 1768,
1769 and 1770, Joseph Louis Lagrange (1736-1813) worked out the
complete theory of simple continued fractions and their applications
to “Pell's equation” along with all the necessary proofs.

4.4




And he said this proof must be based upon the method of this end (FL) proved very little in his
long carrier but he suggested lot of theorems for which he is wrote in the foot notes and I have a
proof which is too long to be communicated here and many of them were based upon the method
of design. Now Euler in 1730 starts again his journey into the same equation it is like (FL)
starting from larger number coming down to smaller numbers (FL) is the standard method of

design.

Euler in 1730 describes Wallis method and ascribes to John pell and so naming of this equation
as pell’s equation is due to Euler, Euler wrote a famous book on algebra and where he called it
Pel’s equation and that name as stuck and he shows first Euker start showing that there are
infinite number of solutions then in 1757 he gives a method for solving based upon the simple
continued fraction expansion of root D and he also gives a table of solutions from 2 to 120 for

this.

And in 1764 Euler rediscover the (FL) principle he called elegant most elegant theorem elegant
as elegantsium meaning (FL) as we say in sankrit. So, this is the most elegant theorem and in
1768 to 70 (FL) wrote a series of paper where he proved everything that Euler hide that, so the
Euler method become well established and proved by 1770, so what is the method, so what is the
simple continued traction.

(Refer Slide Time: 16:10)

Relation with Continued Fraction Expansion
A simple continued fraction (a; are posilive integers for /i = 0
1
o
' 1
&y
" 1
a2
| & . 1 1
s also denoted by [a. &, as. orby & + ;-3
Given any real number «. to get the continued fraction expansion,
take ay; = o], the integral part of «.
Let ay = ;. Then we take & = [a]
Letag = — '—. Then we take & = [ag], and so on.
ay. & . &.... are called partial quotients; ay. ny, ... are the complete
quotients.
4aE



So, normally a0+1/al+1+a2+1/ etc., further division like that is called continued traction it is a
called a simple continued traction if only once appear here a0, al, a2 are all integers they are
positive at the the first one because integer can be negative. So, the various ways of denoting
because this way of writing it will take too much space, so one were denoting it is by writing it

this way another way of denoting it is by putting the + in the denominator.

So, hypographically inconvenient in typewriters but while writing it is quiet easy now how to get
a continued traction associated with any real numbers just way pay some attention to this the first
partial quotient these are called partial quotient, the first partial quotient a0 is just the integral
part of alpha what is the integral part of alpha if the number is 1.3, integral part of that is 1, if the
number is 1.9999 the integral part of that is stilll.

Now subtract integral part of alpha from alpha, so that will lie between 0 and 1 take 1 over that
take the reciprocal of that that will much more than 1 that is called as alpha 1, then the integral
part of alpha 1 call it al and now alpha 1-b integral part of alpha 1 take the reciprocal of it, this

an number larger than 1.

Then the integral part of that alpha 2 that is a2, so that way you start getting a0, al,2 etc., a0,al,
a2 are called partial quotient alpha 1, alpha 2 are called complete quotient.

(Refer Slide Time: 17:52)

Relation with Continued Fraction Expansion

Example:

A B A g A a5 As 148
Theconvergentsare g = §. g' = 1. € = 7.8 = 17

Wehave A; B. — A, By = 1494 - 3517 =1
This is similar to the kuttaka method for solving 149x — 17y = 1.

Note: The simple continued fraction expansion of a real
number does not terminate if the number is irrational. For
instance

(1+v5)
2
o=121211,4116,11811,..]

[1.1,1,1,..]



(Refer Slide Time: 17:56)

So, let us try this example 149/17 we want to express this as continued traction, so basically this
is 8+1 over nono 9, 8 80 136, so 13/17, so now write 1 invert this, so this 1 over you are seeing
some similarity with what we were doing earlier. So, this will be 8+1 over 1 is the 13+1+1 over

1+1 over 1 something like this 81 is 3, 4 things we getting where is the 4 oh yes.

So, this how it will look by mutual division you can get the continue traction for any rational
number and if it is a rational number the continue traction terminates. And if it is an irrational it
does not terminate here are 2 irrational numbers which has nice continue traction 1+root 5/2
called the golden ratio it is continue traction is 1, 1, 1, 1 e is the base of natural logarithms as a

nice continue traction 2,1,2,1,1,4,1,1,6,1, 1,8, 1, 1 etc.,

Unfortunately 5 does not have a nice continue fraction calculating the 10,000™ partial quotient of
the continued fraction of pie is as difficult of calculating the 10,000 decimal place of pie. So,
they are equally random.

(Refer Slide Time: 20:14)



Relation with Continued Fraction Expans
The j-th convergent of the continued fraction
[8p. &1. @&. &...])

is given by
A,
B,

A;. B; satisfy the recurrence relations:

(80, &, @&. & aj

Ay = a8 Ay =aa+1

A aAj—y + Az forj>2
B, 1. By = a,.

B, aB_+B_sforj>2

The convergents also satisfy

A;Bi_y — Ai_1B; = (—1)y!

-

Now this you had continue fraction like this you stop at any point then that will become a
rational number you calculate it, it can be written as Aj/Bj that is called convergent of the
continue fraction. So, this conversion side this side recurrence relation these are essentially what
is there in the (FL) process of Aryabhatta this calculating the convergent backwards is the (FL) is

recurrence relation are the essentially the (FL) relations.

This a0, al, a2 are the quotients that come in the mutual divisions of the (FL) and (FL) in (FL)
and this convergent have to satisfy this property AjBj-1, Aj-1Bj is -1 to the power j+1. So, AjB;j
are obtained it will have a continue traction whether it is terminating or not terminating you
terminate it any point you get the corresponding convergent. So, those will be rational

approximations to the irrational number null number that you have.

They will optimal in some sense, so the conversions of this are so you can straight away see if
you terminate it here it is 8, then 8+1 over 1.

(Refer Slide Time: 21:30)



.

So, 8/1 is the first convergent, 9/1 is the next convergent if you terminate it here if you terminate
it in the place 3 you will have 35/4 and if you go all the way it is 149/47 sorry whatever it is
started thank you, so, these are approximations to 149/17when in some sense best
approximations a later they will have book called (FL) gives when it is algorithm for doing this

convergent and use as them as approximations.

Because the number of civil days in a (FL) is in trillions the number of solar years in (FL) is also
in 43 lakh 20,000 years into 1000 and you need ratios of this to calculate the positions of sun. So,
those numbers fractions are very huge and you can always approximate them by fractions which
smaller denominators and the best approximations are what are provided by the continue traction

expansion of it.

And kind of a (FL) excels in giving this you make in use of this continue traction kind of results
yes sir (()) (22:47) 9/2 or 9/1 oh 9/1 sir, 8+1/1, 1+8+1/1 whatever written in the slide is always
more accurate than what I do on the board which is done at this for of the moment. Another
interesting thing just we connection with (FL) this previous convergent we wrote this relation

AjBj-1-Aj-1-Bj is -1 to the power j-1.

So, you have the relation you use this convergent 35/4,149 into 4-35 into 17 =1, so for this

149/17 and 35/4 this will be the 2 solutions for the (FL) involving 149 and 17. So, the entire



continued fraction theory is as old as Aryabhatta’s Aryabhatiya basically the entire thing is there.
Now coming to our problem solution of the (FL) showed that solution of the (FL) can always be
written as a periodic continue fraction.

(Refer Slide Time: 23:53)

Relation with Continued Fraction Expansion

It was noted by Euler that the simple continued fraction of /D is
always periodic and is of the form

v"D—|a,.a_} ..... ap_y.ap_y.....ay,28)ifk=2h-1,
\-"FD = |a;_a. ..... ay_1,. 8y 8y_1.-.-. 31.2&3' itk =2h,

where k is the length of the period, and that the associated
convergents A, 4. By_, satisfy

Ai-l DEE-I = ‘]l

Further, all the solutions of, X? — D ¥? = 1 can be obtained by
compesing (bluivandi) of the above solution with itself.

These results were later proved by Lagrange.
Example: To solve X% — 13 Y2 = 1

111 11
1+ 14+ 1+ 1+ 6+

g = ¥ and we have 18% - 13.5% = —1
Doing bhaivana of this solution with 25&”. we get 6492 — 13,1802 = 1

Vvia=34

Periodic means at the end of this whatever I have put in the bar will keep repeating each other.

(Refer Slide Time: 24:02)

In fact these all 1 lines quadratic cell which had a periodic continue traction expansion, the
period started right at the beginning right th=1,1, so it is nothing but 1 bar it is a period starts at

right at the beginning. So, all quadratic sides have a periodic continued fraction and vice versa



and root D is always of this forum with the last entry 2a0 if this is entry is a0, this called the

period, the period can be odd, period can be even.

And the penultimate convergent here at the end of the period will give you a solution on -1, if the
period is odd it will give the solution for +1, if the period is el if you obtain the solution for -1
you do (FL) and get the solution for +1, so if the period is odd then you will get the solution for x
square-D y square =-1 at the end of the period, so let us take this example x square-13 y square

=this is the given example given in all textbook.

Square root of 3 is 3+1over 1+ lover 1+1 overl+1 overl+ 1 over 6 this bar means now again the
same thing will start here it will go on repeating itself it is an irrational number so continue
traction is in finite but it is periodic you have to take this convergent, convergent at this point
3+1/1+1/1+1/1+1/1 stop it here then you will have A4/B4 which is you can see to be 18/5 in fact
we saw this solution yesterday while discussing the equation x square-13 y square =-1, the

solution by Bhaskara was also this 18 and 5.

Now doing (FL) of this with itself you will obtain the solution for k=1, so this Euler method or
we can call it Euler legrange method, legrange wrote down all the proofs.

(Refer Slide Time: 26:04)
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A semi-regular continued fraction is of the form

g + = ;
a1+ o+ ag+

where 1, gy >1fori>1,and g + <. > 1fori> 1

Then the convergents satisfy the relations

Ag = &g Ay = a8y + =1
A a Ay +cjAjig for j>2
By 1. By = &

B, aB _, B> for j>2



Now from phase simple kind continue traction you should go to something called semi regular
one how was the different instead of only +1 is occurring here, +1 and -1 can both occur here,
that is called a semi regular continued traction and certain mathematical conditions which we can
ignore something like this should be satisfy. So, the convergent of the semi regular continue
traction will involve this epsilons in their recurrence relations, we saw this recurrence relation in
(FL) then itself.

(Refer Slide Time: 26:47)
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Bhaskara Semi-Regular Continued Fractions

Krishnaswami Ayyangar showed that the cakruvala method of
Bhaskara corresponds to a periodic semi-regular continued function
expansion

1 2 3
vD +
- a+ B+ 33+

where ]
a= (P + Puy)/| K| c5=(D~- P®/| D - P?

and the convergents are related to the solutions A; = Xj,, and
E| Iy’-.‘.

Note: The Simple Continued Fraction and the Nearest Integer

Continued Fraction can also be generated by a calruvala type of
algorithm if we replace the condition Il respectively by

(Ir)D - P2, - 0 and is minimum

() | P,y — /D | is minimum

e

So, the first thing that (FL) did was to show that the Bhaskara method or the (FL) method at the
time of Krishnaswami Ayyangar he was not aware that there were people prior to Bhaskara were
done the (FL) method he of course mentions that Bhaskara is saying only that (FL). So, this must
be some method earlier know to Indians, so he showed that the (FL) method corresponds to
expanding root D as a semi regular continued traction a0, al, a2 are all given by our quantities

familiar Pi, Pi+1/mod Ki.

This epsilon 1 was also defined there, so you go back to that table you can immediately write
down the.

(Refer Slide Time: 27:35)



—_—eeee—
Euler-Lagrange Method for X* — 672 = 1

JLIALAEIE X Yi
o|o| 1] 81 1 0
1 8|3 5] 1] 8| 1|
2171 6] 2[1[ 41| 5|
3| 5|-7] 11 90 11
4| 2 9| 11| 31| 16|
S| 72| 7|1 21| 27|
6| 7| 9| 1| 1| 1678 205
7| 2|-7| 1| 1] 1899 232
B| 5| 6| 2| 1| 3577 | 437
9| 7| 3] 51| 9053|1106 |
[10] 8] 1|16 1| 48842 | 5967 |

The cakravila algorithm is significantly more optimal than the
Euler-Lagrange algorithm as it skips several steps of the latter.

In the above table the steps which are skipped in cakravila are
highlighted.

14

(Refer Slide Time: 27:41)

So, root 67the Bhaskara’s continued traction, a0 is 8+1 over 5+1 over 2+1 over 1+ which column
I am writing 8, 5, 2, 1, 1, 7 okay. Course is around 16 okay (()) (28:08). So, 8+1 over 5+1 over 2
+1 over 1 +1 over 1 oh I am writing down the Euler Largrance, so I am this is let go back (FL),
mouse is refusing cooperate with me what give time.

(Refer Slide Time: 28:41)



Bhaskara's Example: X2 — 67 Y% =1

JLILIENE X Yi
I T T Y
1/ 8[3| 5[ 1 8 1
2 7| 6] 2[ 1 FY 5
3| 5|7 2[ 1 90 1
&) 5 -2] of-1|] 223 2r|
[5] 9]-7| 21| 1,899 232|
B| 65| 6| 2| 1| 3577| 437
7| 7|-3| 5| 1| 9,053 1,106
'8 8 116 148842 5967

488422 — 67. 59672 =1

(Refer Slide Time: 28:52)

So, 8+1 over 5+1 over 2+ 1 over 2+ -1 over 9-1 over 2+ I will continue writing it here Y5, 1/5,
1/16, so this is the semi regular continued fraction expansion notice right that the two -1’s
appearing here all of course this whole thing is periodic that will keep repeating itself, 5, 2, 2, 9,
2, 2,5, 16. (()) (30:05).s0, first thing Krishna swami Ayyangar’s showed one that the (FL)

method you can immediately write down this square root D as a continued fraction.

Next thing he pointed out that this simple continued traction algorithm can be viewed as a similar
to (FL) algorithm only you change the condition of Bhaskara that modulus of P+1 square-D

minimum you change it to the condition the D should be greater than Pi+1 square and D-Pi+1



square should be minimum, so the value of Pi+1 should be so chosen that it is less the square it is

less than D and it is closest to the value of D.

And if you change it another condition Pi+1-root D is minimum you obtain what is called the
nearest integer continue fraction we will see it later in the context of Narayana maybe if we have
time. So, now I am doing the (FL) algorithm to reproduce the Euler lagrange method so, what I
where is the differing to see where it is differing, it is differing these 2 places these 2 rows which

are highlighted those 2 rows are skipped in (FL).

So, how do we see that, so you remember this in the step 3 you have 5-7 and the solution is 90,
11 right and now what does (FL) give us, 5-7, 90, 11 now took 5 you could have added 2 or 9 or
16 that in the Euler Lagrange process 9 is bar, 9 square it is 67 that is larger the 9 square it is 81
that is larger than 67 so you have to choose only 2 which is lesser than 2 square is lesser than 67,

so amongst the allowed values, so here we have to put Pi+1 to be 2.

And here also 9 is appearing in this step, so these are 2 steps here in (FL) which are not allowed
in the Euler Lagrance in both these cases epsilon is -1, whenever P square is greater than D
epsilon will be -1, that is the sign that a step in which Euler lagrance is being skipped by (FL) at
that point, so the -1’s are hallmarks of the (FL) process. So, we remember there what was the

next step in (FL) next step is 221 and the step after that is 1899, remember these 2.

We are going to see the Euler Lagrange process here, so 90 it comes 131 then goes to 221 then
goes to 1678, then goes to 1899. So, 2 extra convergent are added 2 extra steps are added in the
Euler Lagrange process after all historically he did come 500 years or 600 years apt of the (FL)
process, so it has to have that much more weightage unit.

(Refer Slide Time: 33:12)



Euler-Lagrange Method for X*

67

The corresponding simple continued fraction expansion is

y__.-§?=8?5L1 T 1 1 1 1

1

= T 1 1 i 1
VOl =8+ N 55

nn

1 1

H T T+ T+ T+ 7+ 25 5+ 5+

The Bhiskara nearest square continued fraction is given by

1
16+

So, this sq root of 67 can be expressed as the simple continued traction it will look like this

written as a semi regular continue traction to look like this, so the period here is 1, 2, 3, 4, 5.6, 7,

8,9, 10 the period here 1, 2, 3, 4,5, 6, 7, 8, so 2 steps are eliminated in 67, so we can look at the

great the old prime 61.
(Refer Slide Time: 33:38)

Euler-Lagrange Method for X< — 61 = 1

i|Pi| K i X Yi
13 5| 3| &4 1 469849 60158
14 7| 4] 3[ 1 2319527 | 296985
(15| 5 9 11 7428430 | 951113
16| 4| 5| 2] 1 9747967 1248098
17| 6] & 2[ 1 26924344 3447309
(18] 4 9] 1] 1 63596645 8142716
(1@ 5] 4] 31 90520989 | 11590025
(20 71 3| a| 1| 335159612 | 42912791
21| 512 1| 11431159437 | 183241189
(22 7| 114 1] 1766319049 | 226153980

The Corresponding simple continued fraction expansion is

/ L A 1 1 1 1 1 1
Vel =7 I+ T+ 551

1 1 1

3+ &+ T4

1
14

The Bhiskara nearest square continued fraction is given by

1 1
gl 1

~d

/ T ¥ =T 1 =3
Vel =8+ s

So, in the Euler Lagrange process it will take 22 steps (FL) would have taken 14 steps .
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Euler-Lagrange Method for X2 — 61Y2 — 1

il P Ki| &g Xi Yi
olo| 1] 7|1 1 0
1 712 1] 1 7 1
2 5 3| 4|1 8 1
3| 7| 4 31 39 5
4 5] 9] 1]1 125 16
5| 4] 5| 2|1 164 21
6 6| 5| 2|1 453 58
74 9 11 1070 137
8 5| 4| 3|1 1523 195
9 7| 3] 41| 5639 722
10| 5| 12| 1| 1 24079 3083
11 7| 114 1] 29718 | 3805
12| 7 12| 1] 1440131 | 56353

The steps which are skipped in cakravala are highlighted.

Ly Ls ]

But actually you do not need to do all the 22 steps the simple continue traction will terminate
here when you get -1, an =-1, so it is a square root of D which has n r the period. So, (FL) is
indeed a hot subject, so so it has an odd period you are getting this -1 it will take 11 steps and to
get that 11 steps 1, 2, 3, 4 extra steps Euler Lagrange adds (FL) will come in 7 steps instead of
11, so this we can see by looking at the 2 continue tractions.

(Refer Slide Time: 34:24)

Bhaskara or Nearest Square Continued Fraction

In the continued fraction development of v D. the complete
quotients are quadratic surds which may be expressed in the

standard form #43 D) where P. Qand 'ﬂa'm' are integers
prime to each other.

, then we can have

(p+vD) ]
If a 7

. ; (P+vD)
|is the integral part of *—

(P+vD) i a
Q (P ++vD)
(P+vD) a’

(@a+1) - ——— 2)
Q & ] (P" + D) {

b

(1)

where the surds in the rhs are also in the standard form.

La T =8

The simple continued traction has 1, 2, 3,4, 5,6, 7, 8,9, 10, 11, 11 entries for 61 there is 1, 2, 3,
4, 5,6, 7 entries in the (FL) so it the period has 7 that is the seventh step this has 11 steps and

these results 4-1’s are appearing those are precisely the points where the Pi crossing root D Pi



square is crossing root D okay. So, we are said enough about the comparison of the 2 we will say

something in the end.

So, Krishnaswami Ayyangar then does various things that people normally do with continue
tractions . he first showed that the Euler Lagrange formalism can be viewed as a modification of
the (FL) and he also showed that (FL) can be viewed as a generalisation of the continue traction
instead of using a simple continue traction you use a semi regular continue traction where +1 and

-1 are the both the allowed.

Now to give direct algorithm for the he called this continue tractions that come in (FL) as
Bhaskara continue tractions now a days they are called the nearest square continue tractions, so
they can be called Bhaskara or the nearest square continued tractions and he gave a general rule
that whenever you have quadratic cell I explained you the simple continued traction algorithm

take the integral part subtract the integral part from the number take the reciprocal part.

Again take the integral part subtract that from the number, so like that go on that is the simple
continued traction algorithm. So, for the Bhaskara continued traction he gave an algorithm not
for a general real number he gave the algorithm for a quadratic cell because that is where the
(FL) process is appearing it is appearing in the context of a root D. So, if you write a root D as a

Bhaskara continue traction the total coefficient will come out to be quadratic cells like this.

Now see with the particular property that P and Q and D- P square by Q are integers which are
prime to each other that is called the standard form of itself. So, at any step doing the Bhaskara
process and doing the simple continued traction process how do they differ, so to show that you
take this quadratic side writing this way where a is the integral part of P+ root D/Q and (())
(36:54) quadratic cell you write it as just write it as a+1 whatever in means you write it in the
quadratic side form that is how it will look.

(Refer Slide Time: 37:05)



Bhaskara or Nearest Square Continued Fraction

In the Bhiiskara or nearest square continued fraction develop-
ment we choose a as the partial quotient if

MIPE-D|<|P2-D| or

i)| P2-D| = |P"PE-D|and Q< 0
Then we set 1.
Otherwise, we choose a + 1 and set -1.

Note: If we start with +/ D, we always have P, > 0and Q, > 0
and Kj = (—1)eie2...5 O

a7 -

And so Krishnaswamy Ayyangar said if P prime square-P is less than P double prime square-D or
when they are equal if Q is less than 0 choose a and set epsilon =1, in the other case choose a+1
and set epsilon =-1 and then he showed the relation between the quantities which appear in the
(FL) algorithm and the quantities this k and the Q which appear in this continued traction

expansion. So, you choose a when P prime square-D is less than p double prime square-D that is

all that okay.

(Refer Slide Time: 37:42)

Bhaskara or Nearest Square Continued Fraction

Next he also studied the periodicity properties of the continued traction, now just look at this let

Krishnaswami Ayyangar showed that the Bhiskara or nearest square
continued fraction of v D is of the form

1 2 3 K—1 X
8+ 8o+ Sg+ 81+ 289+
where k is the period. It has the following symmetry properties:
Type I: There is no complete quotient of the form
lp+q+ V(PP + )
p
where p > 2g > 0 are mutuaﬁy prime inters. Then, the Bhaskara

continued fraction for /D has same symmetry properties as in the
case of simple continued fraction expansion

vD=ap+

a, &, 1Sv<k=1,

QA = G, 1<v<k-1
= Ehpi-wy 1° <k

P = k11— 1<v<k

L lr &

us look at the case of 61.
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Relation with Continued Fraction Expansion

It was noted by Euler that the simple continued fraction of /D is
always periodic and is of the form

\D—[a,.g. ..... ap_y. 8p_y..... 8y, 28] ifk=2h-1,
vD=|ay.&...., ap_1.8p, ap1..... &, 28| fk = 2h,

where k is the length of the period, and that the associated
convergents A, . By_, satisfy

AET Dsft = (-1)°

Further, all the solutions of, X? — D ¥? = 1 can be obtained by
composing (blirandid) of the above solution with itself.

These results were later proved by Lagrange.
Example: To solve X2 — 13 ¥2 = 1

T 1T 1T 17T 1
v13 3'1.1,1.1.5,

E = ¢ and we have 18% - 13.52 = —1

Doing bhivana of this solution with itself, we get 649% - 13.180% =1

You see there is a complete periodicity here al to ah-1, ah-1 to al and a 2a0, al to ah-1, ah, ah-1
to an and a 2a0, so similar periodicity exist for the Bhaskara continued traction also

(Refer Slide Time: 38:19)
Bhaskara or Nearest Square Continued Fraction

Examples of Type |

/81 =01 .0 =11 =1

I
(o]

+

|
|
|
|
|
|

VB7

I
fo=]
<+

5+ 2+ 2+ 9+ 2+ 2+ 5+ 16+

Type ll: There is a complete quotient of the form

[p+9+ V(P +9%)
P
where p > 2¢q > 0 are mutually prime integers. In such a case,

the period k > 4 and is even, and there is only one such
complete quotient which occurs at 2‘;

For most of the situations which Krishnaswami Ayyangar called as type 1 where certain
condition does not happen certain kind of complete quotients do not occur the Bhaskara
continued traction have the same symmetry. But in some particular cases they have a more
complex symmetry.
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Bhaskara or Nearest Square Continued Fraction

The symmetry properties are same as for Type |, except that

ax 2, y -1, £y .4 1.3;_,-3;”-1.P3.-.‘P;L1
Examples of Type Il
V29 = 54 3‘_ 2_‘ 2" 1{;_.
st i 41— 2.1 31+ 14:—
Ve - 3_1 2_1 21 1;51
Vo7 10 1-1-1 1 1 1

"7+ 3+ 2+ 2+ 7+ 20+
Clearly Type |l situation is possible only when D is of the form
(p? + g°) with p > 2q.

And these are examples where the symmetry is more complex 29, 53, 58, 97 the Bhaskara
continue traction does not have the kind of symmetry that the simple continue traction has it has
a more complex symmetry.

(Refer Slide Time: 38:52)

Optimality of C'al a Method

We have already remarked that the cakrovala process skips
certain steps in the Euler-Lagrange process. Sometimes the
period of the Euler-Lagrange continued fraction expansion
could be double (or almost double) the period of Dhiiskara
expansion. This is seen for instance, for D=13, 44, 58:

BCF:Vi3=4+ 7!, &

SCFEVI3=3+&t L+ e

BCF: VM4 =7+ 3 7 & 7o

SCF: Vi4 =6+ L L ;L L L L L L
BCF: VB8 =8+ 3! 7 2-

SCF: VBB =7+ v & v v& T T Toe

L~ L-1

Similarly one can identify when you are doing the continue traction expansion when the
midpoint occurs Euler had identified that . So, similar midpoint criteria have been found out in
recent times Krishnaswami Ayyangar did not write it his time in the last 5, 6 years there are many
others were working on this kind of problem they have identified the midpoint.
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In fact this entire subject of x square-D yl square is an equation which is of great interest even
contemporarily one is it is a very is one of those algorithms which are non polynomial time that
is the amount of time that is taken to solve this in general is of the order of D times D to the
power square root of D, so it is a non polynomial kind of an algorithm. So, there is even now a

quantum algorithm by Halgrim which will solve this in a polynomial time.

Of course that can be implemented only in a quantum computer which may come in the next 200
to 300 years. Then there were also many other interesting properties of this equation several
books are written few of them do mention that brahmagupta and Bhaskara did solve and some
people say partially fully some books do explain fairly nice way the way the equation was solved

by (FL).

But the most important thing for us is that the old method was indeed the best method the (FL)
method as I said showed you does keep various steps, so in that sense it is optimal whenever you
have an algorithm one of the important thing you want to see is whether you are doing it in the
minimal amount of number of steps and it happens in many cases that the period of the Euler
Lagrange continue traction can even be double or almost double the period of the Bhaskara have

given 5 cases.



Here is the case where the period is 3 there, period is 5 in the case of Euler Lagrange or Bhaskara
the period is 3, a for 44 the Bhaskara is period is 4 the Euler Lagrange are the simple continue
traction the period is 8 it is in the double the number of steps and if you see wherever this
happening the number of negative signs are a indicator of the number of steps which are being

skipped.

I am seeing you flight but I have to complete the yes sir (()) (41:21) the initial feasible point at
which the Bhaskara’s thing starts is closer, no both start from 10 not that way we when they take
the first integer a no even that is not so the algorithm is more optimal it is allowing both Pi+1
larger than square root of D yes and Pi+1 lesser so allowing both the possibilities that it makes

you go closer in a more nicer.

In fact even this (FL) even this you see in each of this gap what I was doing is | was taking the
remainder instead of taken do the take the nearest integer then the number of steps needed in
refusing even a rational number into a continue traction will be less it will be less than the
number of steps needed when you are always taking lower they devisor 2 the remainder to be

positive.

The remainder can be taken to be both positive and negative to reduce the number of steps, so
this is what is being systematic but it cannot be arbitrary what (FL) was did was they try to + and
— arbitrary Bhaskara or (FL) or whosesoever discover (FL) prior to him had a systematic
algorithm for doing this. Now there is another interesting property discuss by a famous Swedish
mathematician (FL).
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1ality of Cakravala Method

= We may note that whenever there is a ‘unisequence
(1,1,...,1) of partial quotients of length n, the Bhiskara

process skips exactly 7 steps if nis even, and "’ steps
if nis odd.
= Selenius has shown that the cakravila process is ‘ideal’ in

the sense that, whenever there is such a ‘unisequence’,
only those convergents g are retained for which

B, | A, — B; v D | are minimal.

Al

That the issue is this whenever there is a sequence of what are called the unit quotients will go to
the previous step then you will see, the moment I am able to reach okay, take the simple continue
traction you see there is a set of 1, 1, 1, 1 appearing here right whenever these are this partial
quotients whenever such ones appear the (FL) get rids of, gets rid of them. So, these are uni
sequences here there is a uni-sequence of length 4, here also there is a uni-sequence of length re

followed by uni-sequence of length re.

Here there is a uni-sequence of length 6, so whenever there is a uni-sequence of parital quotients.
So, whenever this a0, al, a2 that you are see when they become 1 (FL) kills them that step. So,
okay so, whenever you have a uni-sequence of partial quotients of length m the (FL) process
keeps exactly n/2 steps if n is even and n+1/2 steps if n is odd. So, that is at the heart of the (FL)

process.

And (FL) who sort of studied this uni-sequences in great detail a Swedish mathematician I was
telling you . He showed that the remaining convergent are actually the optimal convergents in the
sense that Bi modulus Ai-Bi root D they are minimal. So, of the n+1 convergence possible (FL)

picks out the closest convergent and throws away the ones which are not that close.



Of course even simple can unit tractions all convergent are fairly close but (FL) picks up the
ideal or the most optimal ones amongst them and that is what (FL) showed and he generalised
the theory to what are called optimal continued tractions for arbitrary real numbers.

(Refer Slide Time: 44:38)

Opt "]C“:|!'.'_." of Cakravala Method

Mathews et al have shown that the period of Bhiskara or nearest
square continued fraction is the same as that of the nearest integer
continued fraction. They estimate that the ratio of this period to that of

simple continued fraction is log | %! | =~ 0.6942419136

n nin Pin Ain/P(n) |
1,000,000 152,198,657 219,245,100 | 0.6941941
2,000,000 | 417,839,927 601,858,071 06942499
3,000,000 755,029,499 1.087,529,823 0.6942609
4,000,000 | 1.149.044.240 | 1,655,081,352 | 06942524
5,000,000 1,.582.110,649 | 2,293,328,944 | 06942356
6,000,000 | 2.078,600,220 | 2,994,112,273 | 06942322
7.000,000 2,604,125,007 | 3,751,067.951 0.6942356
8.000,000 | 3,165696.279 | 4559939520 | 06944208
9,000,000 | 3,760,639.205 | 5416886128 | 0.6942437
10.000.000 | 4.387.213.325 | 6,319.390,242 | 0.6842463
M(n) is the sum of the NSCF period lengths of v D upto n. Dnota
square, and P(n) is the same for RCF.

Aar

So, recently Mathews and that is a group in Australia were working (FL) systematically they
were the people who showed the midpoint criteria and things like that, so they are try to estimate
by computer simulation take the ratio of number of steps Euler lagrange and number of steps
taken by the (FL) algorithm divide one by the other and the ratio is converging to something like
log of 1+ root 5/2 or 0.694 etc.,

So, something like 30 % saving his what could be achieved there is a great mathematician called
(FL) about 60, 70 years ago he was known of one of the pioneers in computational number
theory. So, he wrote in mathematical reviews in 1940’s early 41 or 42 a review of the paper of
for Krishnaswami Ayyangar, incidentally Professor Krishnaswami Ayyangar is the father of the
more well know figure A.K Ramanujan the English professor former professor English in

Chicago.

So, he wrote that not only does it destroy the symmetry that simple continued traction have and

the few steps that it seems to gain are not really worth the amount of distraction of the beautiful



theory of the simple continued fractions that we have arrived with. In fact more or less a similar

comment is made by the great mathematician (FL) in his book on history of number theory.

(FL) even says that this name pell’s equation is very convenient because it is very definitive I do
not know what it means and so we have to continue using it while referring to this beautiful
equation anyway so this is the kind of estimate numerical estimate or else some theoretical
estimates can also be made for the optimality.
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So, these are Krishnaswami Ayyangar’s papers the last one appeared in the journal of mysore
university in 1941 .
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This (FL) monographs on history of number theory this is the famous paper of Selenius he has
written 3, 4 papers in German and I think Swedish also earlier, this is the paper of Mathews,
Robertson and white and this book has several papers on nearest square continue tractions and
Jacobson and William are they are experts in the study of Pell’s equation this is a book which

runs above 700 pages in the discussion of Pell’s equation.

So, it is a very interesting subject I have try to present you what is the mathematical sort of art of
the (FL) process which goes back to (FL) and Bhaskara. Narayana also has something to say on
me which I will briefly quiet you tell you during the talk on that thank you.



