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Lecture No. # 17
Integral of Nonnegative Simple Measurable Functions

Welcome to lecture 17 on measure and integration. Today, we will start the topic of

integration. First, 1 will explain the building blocks for the integration and how the
process will be done.
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Lecture-17 Topics

Integral of nonnegative simple measurable
functions

L

So, topic for today’s discussion is integral of nonnegative simple measurable functions.
See, the basic idea is, we want to define the notion of integral for a function f defined on
a set X, taking values in R star.
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So, now for a function f, it is, we can represent a function f as the positive part minus the
negative part. The advantage of doing this is that f plus and f minus, both are
nonnegative functions, and so it is, and integration being a linear process, so integral of f
is going to be equal to integral of f plus minus integral f minus. So, it is enough to define
the notion of integral for nonnegative functions and for nonnegative functions f on X to
R star, we recall, that we can take it as we look at functions, which are first of all very

simple functions.
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For example, let us look at a function f, which is the indicator function of a set X, of a set
A, A contained in x. This is a function, which takes only 2 values. So, indicator function
of A is a function on X taking values in R star. So, chi of A at 0 at a point x is equal to 0O,
if x does not belong to A and is 1, if x belongs to A.
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Integral of nonnegative simple measurable
functions
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So, you can, one can think of this function taking only 2 values. Now, the value where it
is 0, the integral, so we want to define the notion of integral and this is going to be with

respect to a measure mu on X. So, mu, a measure on subsets of X, so we are going to



write it as X A d mu. So, what it should be on A? The value is 1, so we would like to put
it as 1 times mu of A; in some sense, mu of A is the size of a set and 1 is the height. So,

this is, in the sense, the area of the, we know, the graph of the function.

So, let us look at functions, which are going to be linear combinations of indicator
functions.
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Integration

Unless stated otherwise, we shall now
onwards work on a fixed o-finite complete
measure space (X, S, ).

Let I, be the class of all nonnegative simple
S-measurable functions on X, i.e.,

s: X — [0,00] given by

n
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So, we start looking at the integral of nonnegative simple measurable functions. So, let
us recall, so we will fix our notation, that from now onwards, we are going to work on a
measure space X, S, mu, where X is a set, S is a sigma - algebra of subsets of X and mu
is a measure on defined on S, and this is a complete measure space. That means, that all
sets A, such that mu of A is 0 implies, that A and all its subsets are inside S.
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Integration on I,

a a,, are nonnegative extended real
numbers; A; € § for every i;

AinA;=0 fori#j;and | JAi=X.
i=1

Define for s € ILj, the integral of s with
respect to i, by
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So, let us denote by L lower O upper plus to be the class of all nonnegative simple S-
measurable functions on X. So, now, let us recall, what was a nonnegative simple
measurable function s. It is a function defined on X in nonnegative values and it is, it has
a representation s of x is equal to sigma i equal to 1 to n a i times the indicator function
of the set A i evaluated at x; x belonging to X, whereai’sal, a2, a 3, a n are extended
real numbers and the sets A i’s are in the sigma algebra S, so they are in the sigma
algebra, A i’s are in the sigma algebra S and they are pairwise disjoint, that means, A i

intersection A j is empty for i not equal to j and the union of these sets is equal to X.

So, this is going to be the class of nonnegative simple measurable functions. For such
class of, for functions in this class, we are going to define the notion of integral. So, for a
function s in this class, if its representation is as given before, so if s of x is equal to
sigma a i, indicator function of capital a i, then its integral is defined as s d mu. So,
integral is denoted by integral sign s of x d mu x to be a i, that is, the value of the
function on the set a i times the measure of a i mu of A i. So, the integral of s with
respect to mu, as written here, is defined as sigma a i times mu of a i. a i is the value

taken on the set A i, so a i times the size of the set a i, so mu of A i.
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Properties of integral

The integral / s(x)du(x) is also denoted by

/.wf';f.

Sometimes we do not indicate the variable x, we just write as s d mu to be the integral of

the simple function s, nonnegative simple measurable function s, with respect to mu.
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Integration on I,

a,, are nonnegative extended real
numbers; A; € § for every i
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AiNA;=0 fori#j; and | JA;=X.
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Define for s € I}, the integral of s with
respect to i, by
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And let us note here, that our representation, the integral is with respect to a
representation of the function.
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Froperties of integral

The integral / s(x)dp(x) is also denoted by

So, first of all we would like to show, that integral s d mu is well defined; so, let us prove

that the integral is well defined.
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So, let us take a function s belonging to L plus 0, so it is a nonnegative simple
measurable function. So, let us say, s is written as sigma a i indicator function of A i, i
equal to 1 to n, also representable as sigma j equal to 1 to m of some b j chi of B j, where
these sets A i’s belong to the sigma algebra S, B j’s belong to the sigma algebra S and

union of A i’s is equal to x and union of B j’s is also equal to x, and these sets are



disjoint. So, A i intersection A j is empty and B i intersection B j is empty for i not equal

to j.
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So, let us say, that set s, a simple function s has got 2 representations possible, so what
we want to show? We want to show, that the integral of s, so integral s d mu is well
defined and that means what. So, mathematically, that means, we have to show, that
sigma a i mu of Ailtonisequal tosigma jequal to1ltomb jmuofBj. So, this is

what we have to show.

So, let us start. So, sigma ai mu of A i, i equal to 1 to n, | can write it as sigma i equal to
1tonaiand then, mu of this A i can be written as union of A i intersection B |, j equal
to 1 to m because union of B j’s equal to x, so A i intersection x and that is same as this.
Now, this is a, B j’s are disjoint. So, these sets are A i intersection B j’s, for i fix are
disjoint. So, by using finite additive property of the measure, we have this is equal to i
equal to 1 to n a i and this is nothing but sigma j equal to 1 to m mu of A i intersection B

J-
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Similarly, we can write the other side, that is, sigma j equal to 1 tom of b jmu of B j to
be equal to sigma j equal to 1 to m b j sigma i equal to 1 to n mu of A i intersection B j.
So, the left hand side here is written as this sum; the right hand side is written as this

sum.
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Now, we want to show, that these 2 sums are equal. Now, let us observe, that given that
the function s has got 2 representations, this equal to this, so how is this function
calculated?



At a point x, if X belongs to A i, the value is a i and on the other hand, it may belong to
some B j, the value will be b j. So, that force is one to say, that if X belongs to A i

intersection B j, then a i must be equal to b j.
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So, this is the crucial thing to note here, that if s, a simple nonnegative simple
measurable function is given 2 representations, one is sigma a i, capital A i, indicator
function of A i and sigma b j, indicator function of B j, then for x belonging to A i
intersection B j, the value of s of x on one hand is a i, other hand is b j. So, A i must be
equal to B j. So, this is the crucial thing to note.
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Properties of integral

The integral / s(a)du(x) is also denoted by

/ S M';r,

/ {11 is well-defined
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So, let us make this observation and write it out. So, note that, if x belongs to A i, if x
belongs to A i intersection B j, then s of x is equal to a i; it is also equal to b j. So, a i is

equal to b j and if x does not belong to A i intersection B j, then s of x is equal to 0.
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So, that means, in this summation, whenever x belongs to A i intersection B j, this a i is
going to be equal to b j, otherwise, in this sum, the term does not matter. So, that proves
the fact, so that will imply from these 2 equations, from equation 1 and equation 2, so
this implies from equation 1 and 2, that sigma a i i equal to 1 to n of mu A i is equal to
sigma j equal to 1 to m b j mu of B j. So, that is, integral s d mu can be defined as either
of these sums, so is equal to either this or this, is well defined; so, the integral of a
nonnegative simple measurable function. So, we can choose any representation of, we
can choose any representation of the nonnegative simple function and define its integral
in terms of that.
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Properties of integral

The integral / s(x)dp(x) is also denoted by

/.w/,u.

/ s dy is well-defined.

For s, 51,50 € [, and a € IR with a > 0, the
following hold:

Next, let us look at properties of this integral. So, we are going to look at functions s, s 1,
s 2, which are nonnegative simple measurable functions; alpha will be a real number;
alpha bigger than or equal to 0. Then, we are going to look at what happens to various

properties.

So, 1st observation is that integral s d mu is a nonnegative number, it could be equal to
plus infinity. So, integral s d mu is an extended nonnegative real number, that is obvious,
because what is s d mu? Integral of s d mu is summation of a i’s times mu of a i’s, all the
terms are nonnegative. So, this is a nonnegative number, so this is an obvious property.
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of integral

L and /

The 2nd property we want to check, that for a nonnegative simple function s, alpha s

belongs to L plus O plus and the integral of alpha s d mu is same as alpha times integral
of sd mu.
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So, let us check, that, so s belongs to L plus O, is a nonnegative simple measurable
function. So, let us write, let us write s is equal to sigma a i indicator function of A i,
where union A i is equal to X.



So, whenever it is a partition, we will write as this - square bracket union over i equal to
X and alpha is a nonnegative alpha belonging to R star, alpha bigger than or equal to 0.
Then, alpha of s, so as the representation is alpha a i chi of A i and A i’s are still a
partition of X, but that means if this the representation, so integral alpha s d mu integral
of alpha s with respect to mu is going to be equal to, by our definition, i equal to 1 to n

alpha a i times mu of A i.
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And this is the finite sum, nonnegative, everything. So, alpha comes out, alpha times the
summation of i equal to 1 to n of a i mu of A i and that is nothing but alpha times integral
of sd mu.
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So, that proves the property, that the integral of nonnegative simple functions is, if you
multiply it by a constant alpha, then the alpha comes out, so the integral of alpha s d mu
is equal to alpha times s d mu.

Next, we want to show, that it is a linear operation. So, we want to check, that if s 1 and s
2 belong to L 0 plus, then s 1 plus s 2 belong to L 0 plus, that we have already checked,
but we will check it again today also, and the integral of s 1 plus s 2 d mu is integral of s
1 plus integral of s 2.
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So, for such things, we have, so let us take a function s 1, s 2 belonging to L plus 0, so
nonnegative simple measurable function. So, let us write, let s 1 be equal to sigma a i chi
of A I, where A i’s form a partition of X. And let us write s 2 sigma jequal to Ltom b j
chi of B j union B j’s partition of X.

So, if you recall, we had said, that we can bring both s 1 and s 2 a common partition and
what is that common partition? A i intersection B j. So, what we are saying is, we can
write s 1 as sigma i equal to 1 to n sigma j equal to 1 to m a i chi of A i intersection B j.
And also, similarly, s 2 can be written as i equal to 1 to n sigma j equal to 1 tom of b j
chi of A i intersection B j. Now, here note, that union over i and j A i intersection B j,
that is the partition of the whole space, so that is equal to X.

So, this is the point to be, sort of, noted, that whenever we are given 2 functions, s 1 and
s 2, with 2 representations, which involves some partitions A i and partition B j, then we
can bring them to a common partition, namely A i intersection B j. And now we can
define, what is s 1 plus s 2. So, s 1 plus s 2 is going to be equal to sigma over i 1 to n

sigma over j equal to 1 to nai plus b j chi of A i intersection B j.

That is clear because on A i intersection Bjslisaiand on AiintersectionBjs2isbj.

So, s 1 plus s 2 will be equal to a i plus b j on A i intersection B j.
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So, once we have got a representation of s 1 plus s 2, we can define, what is the integral
of s 1 plus s 2. So, this representation gives us, that integral of s 1 plus s 2 d mu is equal
to summation over i 1 to n summation over j 1 to m of a i plus b j into mu of A i
intersection B j. So, because this is the representation, so a i plus b j is a value on the set
A i intersection B j. So, integral is going to be equal to summation over i summation over
jofaiplusb j, the value on the set A i intersection B j.

Now, the right hand side, we can write that is equal to 2 terms, one is summation over i
summation over j of a i times mu of A i intersection B j plus the 2nd term, summation i
equal to 1 to n summation j equal to 1 to m of b j. So, ai and second termisb jmuof Ai
intersection B j and now these are all finite sums. So, we can write, the first term as
sigma i equal to 1 to n, take a i outside and this is summation of mu of A i intersection B
J because this is summation over i only, so you can take it out, j equal to 1 to m of A i
intersection B j plus. Here, summation over j and summation over i, so we will write it as
summation over j first b j and inside is summation over i equal to, I have interchanged
the order of summation, they are finite terms only, finite sums only, so that is allowed.
So, that is, 1 of mu of A i intersection B j.

And now, we observe, that the 1st sum by the finite additivity property of the measure is
nothing but mu of A i and this summation over i, this sum is nothing but mu of B j

because A i’s form a partition of x and here B j’s form.
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So, 1st term is equal to summation i equal to 1 to na i mu of A i plus summation j equal
to 1 to m b j of mu of B j and now clearly, this is integral of s 1 d mu plus the 2nd term is

integral s 2 d mu.

(Refer Slide Time: 22:10)

Properties of integral

as € L5 and / s)di = o / s dy

s1 + 82 € I and
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For I/ € § we have sy, € I, and
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iS a measure on S.

So, that proves the fact, that integration is a linear process, namely integral. If s 1 and s 2
are in L O plus, s 1 plus s 2 also is in L O plus and the integral is of s 1 plus s 2 is equal to

integral of s 1 plus integral of s 2.

Next property we want to check is the following, that for a set if E is a set in the sigma
algebra S and we multiply s nonnegative simple measurable function by the indicator
function of E, then that function also belongs to L 0 plus; that again, we had checked it
earlier when we defined simple nonnegative functions. So its integral is defined and we
want to check, that E going to nu of E, which is integral of s indicator function of E d mu
is actually a measure on S. So, this gives a method of generating more measures on this

sigma algebra E, so let us prove this property.
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So, let us take a function, let us take a nonnegative simple measurable function L plus 0 s
of given by sigma i equal to 1 to n a i indicator function of A i, where union of A i is
equal to X and E is a fix set in the sigma algebra S. Then, s times the indicator function
of E, so multiply this equation on both sides by indicator function, that is, i equal to 1 to
naichi A i multiplied by chi of E.

And now, here is the observation, that the product of indicator function of 2 sets is
nothing but the indicator function of the intersection. So, this can be written as i equal to
1 to n a i. This product indicator function of A i into indicator function of E can be
written as the indicator function of A i intersection E.

So, that is only observation one has to make and now, so s times indicator function of E
is given by this, so where union of A i intersection E, what will be that? That is the
disjoint union giving you the set E and on E compliment this function is 0. So, if you like
you can add 1 more term here, 0 times the indicator function of E compliment, but that is
not so normally, whenever the, that kind of a set, that term will not mention it here. So,

automatically on the compliment it is 0 and that gives you the partition of the set.

So, this means, s of indicator function of E is a i times indicator function of A i
intersection E, where these things form a partition. So, that implies, s times the indicator
function of E is a nonnegative simple measurable function, and what is the integral of

that? So, integral of s chi of E d mu is equal to sigma i equal to 1tonaimuof Ai



intersection E. So, that is the integral of this function. So, we want to prove, that if we

call this as nu of E that is a measure.
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So, let us check that property, to check it is a measure, what we have to check. So, nu of
a set E is defined as sigma, by our previous calculations, a i times mu of A i intersection
E i equal to 1 to n, where A i’s are partition of X and A i’s they are in the sigma algebra

always.



So, claim, nu is a measure. So, what is to be checked? nu of empty set equal to E is

empty set. So, mu of A i intersection E, that is empty set, so that is 0, so it is equal to 0.

What is the 2nd property we want to check? nu is countably additive. So, for that, so let
us write, let E be equal to union of E j j equal to 1 to infinity, where all the sets are in the
sigma algebra. So, we want to show that. To show, nu of E is equal to sigma nu of E j j
equal to 1 to infinity. So, that is what we have to show; so, let us compute both sides and

show the required property.
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So, let us look at nu of E. So, nu of E is equal to sigma i equal to 1tonai muof Ai
intersection E; by definition mu of E is defined as this thing. What is E? Let us put the
value of E, so it is i equal to 1 to n a i mu of A i intersection, union, disjoint union E j j
equal to 1 to infinity. That is by the definition of, by the fact, that E is a disjoint union of
E j’s, but that we can write it as summation i equal to 1 to n a i mu of... So, this is
nothing but, so we can write it as disjoint union over j 1 to infinity of A i intersection E j,
by the distributive property of intersection over union.

So, this is a countable disjoint union of sets in the sigma algebra, so by the countable
additive property of the measure mu, this term is equal to summation i equalto 1tonai
summation j equal to 1 to infinity of mu A i intersection E j. And now note, that we have
got 2 sums here, one is summation a i and other is summation j equal to 1 to infinity, and
all are nonnegative extended real numbers, so we can interchange the order of integration

without any problem.

So, we can write this as summation over j first, then summation over i 1 to nai mu of A
I intersection E j, so we write this as this. So, now note, that this term, summation over i

aimuof Aiintersection E j is nothing but the nu of e j.
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So, by definition, this is summation over j equal to 1 to infinity, so this is nu of E j.



So, we have shown, that nu of E is summation nu of E j’s, whenever E is equal to union
of disjoints, pairwise disjoint sets E j. So, that proves, that mu is a measure.
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Properties of integral

as € [, and / as) dyi

I, and

For I/ € § we have

iS a measure on S.

So, we have proved this property. Also, that for a set E in S, the integral s times indicator
function of E is a nonnegative simple measurable function and if its integral is denoted

by nu of E, then nu of E is a measure as E varies over measurable sets.
(Refer Slide Time: 30:39)
Properties

Further,

v(E) =0 whenevér u(F

And this measure has a very nice property. So, this nu, measure nu of E has a very nice
property, that nu of E is 0, whenever mu of E is 0.
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So, let us just check that property again, check that property, the nu of E is defined as
summation i equal to 1 to na i mu of A i intersection E, where union of A i’s is equal to
X. So, if mu of E is equal to O, that will imply, that mu of each A i intersection E is also 0
because A i intersection E is a subset of E and mu is a measure; so, mu is also monotone;
so, mu being monotone, mu of A i intersection E is less than or equal to mu of E, which
is equal to 0, so that means, this is equal to 0.

So, implies, mu of each term in the definition of mu of E is 0, that means, nu of E is 0.
So, this nu measure, which is defined via integration of nonnegative simple functions has
the property, that mu of E equal to 0, implies nu of E equal to 0.

This is a very special property, so it relates 2 measures - mu and nu. That means, it says,
whenever E is a set of measure 0 for mu, it is also a set of measure 0 for nu. And later on,
almost in the end of the course, we will characterize such measures. Whenever 2
measures are related by this, there is a theorem, which says, that mu must be
representable as integral with respect to mu. So, we will come to that theorem a bit late

in our course when we are finished integration and some more properties of it.
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So, this nu of E, which is written as, which is the integral, is having a special property,
and let us also mention, that integral of s indicator function of E d mu is also written as
integral E of s d mu. So, this is another way of writing, so this is called integral of s over
E; so, this, so we say, this is integral of s over the set E. So, that is the notation we will
follow because outside E, s is 0 in this representation.
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Properties

Further,

v(E) =0 whenever u(F)

If §; > 9. then / 81 djt / So dy.
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So, next property we want to check is that if s 1 is bigger than s 2, then integral s 1 is
bigger than integral s 2. So, let us check that property. So, let us write s 1, which is
nonnegative simple measurable function as sigma a i indicator function of Aiands 2 as
sigmab j chiof B jjequal to1tom.

So, as we had mentioned, whenever you want to do some analysis regarding 2 simple
functions - s 1 and s 2, bring them to a common partition. So, we will write, this is also
equal to sigma over i 1 to n s 1 can be written as sigma over i sigma over j1tomai
times indicator function of A i intersection B j and s 1 can be written as this, and we can
write s 2 as sigma over i sigma over j 1 to m of b j times the indicator function of A i

intersection B j.

So, now and union of A'i B j intersection B j j equal to 1 to m unioniequalto 1tonisa
partition of X. So, now, they have common partitions and when you say s 1 is bigger

than s 2, means what?

So, let us take a point x. So, if x belongs to X, then it belongs to 1 of A i intersection B j,
and s 1 has the value a i and s 2 has the value b j. That means, s 1 of x, which is a i must
be bigger than or equal to s 2 of x, which is b j on A i intersection B j.
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So, that means, if this is the representation, so then, s 1 bigger than s 2 implies, that a i is
bigger than or equal to b j, if x belongs to A i intersection B j. Once you observe that,
now problem is solved, so what is integral of s 1 d mu? That by definition is sigma over i
1 to n sigma over j 1 to m of a i mu of A i intersection B j and a i is bigger than b j if x
belongs to this. So, this is bigger than or equal to sigma i equal to 1 to n sigma j equal to
1to mof b j mu of Ai intersection B j and which is equal to integral of s 2 d mu.

So, integral of s 1 is bigger than integral of s 2 if s 1 is bigger than or equal to s 2. So,
that proves the next property.
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E._

roperties

Now, we are going to look at special functions. If s 1 and s 2 are nonnegative simple
measurable functions, then we want to look ats 1 vs 2 and s 1 wedge s 2

Recall how as s 1 v s 2 defined. s 1 vs 2 was defined as the maximum of s 1 and s 2 and
similarly, s 1 wedge s 2 was defined as the minimum of s 1 and s 2. So, and we had
shown, that if s 1 and s 2 are nonnegative simple measurable functions, then the
maximum of s 1 and s 2 and the minimum of s 1 and s 2 are also nonnegative simple

measurable functions.
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So, we want to check this property. Now, here, that integral of s 1 wedge s 2 is less than
s i integral less than equal to integral of the next one, but that is obvious, because if s 1
and s 2 are nonnegative simple measurable functions and you look at s 1 wedge s 2, that
is the minimum of s 1 and s 2. Then, clearly, s 1 wedge s 2 is a minimum, so it is going
to be less than or equal to s 1 and also going to be less than or equal to s 2, and s 1 v s 2,
s 1 v s 2, the maximum is going to be bigger than s 1 and s 2 both; so, it is going to be

less than or equal to s 1 maximum s 2.

So, what we are saying is, s 1 wedge s 2 is less than or equal to both s 1 and s 2 and both
s 1 and s 2 are less than or equal to maximum of s 1 and s 2, and just now and all are
simple functions, so what we have proved just now? So, that we will say, that the integral
of s 1 s 2 the minimum of s 1 and s 2 d mu is less than integral of s 1, also less than
integral of s 2. So, less than or equal to integral s i d mu i equal to 1 and 2 and both these
integrals are less than or equal to integral of s 1 wedge s 2 d mu.
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Properties

Further,

v(E) =0 whenever u(F)=0,F
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So, that proves the required property and that follows from the earlier property on, that if
s 1 is less than or equal to bigger than or equal to s 2, then integral s 1 is bigger than or
equal to integral s 2.
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: is any increasing sequence in I,
such that lin’ r). 4 X. then

And now, let us look at a property how does this integral behave with respect to limiting
operations. So, we want to claim, that if S n is a sequence, increasing sequence in L 0
plus, so it is an increasing sequence of nonnegative measurable functions increasing to a

simple function s of x, then integral s d mu is limit n going to infinity integral s n d mu.
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So, this is the 1st, in the sense, non-trivial argument required. So, s 1, s n are functions in
L 0 plus nonnegative simple measurable functions. s n is increasing to s, s belonging to L
plus 0 nonnegative simple measurable. We want to show, this implies, that integral s d



mu is equal to limit n going to infinity of integral s n d mu; so, this is what we want to

show.

So, now, let us start observing. So, first, what is the proof of this? So, note, what we have
given is s n is increasing to s, so that means what? If s n is increasing to s, that means,
that s n of x is going to be less than s of x for every x belonging to X, so that is obvious
from this, if this, then this implies s n is increasing to s, implies each s n x is less than or

equal to s of x.

Now, s n is a simple function, s is a simple nonnegative simple measurable function, s n
is less than or equal to this for every n, so that implies, that integral of s n d mu is less
than or equal to integral s d mu for every n. So, integral s n d mu is less than or equal to
integral s d mu and integral s n d mu is an increasing sequence of extended nonnegative
extended real numbers, so implies, that the limit of that, which are this, may be equal to

plus infinity, s n d mu is also less than or equal to integral s d mu.

So, here is, that n is a sequence of nonnegative extended real numbers, n less than or
equal to a implies a n’s are increasing, so limit of a n will be less than or equal to a,

wherein extended real numbers, keep in mind.

So, we have proved, so call it as 1, so we have proved, in the required equality we have
proved, that right hand side limit n going to infinity integral s n d mu is bigger than or

equal to integral s d mu.
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We want to prove the other way round, the inequality also. So, to do that, here is a, here
is a small manipulation, that we have to do. So, for that, what we do is the following.
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So, let us fix, let a number c between 0 and 1 be fixed, then ¢ times s of x for any point X,
c times s of x is going to be strictly less than s of x. so, here is c times s of x and here is s

of X, so let us fix ¢ between 0 and 1 and look at the end, for any point x.

Let us look at ¢ times s of x, then the 1st observation, because c is between 0 and 1, c is

strictly less than 1, so ¢ times s of x will be less than s of x, so it will be somewhere here.



And now, s n x is increasing to s of x, s n x, so after some stage s n x must be on the right
side of c¢ times s of x, so after some stage it must be on the right side, so this is the
picture that happen. So, let us write, let us define B n to be the set of all x, such that s n
of x is bigger than c times s of x.

So, collect all those points where this is going to happen, where s n of x is bigger than,
see, this stage will depend upon n, so now, so that means, implies, that first of all, so let
us note, that B n plus, if s n x is bigger than c of s n, then s n plus 1 is anyway bigger
than s n of x.

So, because s n is increasing, so s n plus 1 x is going to be bigger than B n, so if, so that
means, this B n is inside B n plus 1 for every n, that means, that is, B n is an increasing
sequence. So, implies, B n is an increasing sequence, so that is the first observation
because all B n’s, s n is increasing. So, if x belongs to B n, then s n x is bigger than c
times s of x, but s n, s nis increasing, so s n plus 1 x is going to be bigger than s n of x.
So, if s n x is bigger than c times s of x, then s n plus 1 also is going to be bigger.

So, x belonging to B n implies x belongs to B n plus 1, that means, B n is a subset of B n
plus 1, that means B n is an increasing sequence of sets. And also observe, that each B n
is an element in the sigma algebra s, each B n is an element in the sigma algebra s
because B n is, where s n is bigger than c times s. All are simple measurable functions
and we observe that such sets are in the sigma algebra.
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Properties

If {s,},>1 IS any increasing sequence in I
such that lim,, . 8,(2) = s(z), x € X, then

/--.ff,r; lim /.-«.,rf;r.
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So, B nis an increasing sequence of sets in the sigma algebra s. And let us observe, what
is the union of these B n’s? So, union of B n’s n equal to 1 to infinity, obviously it is
contained in x because all are subsets of x, but by the fact, that for every x, this picture
that we observed here, for every x there is going to be some stage after which s n is

going to be bigger than x because ¢ times s x is strictly less than this.

So, that fact implies, that this union is equal to x because, so observation here is, because
for every x belonging to x, there is a stage n naught, such that s n naught x is bigger than
c times s of x. That is because s n x is converging to s of x, because s n x is going to
increase to s of X, so it has to crossover the, this point ¢ times s of x, otherwise it cannot

reach that point.

So, B n is an increasing sequence of sets in the sigma algebra and their union is equal to
X, and mu is a measure, countable additive, and we have proved equivalent way of
saying, that mu countably additive, is same as saying whenever a sequence of sets a n is
increasing, then mu of a n’s must increase to mu of a. So, by that fact, mu of x must be

equal to limit n going to infinity mu of B n’s, so that must be true.

So, now, let us use all these facts and look at, now, so thus, if we look at integral of ¢
times, integral of ¢ times s of x d mu X, you look at this integral. So, first of all we claim,
that this is equal to integral of ¢ times s of x d mu x over B n’s.



So, 1st observation we want to make and that is, because if we look at this as a measure,
if we look at this as a measure, mu of B n, just now we proved integral over sets of
simple function over sets is s measure. So, look at that measure nu, nu and B n is

increasing into x, so nu B n must go to nu of x.

So, this fact, we are using for this is the fact, we are using for not mu, but we are using
for nu and where, what is nu? nu is integral of ¢ s over B n.
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So, that is the fact we are using here. So, that means, this is equal to, so, now on B n,
what is happening on the set B n? On B n, s n of x is bigger than c times, so that means, ¢
times s of x is less than, so it is less than integral over B n of s n of x d mu x because that
is a definition of the set B n.
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So, we are replace ¢ s X, we are using the fact integral of s 1 is less than integral of s 2,
whenever s 1 is less than or equal to s 2, so this is less than or equal to this. Now, B nis a
set, subset of x, so this integral I can replace and say, that this is less than, so this is less
than or equal to integral over the whole space x sn x d mu x.

So, what we are saying is, by this analysis what we have shown is that the integral c
times s of x d mu x is less than or equal to this for every n, and because this happens for
every n and s n, this integrals are increasing sequence of numbers. So, this implies, that
integral c times s of x d mu x is also less than or equal to integral over x of s limit, so is

less than or equal to limit n going to infinity of integral s n d mu.

Now, this holds for every ¢ between 0 and 1, so | can take the limit ¢ goes to 1. So,
implies, that integral of s d mu is also less than or equal to integral limit, less than or
equal to limit n going to infinity of integral s n d mu. So, that is my other way round
inequality 2. So, we approved both ways, inequalities, 1 and 2.

So, 1 if we recall, we are already shown 1, that integral s n d mu less than integral s d
mu, that was 1 we proved, and now, we proved integral s d mu. So, 1 plus 2 imply, that
integral s d mu is equal to limit n going to infinity integral s n d mu.
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Properties

If {s,,}.>1 IS @any increasing sequence in I
such that lim,, *. s,(z s(x), z € X, then

/ sdy = lim / Sy,

So, that proves the result, the required result namely, that integral of s n, if s nis
increasing sequence in L plus, then you can interchange, so what is s? That is a limit. So,
integral of the limit is equal to limit of the integrals, whenever s n is increasing

nonnegative simple functions.

So, is a nice property for increasing sequences, so at this stage, one can ask the question
that we have proved, that if s n is an increasing sequence nonnegative simple measurable
functions increasing to s, then integral of s n’s converge to integral of s. Will this
property hold for decreasing sequences, namely if s n is decreasing nonnegative simple
functions, decreasing to s? Can we say, that integral of s n’s will decrease to integral s?
We do not know that fact, at present we cannot prove, at present, this fact. In fact, many

more properties of such things we will explore as we extend the notion of integral.

So, we will stop here today and analyze next time another way of representing integral of
nonnegative simple measurable functions and then, go out to define integral of
nonnegative measurable functions. We will extend the notion of integral form
nonnegative simple measurable functions to nonnegative measurable functions, we will

do it next lecture.

Thank you



