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Lecture-21
Lilavati of Bhaskaracarya 2

Okay so, I will continue with Lilavati in this second lecture on the topic we continue with some
applications of right triangles and what are known as suci problems.

(Refer Slide Time: 00:23)

» Applications of right triangles. continued

Siiei probems

» Construction of a quadrilateral: Discussion on earlier
confusions
To find the second diagenal, given the four sides and a
diagonal of a quadrilatera

» Cycelic quadrilaterals

» Value of =, area of a circle, surface area of a sphere,
volume of a sphere

Then it is discusses a construction of a quadrilateral so, as a quadrilateral so, as a earlier
confusions seem to be removed for the instance the area of a cyclic quadrilateral with given as
remember square root of s-a into s-b into s-c into s-d so, earlier it is not stated specifically that
you know it is for a cyclic quadrilateral. But Bhaskaracarya tells that it is only for a cyclic

quadrilateral and it is not correct for any arbitrary quadrilateral.

So, then he will go on with a construction of a quadrilateral is essentially apart from only four
sides it is not sufficient. You have to specify one more thing one more angle or a diagonal. So,
then given the four sides and one diagonal go to construct find the second diagonal. Then it is
continues with a cyclic quadrilaterals so, then the last this topic also is very important value of

pie. I mean that is the ratio of the circumference and the diameter is circle.



Area of a circle, surface area of a sphere and volume of a sphere are discussed.

(Refer Slide Time: 01:43)

A rational right triangle
\erse 140:

As in Brahmasphutasiddhanta: Side = a, upright = ; (£ - n), hypotenuse

L (‘* 4 n} It is obviously true. But how to get this?

2 n
Ganesa Daivajiia explaing in his Buddhivelasini commentary.

Let side = a Let hypotenuse - upright = n. Let upright = x

L8+ =(x+n)=x"+n"+2xmn
- 1/&
X ( n\l :
2n \ ¥
1(a ”')
2 ‘\ n ’
Or given the hypotenuse a, and an assumed number A, Then by a similar rule

Hypotenuse = x 4+ n=

i 2
in Verse 142, the upright is wan

T and the sideis found to be

) 2an’ alm —1)
n x upright - Hypotenuse = E+1 -a= s

So, rational right triangle for instance suppose you have a side a upright or half of a square/n/-n
then hypotenuse is half of a square/n+1. Of course is obviously true because this square+this
square will be equal to this square. But how to get this so, I mean where do you start from so,
(FL) explains in his famous (FL) any commentary. So, suppose the side is a so, then let
hypotenuse-uprightb/n okay. You may takes side to be a and the difference between the
hypotenuse and the upright is n.

And the let the upright be x so, then obviously a square+s square a is the side upright is x x
square+x square is hypotenuse which is no upright+n so, that is x+n whole square. So, x
square+n square+2xn so, immediately get x is equal to half of a square/n-n and hypotenuse is
x+n is equal to half of a square/n+n. So, this ratio a square/n that is what is essentially you are

starting with side a and hypotenuse s n+ the other perpendicular side.

You get this or given suppose you are given the hypotenuse an assumed number you see your
side a and some number is given here hypotenuse is a and assumed number is given then by the
you will find the upright to be 2an/n square+1 and a side is this a into n square-1/n square+1. So,
these the some ways of construction okay.

(Refer Slide Time: 03:28)



Bamboo problem

Suppese a bamboo of height & , standing vertically, is broken at
height x, and the tip falls to the ground at a distance b from the
root of the bamboo. A right triangle is now formed with the side
b, upright x and hypotenuse h = a — x. Vierse 147 states that

the upright, x = }(a— %) and the hypotenuse , h = J(a+ 2 ):

TTETACHA FuTgE AT |
TN T AT FHT AT A AfAFCET 0

So, then the various problems he discusses some of them have become very famous most people
who talk about Lilavati talk about this the so, called bamboo problem. Suppose the bamboo of
height a is there standing vertically it is broken at height x and the tip falls to the ground at a
distance b from the root of the bamboo. So, what is happening is that there is a.

(Refer Slide Time: 03:59)

So, big bamboo is there so, then at some height you know it is broken okay and then this will be
the thing. So, that this+this you see is equal to the original height right and this is yeah so, this is
X, 80, this is a-x. So, this is a and so, this is yeah d yeah so, (FL) okay of course you can enjoy
the vertical beauty also of this (FL) coming various places.

(Refer Slide Time: 05:04)



Bamboo problem

“The square of the ground intercepted between the root and
the tip is divided by the (length of the ) bamboo, and the
quotient severally added to , and subtracted from , the
bamboo: the halves (of the sum and difference) will be the
two portions of it representing hypotenuse and upright.”

Here
h+x=a
Also
W =x+ P
o =X =pR
_ H-x PP
ShL b h+x a’

So, from Sankramana, upright x = ‘2 ‘a i‘; |, Hypotenuse, h

= .} [a+4 5; n This is essentially Ganesa's explanation of the result.

But what it means if the square of the ground into separate between the root and the tip is divided
by the length of the bamboo. And a quotients severally added two and subtracted from the
bamboo the hours of the sum and the difference will be the two portions of it representing the
hypotenuse and the upright. So, essentially he is talking about situation where so, this is the

hypotenuse so, h+x is equal to a right. So, h square is clearly h square is b square+x square.

So, h square-x square is b square so, h-x is h square-x square/h+x so, that is equal to b square/a.
Because the h square-x square is b square. So, from (FL) so, h+x is a and h-x is b square/a so,
from (FL) upright is x is equal to half of a-b square/a and hypotenuse h is half of a+b square/a.
So, this essentially ganesa explanantion of the result.
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Example in Verse 148
gfz gEifa Fo: a=rarforsTon
T A4 hed T 4T |

Hfe qufrareras araey

FUG FAY TATAT HT: FTI 246 |

‘If a bamboo, measuring 32 cubits and standing upon
level ground, be broken in one place by the force of
the wind and the tip of it meets the ground at 16
cubits; say mathematician at how many cubits from
the root it is broken.”

So, he gives an example also if a bamboo measuring 32 cubits and standing upon level ground be
broken in one place by the force of wind and the tip o fit meets the ground at 16 cubits say
mathematician at how many cubits from the root it is broken (FL) is 32 (FL) you know so, (FL)
32 cubits (FL) that is the measure (FL) so, because of this force of the wind it is broken at some

this thing (FL) and a tip o fit meets the ground at 16 cubits (FL).

So, how is where it is broken okay so, here it is this is 32 the total height before it got broken that
is 32 and this is 16 b is equal to 16. So, then you can find out x and h right (FL) is 32.
(Refer Slide Time: 07:44)

256\ 1

2 | 2|32 8) =12

32-12=20




Is 32 teeth (FL) is (FL) you know so, then the cubit (FL) yeah so, that will of course satisfy the
(0) (07:56) also you know so, and sounds nice so, x is finally the solution is x is equal to half of
a-b square/a. So, half of a is 32, b is 16 so, b square is 256/32. So, this will be 12 and h is a-x is
32-12 is 20 okay so, this is the these the solution to the problem 12, 20 then this is 12. So, total
so, this is 32 right 12+20 yeah.

(Refer Slide Time: 08:33)

Snake -Peacock Problem in Verse 150
e wwae fas azai Ferfoasdr fam:
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“A snake's hole is at the foot of a pillar, 9 cubits high,
and a peacock is perched on its summit. Seeing a
snake at the distance of thrice the pillar gliding
towards his hole, he pounces obliquely upon him. Say
quickly at how many cubits from the snakes’s hole
they meet, both proceeding an equal distance.”

Then again you have this famous snake peacock problem verse 150 (FL) so, a snake is hole is at
the foot of a pillar, 9 cubits high and a peacock is perched on its summit. Seeing a snake at the
distance of thrice the pillar gliding towards his hole he pounces obliquely upon him say quickly
at how many cubits from the snakes hole they meet both proceeding an equal distance okay.
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Snake - Peacock problem

AB = 0 cubits, AC = 3 x 8 = 27 cubits. Let AD = x.CD = 27
Now

Snake, Peacock meet at distance x = 12, from the hole
o

So, here is the problem see here this is some (FL) pillar so, upon that you know some peacock is
there. So, this snake is here the (FL) that is the hole is here so, snake is proceeding towards this.
So, and it is says that the peacock is proceeding to you know it is flying to moving to scared the
snake. So, it is said that both of them are in a meet at the some points at that you know they the

distance they are travelled is equal let is the move or the same speed okay.

It also given the this total AC that is the this is speed time this height so, 27. If you should know
this x so, x 27x. So, AB is 9 cubits, AC is 27 so, this is x let us say so, CD is 27x-x so, this is
equal to BD so, BD square-AD square is equal to AB square. So, 27-x whole square-x square is 9
square so, if you solve this you will get x is equal to 12 so, snake and peacock meet at distance
12 from the whole okay.

(Refer Slide Time: 10:45)



Lotus probem in Verse 152

TR TR ITTaA HF: FHeFI-=T T H|
J%: FifeTaf-Hd TWRAISRIT a9 FHY
IHTTHTH I PRo I

Friend, the space between the lotus (as it stood) and the spot
vhere it submerged, is the side The lotus as seen (above water)
s the difference between the hypotenuse and upright. The stalk is
the upnght, for the depth of water is measued by it. say, what the
depth of the water is

Lotus Problem

Of course this will lend itself good dramatraiation also rasimin some CD made on lilavati you
know so, they are the demonstrate all these you know some of these problems are demonstrate it.
So, snake is coming you know the music you know snake is coming and he (()) (11:02)
everything so, nice in fact earlier chandralekha from Chennai also had done a play this thing on
you know dance, drama based on the (()) (11:15) I am not seen that it has inspired so, many

people in so, many ways.

Then again this is also a famous problem called the lotus problem (FL) so, earlier you see the
lotus is there this is the root so, this is the base and because again the force of the wind so, let
lotus will gets submerge okay. So, this will become the diagonal this will become the you know
AC will become AD okay. So, then this is given this BD is given so, where does it getting where

is it getting submerge okay b that is given.

So, then you have to find out the depth okay so, lotus has seen above water is the difference
between the hypotenuse and the upright. The stack is the upright for the depth of water is
measured by say what the depth of the water is okay.

(Refer Slide Time: 12:32)



AC : original position of the lotus = a - d. BC = a : portion
above water. AB = d: portion inside water = Depth of water.
Due to wind the lotus is swept and assumes the position

AD = a+d. (Soitis just submerged at D). Suppose BD = bis
given. Find d (Depth of water).

Solution :

(a+d)?=d*+b% ord =
2a
Example in Verse 153

a = 1span = ] cubit. b = 2 cubits. d

So, so this is the had already so, essentially you have is a+d whole square is equal to this thing d
square+b square. So, d is equal to b square-a square/2a and a is 1 span suppose a I sl span 2
cubit then b is 2 cubits given to be so, depth is 15/4 so, it is simple application of a right angle
triangle clearly.

(Refer Slide Time: 13:12)
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“ From a tree, a hundred cubits high, an ape
descended and went to a pond, two hundred cubits
distant; while another ape, vaulting to some height off
the tree, proceeded with a velocity diagonally to the
same spot. If the space traveled by them be equal, tell

me quickly, learned man, the height of the leap, if thou
have diligently studied calculation.”

Solution given in (earlier) Verse 154

So, then again he comes to the Apes problem (FL) etc. so, from a tree a hundred cubits high an
ape descended and went to a pond two hundred cubits distant while another ape vaulting to some
height off the tree proceeded with a velocity diagonally to the same spot. If the space traveled by
them be equal tell me quickly learned man the height of the leap if thou have diligently studied

calculation okay. So, that is essentially you have this situation so, this is some tree.



(Refer Slide Time: 14:00)

And then there is a pond so, tree this is 100 and this is pond is there some 200 okay so, then one
(FL) you know descending and reaching this pond here. So another monkey is you know leaping
okay and then goes diagonally okay. So, then you have to find this leap so, this is the leap okay
0, again solution is given in again in earlier verse sometimes it happens.

(Refer Slide Time: 14:49)

Solution of Apes problem

“The height of the tree multiplied by its distance from
the pond, is divided by twice the height of the tree,
added to the space between the tree and the pond:
the quotient will the measure of the leap.”

A

X

Ape Problem

And then gives the method so, the height of the tree multiplied by it is distance from the pond is
divided by twice the height of the tree added to this space between tree and pond the quotient
will be the measure of the leap okay. So, (FL) leap so, essentially he is calculating this x is leap.

So, this is a is equal to this height of the tree and b is a distance between the tree and the pond



right. So, clearly and one see that actually x is equal to see the essentially same as a two ascetics
problem in (FL) okay.
(Refer Slide Time: 15:48)

This is essentially the same as the "Two ascetics problem” in
Brahmasphutasiddhanta.

BD = a = Height of the tree; BC = b = Distance between tree
and pond. Let the leap be x = AD

Given that

BD+BC=a+b=AD+AC=x+AC=x+,/(a+

+(a+b)-2x(a+b

2ab - 2xja + b)

The same thing we are discussed this earlier so, only this some numbers have been change and
the ascetics have been replaced by monkeys. You will get the solution as ab/2a+b okay where a is
the this thing and height b is the distance between the is b so, these height is the leap. So, that is
given as one can check that 2ab/a+b then in that case one can check that a+x whole square+b

square is that you know the diagonal a+x whole square+b square okay.

So, that is the square root of the diagonal the hypotenuse okay. So, x+hypotunuse must be equal
to at+b. So x+square rrot of a+x whole square+b square that is a+b right. So, this is h is so, x+h is
equal to at+b. So, a+x whole square+b square so, if you take it to this side and square it you get
essentially this.

(Refer Slide Time: 17:36)



Verse 159

Two bamboos and perpendicular at the junction

Two bamboos of heights AB = a. CD = b. Distance between
them — AC — d. Top of each bamboo joined by string to the
battom of the other. p — EF is the perpendicular from the
intersection of the strings at E to the base AC at F. Find p and
the segments AF = x;. FC = x3.

So, then he discusses the some segments and perpendicular here also consider the important
suppose you have two bamboos ab and cd are the bamboos. And heights are ab is equal to A
small a and CD is equal to b suppose the distance between them is d AC is d so, now top of each
bamboo is joined by string to the bottom of the other. You see so, this situation and p is equal to

EF is a perpendicular from the intersection of the string at E to the base AC at F.

And find you have to find p and the segments AF x is equal to x1 and FC is equal to x2 so, that is

what you have to find.

(Refer Slide Time: 18:27)

From similar triangles,

Similarly,

bd
(a+b)

d
- B Similarly, x; =




So, one can again we can you have to do the similar triangles EF/FC is equal to AB/AC so, like
that various similar triangles you have to do finally so, you get p is equal to ab/atb so, this
perpendicular you see this is just given by ab/a+b so, interesting it does not depend on d is
perpendicular does not depend upon d and of course once you know the perpendicular one can
find this segments okay. So, x1 and x2 are given you know.

(Refer Slide Time: 19:11)

Example Verse 160.

An example

15 x 1
Given Bamboos; 15, 10. Distance: 5. Then p S 6.

15+10
Xy =3,X =2

So, this kind of a so for example is given bamboos 15 and 10 suppose distance is 5 then what is
the perpendicular, perpendicular will be 6 and this is 3 and 2.
(Refer Slide Time: 19:23)

Triangles and quadrilaterals
In Verse 161. It is stated: In any rectilinear figure, one side

cannot be greater than the sum of the other sides.

Verse 163,164: Given the segments and the perpendicular
(altitude) in terms of the two sides and the third side (base). Also
it is stated that:

Area = ; Base » Altitude

Verse 166. Case of a triangle with an obtuse angle.

TIERIH A BRI 77 T J6
WY 4 T qUT A0 AOHTY T AN 986 I

“In a triangle, wherein the sides measure ten and
seventeen , and the base nine, tell me promptly, expert
mathematician, the segments, perpendicular, and area.”




So, just similar triangles are used so, this is you know in fact this type of problems will come
later in the quadrilaterals and all that you know various kinds of very complicated kind of a this
segments and this perpendiculars will be there. So, it will be quite in stepped you even in (FL) it
is there it is so, that is continuous and he gives a lot more you know detail of various segments is
good to understand the things thoroughly and you know all the geometry configurations etc...

will be clear.

That things to be the reason why they are do this so, then he continues with this triangles and
quadrilaterals so, verse 161 it is stated in any rectilinear figure one side cannot be greater than
the sum of the other sides. So, this is you know what kind of a theorem which had not been
stated earlier I mean (FL) even Bhaskara one would realize being a very you know intelligent

mathematician astronomer Bhaskara (FL) stated it.

So, he had stated it explicitly then given this segments and the perpendicular in terms of the two
sides and the third side that is the usual standard thing (FL) right segments and perpendicular
(FL). So, they are all stated and then area is half base into altitude so, that is also given then he
considers a case of a triangle with an obtuse angle to illustrate a point. You know in a triangle

varying the sides measure 10 and 17.

And a base 9 tell me promptly expert mathematician, the segments, perpendicular and area (FL)
so, what is happening is that here is a triangle like this.

(Refer Slide Time: 21:37)



So, this is 17 and so, this is 10 okay and this is 9 and one can see that it will be an obtuse angle

here you know. So, you have to find the segments and the perpendicular. So, one can do it.

(Refer Slide Time: 22:08)

Negative seqment

Here, the quotient sz is 21. This cannot be subtracted from
the base; wherefore the base is subtracted from it : (W=I=
HEAT T FATT FEATET HITATT ). (One of ) the segment
is negative , that is to say, in the contrary direction.

(RO SETT frraiTeraan: ). The two segments are

found 15 and 6(negative) . Perpendicular is 8 and the area is
36.

The negative segment is shown by the dotted line.

Obtuse triangle

Here the quotient is see b square- ¢ square by 2a you see a if you write it as is b and ¢ and this is
a, so remember in the segment calculation you get b square-c square by 2a it comes and that has
to be added in subtracted from a, so b square-c square by 2a is 21. This cannot be subtracted
from the base wherefore the base is subtracted from it (FL), so he says that therefore one of the

segment is negative that is to say in the contrary direction (FL).



So, the 2 segments actually are found to be 15 and 6 and the perpendicular is 8 and so. So, this is
2 segments, so this will be 15 and this will be 6.
(Refer Slide Time: 23:21)

So, here you see normally earlier we are consider this kind of a thing in acute angle you see, so
this are the segments and sum of the segments is the base so, here you have to take 15-6 you
have to take you know. So, is explaining that you know (FL) you know it is going in opposite
direction. So, see because here you know one segment is you know this tip to this and this tip to

this here this into this.

So, other is actually this into this from here to here (FL) you see negative so, this is negative
segment which is so, and by the dotted line.

(Refer Slide Time: 24:09)



Verse 167.
gaerdfaes a4 fem aefafdsfea 7 aga:
AHEFCES GATAd, FeHanfEd FawE e 0
‘Half the sum of all the sides is set down in four places
and the sides are severally subtracted. The
remainders multiplied together, the square root of the

product is the area, inexact for quadrilateral, but
pronounced exact for triangle.”

Bhiiskara, Area of quadrilateral,

(a+b+c+d)

A=./(s—a)(s—b)s—c)(s—d) s =
“

Is “Inexact” in a quadrilateral, but exact for a triangle (by putting
one of the sides =0).

e

Then he discusses the construction of a quadrilateral and it is area (FL) is a important what he
saying half the sum of all the sides is set down in four places and the sides are severally
subtracted. That is sg the semi-parameter right semi-perimeter so, area is this the square root of
the a product is area so, is very clearly saying in a exact for a quadrilateral moolam the moolam
is the root (FL) is you know (FL) is clear or correct is given for a even longitude of a (FL) two

longitude (FL) is inaccurate okay.

(FL) if the three thrice you know three side it is figure that is a triangle of course that is exact of
course they you are have to put one of them it to be 0 right. The (()) (25:19) is 0 so, then he goes
on to discuss this.

(Refer Slide Time: 25:23)
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‘Since the diagonals of a quadrilateral are indeterminate
how should the area be in this case, determinate? The
diagonals found as assumed by the ancients do not answer
in another case. with the same sides, there are other
diagonals; and the area of the quadrilateral is accordingly
manifold

Because he says you know why is it indeterminate (FL) is the diagonals of a quadrilateral
indeterminate how should the area being this case being determinate you know. So, that is what
he saying (FL) etc... he saying so, that is the diagonals found assumed by the ancient do not
answer in another case with the same there are same side other diagonals. And the area of a
quadrilateral is accordingly manifold. So, that is what is what he saying is.

(Refer Slide Time: 26:16)

Construction of a quadrilateral

For in a quadrilateral, opposite angles being made to
approach, contract their diagonal as they advance
inwards. While the other angles receding outwards
lengthen the diagonal. Therefore it is said that with the
same sides there are other diagonals.

How can person, neither specifying one of the
perpendicular nor the either of the diagonals, ask the
rest? Or how can he demand a determinate area, while
they are indefinite ?

Such a questioner is a blundering devil(pzsaca). Still
more so is he, who answers the question. For he
considers not the indefinite nature of the lines in a
quadrilateral figure.”

For in a quadrilateral opposite triangles is being made to approach contract their diagonal as they
advance inwards while the other angles receding outwards lengthen the diagonal. Therefore it is

said that with the same sides there are other diagonals okay. So, how can a person neither



specifying one of the perpendicular nor either of the diagonals ask the rest? Or how can he

demand a determinate area while they are indefinite? Okay.

Such a questioner is a blundering devil still more so, is he who answers the question for he
considers not he indefinite nature of the lines in a quadrilateral is this thing is the so, in the of
course (FL) stronger you know

(Refer Slide Time: 27:00)

L Iruction or a quadar ilera
Verse 169-172:
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‘Since the diagonals of a quadrilateral are indeterminate
how should the area be in this case, determinate? The
dlagonals found as assumed by the ancients do not answer
in another case. with the same sides, there are other

diagonals; and the area of the quadrilateral is accordingly

manifold
s 1

(FL) so, what is saying to say is the following okay see suppose is the quadrilateral suppose you
just given four sides he is telling just by you know giving the four sides can you determine the
area that is the question he is saying asking you know see suppose you see the quadrilateral okay.

(Refer Slide Time: 27:34)



So, one quadrilateral you have got by you know abcd and everything what he saying that you
know which is same side you construct the other quadrilaterals with the same sides. For instance
these can come closer these can come closer so, let u say a okay and then d, d kind of a thing. So,
this is also a, b, ¢, d so, here the diagonal is longer I do not know this diagonal is shorter and so,

this angle is becoming increase is increasing.

And these angles are decreasing that is what he trying to say opposite triangles being made to
approach are contracting the diagonals. So, this diagonal is shorter than the other diagonal. While
the other angles receding outwards lengthen the diagonal okay. So, now this will be lengthening

so, with the same sides you get different quadrilaterals various quadrilaterals with a same sides.

So, therefore you said with the same sides there the other diagonals oaky you given the sides the
diagonals are not specified so, how can a person neither specifying one of the perpendicular nor
the either of the diagonals ask the rest okay. So, or how can he demand a determinate area while
they are indefinite. So, it is not determine okay because the several okay or several quadrilaterals

are there.

So, how can you demand the determinate area did not specified completely okay so, he is you
know the person who is if he states that result you know so, that is he is taking into task to say

the least he is taking into task. And then of course says is a suppose some bodies ask that



question you know what is the area this is the sides what is the area. So, that kind of a questioner

is a blundering devil and somebody would tries to answer that.

He is one more of a blundering devil that is what he saying because (FL) without knowing you
know without actually knowing the problem in the this thing question. So, he is trying to you
know given a answer (FL).

(Refer Slide Time: 30:15)

Construction of a quadrilateral

A aq az B

a
A quadrilateral

AB,AD,CD, CB are the sides. To specify D, we should be given
p (or equivalently BAD) or DB = Dy one of the diagonals. Later
if d, Dy, a are known, p can be found. Similarly, if p, d are known,

ay, ap are known, and Dy = \-’"p2 + a.

So, this is saying say so, essentially the AB these are the sides so, we have to specify you know
to specify d for instance you know this diagonal or specify these d you see which has given the
side which location of the point see it is not see in triangle that is not true. If you give the three

sides that triangle is completely fixed but not in the quadrilateral.

So to specify this d either you should give sorry you should either gives ones the one the
diagonal or you should give the perpendicular or gives the angle. So, apart from the sides you
have to do one more thing so, that is.

(Refer Slide Time: 31:04)



Finding the second diagonal

Determination of the second diagonal given the four sides and one diagonal in
Verses 181-182:

ZETSH F0: WIH WECA: H g FURIEa: (ST 1)
0l F4l: R 7 3¢ o S araad Tard e |
ATANANFFFOIAL: T WTE=R Aehaagad |
FEFTE UE fgarg: #i 33q TR eea

“In the figure, first a diagonal is assumed. In the two triangles
situated on each side of the diagonal, tis diagonal is made
the base of each; and the other sides are given, the
perpendiculars and segments must be found. Then the
square of the difference of two segments on the same side
being added to the square of the sum of the perpendiculars,
the square root of the sum of those squares will be the
second diagonal in all quadrilaterals.”

Then he goes on suppose they you are given four sides and a diagonal how to find out the second
diagonal okay. So, that is what he is next problem (FL) or in all these quadrilaterals okay. So, this
is the so, what you do first a diagonal is assume one diagonal in the diagonal situated in each side
of the diagonal. The diagonal is made the base as each and the other sides are given so, the

perpendiculars and segments must be found.

Then the square of the difference of the two segments and the same side being added to the
square of the sum of the perpendiculars the square root of the sum of those squares will be
second diagonal in all triangles are diagonals are quadrilaterals.

(Refer Slide Time: 32:17)

Determination of the second diagonal

Determination of the second diagonal

In the figure, BD is a diagonal. To find the other diagonal AC. py, p»
are perpendicular to the first diagonal BD = Dy can be determined.
DH = Dy, and HB = Dyp: segments associated with py. DH' = Dyg4
and H'B = D4 segments associated with p.. Extend AH' to G such
that H'G = CH = py. Clearly, CG is perpendicular to H'G.

CG =HH=DH—-DH = Dic— Dy
. Then the second diagonal AC = D is given by

AC? = AG? + CG® = (p1 + p2)2 + (D1 — D1a)?



So what i she trying to say is the following you see so, you are suppose you are given all the four
sides and these diagonal. So, given the diagonal you see you draw perpendicular on this from a
and ¢ okay. So, then you see this DH frame and H frame B in this triangles so, DH frame and H
frame is the segments are (FL) and p2 (FL) right (FL) similarly with the same base in this
triangle you see BCD p1 is the perpendicular and now DH and HG they are the segments okay.

So, these are the so, you get segments and perpendicular different corresponding to which
triangle you are considering. So, let us say DH prime is D1D I call it as that and DH prime B is
DIA so, these the segments associated with p2 sorry D!C so, that is a DH, DH and HB HB D1B
so, DIC and D1B they are the segments associated with this pl. And similarly DH prime = D1D
and H prime B = D1A.

So, they are segments associated with p2 so, now you saying extend AH prime to G and he is not
saying I mean I am getting the result. So, you would extend that you know subtract the side is p1
and you drop a perpendicular from here to here, So, then the your CG will be essentially D1c-
D1d so, DH on the same side you know segment the segments are associated with two different

triangles right D1c-D1d.

So, this will be this which is this and second diagonal will be you see this will be you see this is
p2 this p2 and this sorry this p1. So, this AG will be pl+p2 sum of the perpendiculars you have
to square that +you square the difference between the some segments you know associated with
the different triangles. So, D1c so, which is this-this so, square this things add them and take the
square root at the second diagonals. For instance you gives an example where D is 68 so, this D
is 68.
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Example

Example: d = 68,a=75,¢=51,b=40,D, = 77.

("= b) (512 — 40°) 91 x 11
VY Wby - S s ; S ; S (%
¢ 2 ] ] 5 9
_(F-d) (75° - 68°) 143 7
DH' .51 D _?7 77 7 77 _T1-18_ 4
2 2 2 2 .

DH' = Dyg=32,D1c — Dhg = 13.

pr=/b?—Df = V40? - 322 = 8\/52 — 42 = 24
Similarly, p> = 60.
o ACT = (o1 + p)* + (Dhe — Dyg)° = 84° + 13% = 7225 = 85°
- AC=85 (85° = (844 1)° = 84%+2.84+1 = 84°+ 169 = 84°+13%)

Then a is 75, b is 40 sorry these are the sides 68, 75, 51 and 40 and this diagonal is 77 suppose
this diagonal is 77. So, then it only a matter of details you can find the segments and all that. And
finally you get second diagonal to the 85 to get the get the point you see your given ABCD and
this diagonal then you can get the diagonal AC using this method okay.
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Bhiiskara gives the method to construct a cyclic quadrilateral
beginning with two right triangles in Verses 191-192 : Same as
the construction in Brahmasphutasiddhanta.

Triangles used to construct a cyclic quadrilateral

So, then you goes on to the construction of a cyclic quadrilateral so, same method has given in
Brahmasputasiddhanta is given. So, you construct start with two right angle triangles b1, al, cl,
b2, a2, c2 now these are two right angle triangles. So, in construct four triangles from that okay
so, this multiplied by a2 this triangle by a factor of a2 okay. And say increase by factor of b2 and

similarly these increase by a factor of al these increase by a factor of bl.
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241

A cyclic quadrilateral constructed from 4 right triangles

So, triangles and place them like this okay so, these cyclic quadrilateral which has been
discussed earlier. You know very important thing now is that you know.
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Another cyclic quadrilateral can be constructed from the four right triangles
by inlerchanging the sides c;by and ¢, b;

Another cyclic quadrilateral from the same 4 right triangles
Here one diagonal AC = a\b; + axb

other diagonal )

Other diagonal BD = c¢;c;

JISCUSSEs vanous ingenious methods to denve various quantities

associated with quadnilaterals, using similar tnangles
-

You can construct another cyclic quadrilateral that is what he saying that had not been discuss by
Brahmagupta or mahavira so, what he saying is that essentially you exchange this two triangles
okay. So, here these see in these construction that diagonals are intersecting perpendicularly they
will be perpendicular to each other. So, now what I saying is that you know take this side to be

this you know interchange.



So, essentially you get this kind of a thing and so, this will be the same ala2, b1b2 earlier they
proceed no they join together. And you know they constituted one the diagonal here there been
separated right and this will be a2b1 and this will be alb2. So, you can find the second diagonal
and second diagonal will be clc2 one can show that he is a second diagonal cd okay ac will

continue to alb2+a2bl.

And a second diagonal will be clc2 we may also note that in this construction the diagonal BD is
the diameter of the circle circum scribing the quadrilateral. So, Bhaskara discuss the various
engineers method should derive various quantities associated quadrilateral and using similar
triangles.
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Circle

After triangles and quadrilaterals, Bhaskara discusses Circles .
He has many new things to say regarding circles.

Verse 201.
g ya==TiEg s
qEorga: qrfd: e

gifdafay fagasy o
G SAT ngxﬂ?ﬂf‘lw I ow |

“When the diameter of a circle is multiplied by 3927 and
divided by 1250, the quotient is nearly the
circumference: or multiplied by 22 and divided by 7, it is
the gross circumference adapted to the practice”.

We do not have too much time so, now you will go to circle a discussion of a circle in Baskara
so, his many new things to say regarding circles compare to what the earlier versions
mathematicians Indian mathematicians right. He says that when the diameter of a circle is
multiplied by 3927 and divided by 1250 the quotient is near the circumference or or multiplied

by 22 and divided by 7 it is gross circumference.

So, (FL) 22 and (FL) is 7 (FL) mountain at this things so, that is 7 so, (FL) that is the
approximate this thing. So, then (FL) 27 which stands for a 27 nakshatras or 24 27 fold division
in this zodiac. So, nandha is 9, and agni is 3 so, (FL) is 3927.
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Ratio of circumference and diameter

Circumference 3927

Diameter —~ 1250
‘Near’

3.1416

Rough value: = 22.

In his Budahivilasini, Ganeéa Daivajiia explains the value 332 for

m.

So, the circumference /diameter yeah 3927/1250 which is almost the same as the Aryabhatta and
value 3.1416 and a rough value is 22/7 okay I sfl (FL) explains the value 3927/1250 for pie. So,
it just Bhaskara stated this okay.
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Side of an inscribed hexagon = r. Circumference =~ 6r

So, you start with a hexagon okay inscribe hexagon inside a circle so, you can take in the further
the very approximate value you take the circumference of the hexagon to be the circumference is
the circle that the very crude value because circumference as the hexagon will be 6 times the

hexagon side which is r. So, circumference will be 6r so, which is or 3D 3 times the diameter.



So, now is a go to the (FL) explaining these things so, that is construct a polygan with sides 12
like this you know. So, this is a side of the (FL) okay and then suppose this is the h and this is
side of that. So, these r/2 so, essentially so, so first you started with hexagon so, you do not good
enough so, then you are doing the (FL).

(Refer Slide Time: 40:49)

So, each this thing made into two kind of a thing so, these a centre of the circle. So, this is your h
so, this is your r radius of the circle okay. And he is also r so, this is a side of the (FL) a 12 I
write it like that and this clearly 1/2 right at the hexagon side also is r. So, half of that is /2 so,
then clearly so, in this triangle r-h whole square+r/2 whole square = r square right.
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Inscribed dodecagon
Side of an inscribed dodecagon (12 sides), ay is obtained as follows:

(!—h)ﬂ—(é)é:ﬂ
.-.r3+h?—2m+;=r2.

.:h?—zm+%?=o
.'_P‘I:r—%\ﬂtr?—r@:r—%ﬁn
a$2=h2+;:-,

. o V'S 2_1 - I
= {(1—?) fE}—i’Q{_2—»3}.

1 3 d/669.87
.'.512—!\@—\/5—0“/5—:&-% 00

Ganeda gives a d@

12./673
100 ) g

.. Circumference =2 12a;; ~ (



So, r-h whole square+r/2 whole square = r square so, you get h is equal to r-root 3/2*r so, that is
that (FL) or (FL) or arrow right. So, that is r-root3/2r okay and so, al2 al2 square clearly this is
equal to h square+this h we have found square root of that so, you get al2 is d= be fine you
know using a calculator I get this. But Ganesha gives the value do d*square root of 673/100 so,
circumference is approximately if you take use the dodecagon it will be 12*square root of

673/100.

This will be the value of pie if you start from s dodecagon somewhat better than this will be

more than much better than 3.
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Better value of

In this manner, he says if we have a polygon of 384 sides.
(384 = 12 x 32 = 12 < 25).

Circumference ~ | 5:%?)33 )

/98683 _ 3927
100 1250

(check: /98683 < 1250 =~ 392673 ~ 392700).

. WA

So, in this manner he says (FL) if you have a polygon of 384 sides so, 384 is 12*32 is 12*2 to
the power of 5 okay. So, this you are to keep on dividing 5 times over you see and get a polygon
of higher and higher number of sides. So, then the (FL) he says that it is square root of
98683/100 you know that is what it is this thing will be given. So, which is equal to 3927/1250
so, one can show that then this will be because this into this will be (()) (43:13) one can show
that 392673 which is 392700. So, at least here the given procedure correctly so, and this is the
better.
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Avrea of a circle, Surface area and Volune of a Sphere in Verse
203 :

AL ERIPE R AR LRkl
HU JARUR TN FEFE AGH

ufgeia wafy forge feent Tarem 203 |

“In a circle, a quarter of the diameter multiplied by the
circumference is the area. That multiplied by four is
the net all around the ball. This content of the surface
of the sphere, multiplied by the diameter and divided
by six, is the precise solid, termed cubic, content
within the sphere

So, then the last topic in this second lecture and Lilavati they So, in a circle very important thing
area of a circle surface area and volume of a sphere in verse 203 (FL). In a circle a quarter of the
diameter multiplied by the circumference is the area that multiplied by four is the net all around
the ball. This content (FL) this content of the surface of the so here multiplied by the diameter
and divided by six is the precise solid termed cubic content within the sphere.
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.
Are3 ali

Circumference = Diameter d*
4 4
Surface area of a sphere = Circumference x Diameter
d? = 4nré

Volume of a sphere = Circumference

Area of a circle

Diameter 4 .

]

So, what is saying is a area of a circle he starts with that the circumference*diameter/4 so, is pie
d square/4. I mean pie I have already mention for modern notation I am writing what they say is

this and these correct surface area of a sphere is circumference*diameter*pie d square 4 pie r



square which is this and volume of a sphere is circumference *diameter square/6 is comma to be

4/3.

So, there are exact results okay so, here he surface of a area of a sphere see what he saying is so,
this is a 3 dimensional figure you know a 3 dimensional figure see says in the ball kind of a
thing. So, in which you cover it with a thread (FL) you see so, that will be the area so, that is
what he saying and volume of a sphere is this. Now in Lilavati none of these are derived are they

are explain in detail ganesha derivation of a area of a circle in (FL).

So, that we can take up so, what he saying is which had indicated see make into two semi-circles
and this semicircle you write it like this you know see this triangle you write it like this. Of
course in a very large number means this will almost look like a straight line this arc. So, this is
the straight line this one you know.
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Circumference diameter
Rectangle with sides: — > an 3

1
.. Area 3 « Circumference x Diameter

25

These all these triangles you put it like this one after the other second triangle is this not this, this
all the lower things you know. And here also you take this you see this one is this and next one is
this. You put it like that okay so, when you combine them you combine these two things. So this
will be a you will get a rectangle okay. So, all these are all vacant here see in the first thing these

are all vacant.



These are all triangles and these are all vacant upper things you know like this triangle with
vertex feeling you know vertex is down much okay. Similarly here these are the vacant things
triangle with vertex you know going upwards so, now you club them together so, they will
exactly fit in and you will become a rectangle and this side is a rectangle is diameter. And the

smaller side the bigger side will be the circumference naturally right.

Because you are adding all these things basically for adding these okay, and here and adding all
these things here so, essentially you will get a rectangle and this will be the height of that
rectangle is only a diameter/2 and this will be circumference okay. This will be half the
circumference rectangle be the sides circumference/2 and diameter/2 radius right. So, area is
really 1/4*circumference*diameter so, that is what we gets.
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Surface area of a sphere. Siddhantasiromani - Goladhyaya - Vasana.

LY
8
Divide hemisphere into 24 strips
Area of strip = 2=R sind#RA#
R
RAD
2-24
H
2 % 24
Rsint; — Given in table

Then surface area of a sphere so, that is it will tricky so, he discusses this in (FL) that is the
commentary so, here (()) (47:51) so, where there it discusses that so, what is does is divide the
hemisphere*24 strips okay with this arc bit each of them is you know 90 degrees/24. And the
area of the strip is into our language see this is the radius is the r sine theta. The radius will be

2pie r sine theta that will be the circumference into this side or delta theta you see.

So, area of the strip is this and all delta theta is r into either I told you delta the 90 degrees/24 in
radius I am writing as pie/2*24. And thus the theta ice these are pie/2* pie/2*24*i I going from 1



to 24. Here dividing into 24 divisions that already written so, now you have to essentially some
these area of the hemisphere it something things right. So, this is at a height level this will be
rsine theta is the radius okay so, it some over all these strips.
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Area of hemisphere

. Area of hemisphere = 2z (Y Rsing;| (RAS).

Bhaskara carries out the sum explicitly using the 24 Rsine values
from the table and reports the measure of the hemisphere to be
2rA?. (Actually, half the product of the circumference and the
diameter). Yukiibhasa proves that the area of the hemisphere is
2r A2 by integration: essentially

N =

a

b

sin@do = cos |}

So, this is a thing and r delta to theta so, Bhaskara carries out the sum explicitly using the rsine
values from the table and reports the measure of the hemisphere to be 2 pie r square. Then what
is the say of course is actually this whole thing will be a half the product of the circumference in
the diameter. And (FL) prove that the okay sorry so, what you gets will not be exactly this but

when is dub this some you know using the values here taken.

It will be very close to that so ok, then he will you know take it to be it will be very close to what
you get is you know 3, 4 some something you know, so the number will be close to 3 4, 3 8
square. So, that is R you know as we had you know discussed earlier many times (FL) or very
correctly gets as you know that what you was getting you know if you are doing this things more

accurately.

Then finally you should get you know something r square you should get so, he says that and
finally he state it as half the product of the circumference and the diameter. But (FL) it will be

done later proves that the area of the hemisphere is 2 pie R square it essentially does the



integration sine theta d theta sine theta is there. So, they some they have they know how to

infinite series were sine theta and all the they know that.

If you the differential of sine is cos and the differential of cos is sine so, they exactly get this
result that is no summation you know. Summation is assume and finally you get what is
recognize this very clearly that you know the derivative of sine theta is cos. That of course will
be explain later so, you get the correct result Bhaskara but the method is slightly the slight
divisions which will be covered up in (FL).
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Volume of a sphere

Volume of the cone bit (Fig.68) = 1 Area x height = JAA x R.
47

Then Volume of sphere = 3 Area of sphere <R = § « 47 R°.

Relation among chord, sare and diameter, as in
Brahmasphutasiddhanta and Ganitasarasarigraha.

And volume of the cone also is very interesting volume of the sphere. So, you can take it as you
know various cones. As if it is made up of various cones suppose they consider some cone with
delta A as the area and volume of the cone bit is that is tapering you know to this thing. And we
know that when there is a volume it is tapering. The volume is one third the base area into height

right. This has been told and the is the base area is the delta A.

The height is r only radius that is all so, one third delta*A and the volume of the sphere is one
third so, when you sum over all these things you have to take all these things into account. R will
be the same you have to sum over the area elements so, no matter how you have divided it if you

take the sum it will be the surface area of the sphere which has been derived earlier.



So, this will be area of a sphere one third of the area sphere nto all. So, which is one third*4 pie
R cube so, it is thing. So, this is how he is you know they very important thing because I do not
think they had discuss the area of a sphere and a volume of a sphere exactly they had area o fa
circle was given earlier even mahavira had given that. Brahmagupta would have known that but
area of a sphere and a volume so, this is the first time it I s explicitly spelt out and relation among

chord sara and diameter.
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