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Lecture-32
Project Scheduling: PERT/CPM-IV

Dear students, in the previous lecture, | discussed scheduling a project where that has uncertain

activity durations. In this lecture, I am going to discuss the time-cost trade-off.

+ Time-cost Trade-offs

* Crashing Activity Times

+ Linear Programming Model for Crashing

So, the agenda for this lecture is time-cost trade-off and crashing activity times, and a very

important thing is how to use linear programming for crashing a project network.

Time~cost trade-offs

* When determining the time estimates for activities in a project, the project
manager bases these estimates on the number of resources (workers,
equipment, etc.) that will be assigned to an activity. \

* The original developers of CPM provides the project manager with the option
of adding resources to selected activities to reduce project completion time.

+ Added resources (such as more workers, overtime, and so on) generally
increase project costs, so the decision to reduce activity times must take into
consideration the additional cost involved.

* In effect, the project manager must make a decision that involves trading
additional project costs for reduced activity time. ' b V8 Me,
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What is this time-cost trade-off? When determining the time estimates for an activity in a project,
the project manager bases these estimates on the number of resources that will be assigned to an
activity. What are the resources? Resources like workers, equipment, availability of supplies, and
so on. The original developer of CPM provides the project manager with the option of adding

resources to selected activities to reduce the project completion time.

Suppose | have a project that is taking this many days, for example, 6. So, what will happen
when you add more resources? So, what if there is a possibility | can reduce this project activity
by, say, from 6 to 5? So, what can we do when you supply more resources? The activity duration
can be minimized. The added resources generally increase the project cost, so when you add

more resources the project cost increases.

So, the decision to reduce activity time must consider the additional cost involved. In effect, the
project manager must make a decision that involves trading additional project costs versus
reduced activity times. So, what will happen? We need to have a trade-off between cost and
time, what will happen? When you compress the time, the cost will increase; instead of finishing
this activity in 6 days by supplying more resources, if you are planning to reduce it within 5

days, the time will decrease.

But the cost of finishing this activity within 5 days will increase. So, the project managers need
to understand the trade-off between cost and time. So, in this lecture, we are going to discuss this
cost versus time. So, what are we going to do in this lecture? What is the optimal project

completion time so that the cost can be minimized? That is the objective of this lecture.



Time-cost trade-offs

* The table below defines a two-machine maintenance project consisting of five
activities

* Management has substantial experience with similar projects and the times for
maintenance activities have very little variability; hence, a single time estimate is
given for each activity,

Activty | Dewcription Immediate [xpected
| edecnser | mefdoy)
A Overtud machine | 1
] Adpst machire | A ]
C Overhoud machura || )
] Adpst machioe i 4 )
3 Tntytem o b

Anderson D R, Sweerwy, 0.J Wikams, T A Carmmn J D, & Cochean, J 2018). An mtroduchon fo management Scence quanitave

Now | am going to explain this time-cost tradeoff with the help of a problem. The reference for
this problem is the book Anderson et al. What does this problem say? There is a 2-machine
maintenance project consisting of 5 activities. They want to do maintenance for 2 machines for
that there are 5 activities. Management has substantial experience with similar projects and the
times for maintenance activities have very little variability. Hence, a single time estimate is given

for each activity.

So, for activities A, B, C, D, and E, there is a predecessor for each activity given and the
expected time. When you look at this expected time, for example, for completing activity A, it
will take only 7 days since the maintenance activity is a repetitive in nature. Based on their
experience, they are able to provide a single time estimate, which is why it is exactly 7 days.
What is the first task? The first task is we have to draw the project network, and then we have to

find out how much time it is going to take to complete all 5 activities.



Time-cost trade-offs

So, what | have done? I have drawn this network; now | am going to find out how much time it is
going to take. So, I am going to use the same notation that we have followed in the previous
class to see, for example here, the activity name and activity duration. Here it will be the earliest
starting time, here it will be the earliest to finishing time, here is the latest starting time, here is

the latest finishing time.

So, first, I am going to use a forward pass; what is this forward pass? So, for activity A, there is
no precedence, so it can start on the Oth day, which will be the earliest starting time. What will be
the earliest finishing time? The duration is 7, so 0 + 7 it is 7. Similarly, for activity C, there is a
known predecessor, so it can start on the Oth day and it will finish 0 + 6 = 6th day. Activity B

will start on the 7th day. You see that the time | am writing is a cumulative scale.

So, why | have written 7th day because the earliest finishing time of the previous activity is 7
days; activity B can be started only after the 7th day, so 7 + 3 = 10. So, here, activity C will be
completed only on the 6th day, so activity D can be started only after the 6th day, so the duration
of activity 31is 9, so it is 9. Now we have to find out the earliest starting time for activity E. What

happened?

You see there is a 10, there is a 9. So, as per the forward pass algorithm, we have to consider the

largest value of the earliest starting time; what is the largest value? 10, the 10 is the largest value



between 10 and 9, so 10 + 2 is 12, so it will take 12 days to complete the whole project. Now, |
am going to discuss this backward pass. So, 12 is your latest finishing time; if 12 is the latest

finishing time, what will be the latest starting time?

So, 12 - 2, 10. Now for activity D, the latest finishing time is 10 because the latest starting time
of activity E is 10, which will be equal to the latest finishing time of activity D, which is the
preceding activity, so 10 - 3 is 7; now this is 7, and 7 - 6 is 1. For activity B, the latest finishing
timeis 10,s010-71is3,10-3=7,s01itis 7,and 7 - 7 is 0. How to find out the critical path, the

path which is taking the longest duration otherwise if you connect all critical activities.

What is the critical activities? Activities that have 0 float or 0 slack. So, what is the slack? We
have discussed in the previous class that slack is the difference between the latest starting time
and - the earliest starting time. That means the difference between this value and this value is 0,
so here, 7 -0, 0, 0 - 0. So, there are 3 critical activities activity A, B, and E, so this path, which
one? This path is A-B-B-E, so the path A-B-E is your critical path. What is the project duration?
12 days.
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Time-cost trade-offs

* Making the forward pass and backward pass calculations for the
network in Figure , we obtained the activity schedule shown in Table 2,

* The zero slack times, and thus the critical path, are associated with
activities A-B-E.

+ The length of the critical path, and thus the total time required to
complete the project, is 12 days.

A L} 0 ! ’ 0 L
L] ! ! 0 » 0 L]
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Making the forward pass and backward pass calculation for the network in the figure which |
have shown in the previous slide we obtained the activity schedule shown in table 2 like this. We
found the earliest starting time for each activity and the latest starting time, earliest finishing
time, and latest finishing time; we got slack; wherever slack is 0, that path is a critical path. Then



the 0 slack times and thus the critical path associated with activities is A-B-E. So, the length of
the critical path and, thus, the total time required to complete the project is 12 days, which | have

shown you in the previous slide.

Crashing Activity Times

* Now suppose that current production levels make completing the maintenance
project within 10 days imperative.

* By looking at the length of the critical path of the network (12 days), we realize
that meeting the desired project completion time is impossible unless we can
shorten selected activity times.

* This shortening of activity times, which usually can be achieved by adding
resources, is referred to as crashing

+ Because the added resources associated with crashing activity times usually
result in added project costs, we will want to identify the activities that cost
the least to crash and then crash those activities by only the amount necessary

to meet the desired project completion time

°

Now, we are going to discuss the concept of crashing. Suppose the current production level
makes completing the maintenance project within 10 days we have to finish the maintenance
activities. It will take 12 days, but the management has decided to finish this maintenance
activity within 10 days. So, when you reduce 12 days to 10 days, time will be decreased, but

there will be an increase in cost; that is what we are going to do.

By looking at the length of the critical path of the network, 12 days, we realize that meeting the
desired project completion time is impossible unless we can shorten selected activity times. The
only possibility to reduce the project duration to 10 days is for some of the activities we have to
compress the time. So, this shortening of activity times, which usually can be achieved by adding

additional resources, is referred to as crashing.

Because the added resources associated with the crashing activity times usually result in added
project costs. We will want to identify the activities that cost the least to crash and then crash
those activities by only the amount necessary to meet the desired project completion time. So,
there will be different activities, so what we have to do? We have to crash, or we have to reduce
the time of activity, which takes the minimum cost; that is the logic here. There will be a



limitation, so for each activity, only this much duration can be crashed; that constraint also needs

to be considered.
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Crashing Activity Times

* Todetermine where and how much to crash activity times, we need information
on how much each activity can be crashed and how much the crashing process
costs.

*+ Hence, we must ask for the following information:

1. Activity cost under the normal or expected activity time

2. Time to complete the activity under maximum crashing (i.e., the shortest
possible activity time)

3. Activity cost under maximum crashing.

So, to determine where and how much to crash activity times, we need information on how much
activity can be crashed and how much crashing processes cost. So, we need to have the time and
the cost. Hence, we must ask for the following information, first information is activity cost
under normal or expected activity time. Second, the time to complete the activity under
maximum crashing that is the shortest possible activity time. And activity cost under maximum

crashing, so this information is required for completing the crashing activity.

Maximum Possible Reduction in Time For Activity i

Let
ti = expected time for activity i
t'i = time for activity | under maximum crashing
Mi = maximum possible reduction in time for activity | due to crashing
Givent and t’, we can compute Mi:
Mi=ti -t -(1)

Now | am going to explain the maximum possible reduction in time for activity i let ti = expected

time for an activity. For example, | have an activity like this, say it is taking 10 days, so the ti is



nothing but this 10 expected time for activity i, ti dash time for an activity i under maximum
crashing, for example, | can crash up to say 6 days. So, the maximum possible reduction in time

for an activity i due to crashing is so what I can write M i is nothing but this 10 - 6, so ti - ti dash.

Mi=ti -ti - (1)

Crashing Activity Times

+ Cidenotes the cost for activity under normal time,
*+ ('idenotes the cost for activity under maximum crashing
* Thus, per unit of time (e.g,, per day), the crashing cost K, for each activity is given by _
] G5O
] o=
A: = —_— 1 vll L
A",
o
* For example, if the normal or expected time for activity A is 7 days at a cost of C, = $500 gt
and the time under maximum crashing is 4 days at a cost of C, = 5800, equations (1) and
(2) show that the maximum possible reduction in time for activity A is
M, =7-4=3days
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Let us Ci denote the cost of activity under normal time C i dash denotes the cost of activity under
maximum crashing. Thus, per unit time that is the crashing cost Ki for each activity is ki = Ci
dash - Ci upon Mi.

For example, if the normal or expected time for activity A is 7 days, for example, say this is 7
days, and the cost of Ca is 500 dollars, and the time under maximum crashing is 4 days, and the
cost of crashing it to 4 days is 800 dollars.

For example, if the normal or expected time for activity A is 7 days at a cost of CA = $500 and
the time under maximum crashing is 4 days at a cost of CA = $800, equations (1) and (2) show
that the maximum possible reduction in time for activity A is

MA =7 -4 =3 days



So, from the equation 1 and 2, so this is equation 2, the maximum possible reduction in time for
activity A is 7 - 3, 3 days. So, there is an activity like this, so normally we can finish in 7 days,
and the cost for this is 500 dollars; if you compress this into 4 days, the cost is 800 dollars. So,
first, I am finding out how much time we can crash it. That is 7 - 4 is 3. And | am going to find

out per day crashing time.

..., |
Crashing Activity Times

+ with a crashing cost of

Cr—Cx 800500 300

A = = = $100 per day
Ky m 3 3 per day

*  We make the assumption that any portion or fraction of the activity crash
time can be achieved for a corresponding portion of the activity crashing
cost.

For example, if we decided to crash activity A by only 1.5 days, the added
cost would be 1.5 ($100) = 5150, which results in a total activity cost of
§500 + $150 = $650 '
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So, with the crashing cost of Ka, we got the Ka representing per day crashing cost, so the
difference in cost is 800 - 500, you see this, this 800, difference in cost is 800 - 500, the
difference in time is 3, 7 — 4 = 3. So, when you simplify this, so 300 upon three this is 100, so
this 100 represents per day crashing cost. So, these 100 dollars represent the crushing cost per
day; we make the assumption that any portion or fraction of activity crash time can be achieved
by the corresponding portion of activity crashing cost.

Ch— Cx 800 —500 300
Kax = = = —=$%$100 d
A A 3 3 $100 per day

So, what is the meaning of that? If you are crashing that means if you are compressing the time
that is achievable by adding the additional cost, that is the crashing cost. For example, if we
decided to crash activity A by only 1.5 days, the added cost would be 1.5 multiplied by 100, 150
dollars only for crashing cost. Apart from this, there is a 500 dollar for normal cost, so the total
cost would be 500 + 150 = 650 dollars.



Crashing Activity Times
.——

Normal Crash  Normal(Ci) Crash(CY)

7 4 500 800
B 3 2 200 350
c 00 ® ®
D ; 1 TN 500 2 150
E 2 1 300 550 1 250
Total id‘_ 53100
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Now, in this table, for each activity, the normal time and crash time are given, and the normal
cost and crashing cost are given. For example, Activity C can be normally completed within 6
days; the cost for finishing the 6 days is 500 dollars. If you compress it from 6 days to 4 days, the
crashing cost is, say, 900 dollars. So, now, how many days can we crash? 6 — 4 = 2 days we can

crash it. What is the per-day crashing cost?

So, what is the difference in cost? 900 - 500 is 400, 400 divided by 2 is 200, so 200 dollars is a
crashing cost per day. That means you see that if it is 6 days, if you are making it to 5 days, there
will be 200 dollars, which will be extra, so 500 + 200 = 700. For each activity, a per-day
crashing cost is found. Then apart from this, there is a total cost of 1700 dollars.

e |
Crashing Activity Times

+ The figure shows the graph of the time=-cost
relationship for activity A,

* The complete normal and crash activity data
for the two-machine maintenance project are

given in the previous slide. : w \ .

* Which activities should be crashed—and by ¢ | LN
how much=to meet the 10-day project ‘
completion deadline at minimum cost? . - 4 l--' )

* Your first reaction to this question may be to o —— '
consider crashing the critical activities—A, B, ). B
orE.
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This figure shows the graph of the time-cost relationship for activity A. For activity A, the
normal duration is 7 days, which is a normal operation; the cost for completing this activity for 7
days is 500 dollars. When you decrease this cost, when you compress, this does not cost the time;
for example, in 4 days, the cost will be 800 dollars. So, what we understand is that when you

compress the time, the cost increases.

The complete normal and crash activity data for the two machine maintenance projects are given
in the previous slide | have shown you which activity should be crashed and how much to meet
the 10-day project completion deadline at minimum cost because the management is expecting
the maintenance activity to be done within 10 days, but actually, it is taking 12 days. So, what

will be your first reaction to this question?

Maybe we should consider crashing critical activities. What are the critical activities? A, B, E
because if you reduce only on critical activity, the project duration can be compressed; if you do
the crashing for noncritical activity, that is not required because that will not affect your total
project completion time.

Crashing Activity Times

* Activity A has the lowest crashing

cost per day of the three, and s
crashing this activity by 2 days . TN ) AT -.
will reduce the A-B-E path to the ‘

desired 10 days. e T A i !
* Keep in mind, however, that as o— . g
you crash the current critical

activities, other paths may
become critical,
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Activity A has the lowest crashing cost per day of 3; you see, activity A is the lowest because the
critical activities are A, B, and E, so the corresponding costs are 100, 150, and 250. The lowest
crashing cost per day is 100 rupees, which is for activity A. So, what can we do? The activity A,

we can maximum crash for 3 days, now what we can do we can crash it for 2 days so that the



project can be completed within 10 days instead of 12 days. Keep in mind, however, that as you
crash the current critical activities the other path may become critical. So, what will happen?

When you crash this, another path that is noncritical may also become a critical path.

a0 |
Crashing Activity Times

*+ Thus, you will need to check the critical path in the revised network and
perhaps either identify additional activities to crash or modify your initial
crashing decision,

* For a small network, this trial-and-error approach can be used to make
crashing decisions; in larger networks, however, a mathematical procedure
is required to determine the optimal crashing decisions.
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Thus, you will need to check the critical path in the revised network and perhaps either identify
the additional activities to crash or modify your initial crashing decision. For a small network,
this trial-and-error approach can be used to make crashing decisions. Still, in larger network,
however, a mathematical procedure is required to determine the optimal crashing decisions.
These mathematical procedures | am going to explain these mathematical procedures as nothing
but your linear programming. So, what am | going to do now? With the help of linear

programming, | am going to complete this crashing activity.

Linear Programming Model for Crashing

+ Let us describe how linear programming can be used to solve the network
crashing problem.
* With PERT/CPM, we know that when an activity starts at its earliest start
time, then N
Finish time = Earliest start time + Activity time 17 —
* However, if slack time is associated with an activity, then the activity need
not start at its earliest start time. In this case, we may have

Finish time > Earliest start time + Activity time

-
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So, the method is called a linear programming model for crashing. Let us describe how linear
programming can be used to solve the network crashing problem. With PERT and CPM, we
know that when activity starts, it is the earliest starting time, so the finishing time will be the
earliest starting time + activity time. You might remember like this, can you recollect? This is A,

for example. What is the duration of this? | think 7. So, what will happen?

This finishing time, so here, so the finishing time will be the earliest starting time 0, so 0 + 7, so
that will be your earliest finishing time. However, if slack time is associated with an activity,
what is the slack time? Sometimes, instead of starting on the Oth day, we can start on the 1st day
or 2nd day if there is a slack available. If the slack time is associated with activity, then the
activity need not start at it is the earliest start time. So, what can we do? In this case, we may
have the finish time be greater than the earliest starting time + activity time.

Linear Programming Model for Crashing

* Because we do not know ahead of time whether an activity will start at its
earliest start time, we use the following inequality to show the general
relationship among finish time, earliest start time, and activity time for each
activity:

nish time 2 Earliest start time + Activity timi

+ Consider activity A, which has an expected time of 7 days.

* Let X, =finish time for activity A, and ¥, = amount of time activity A is

crashed,

Because we do not know ahead of time whether an activity will start at its earliest start time, we
use the following inequality to show the general relationship between finish time, earliest start
time, and activity time for each activity. What is the general relationship? The finishing time is
greater than or equal to the earliest starting time plus the activity duration time. Consider activity
A, which has an expected time of 7 days. Let Xa = finishing time for activity A, then Ya is the
amount of time activity A is crashed.



Y is greater than 7.

Linear Programming Model for Crashing

* If we assume that the project begins at time 0, the earliest start time for
activity Ais 0.
*+  Because the time for activity A is reduced by the amount of time that

activity A is crashed, the finish time for activity A must satisfythe 4 2 041"

relationship _— -
\ .“‘;‘J “,“ ‘A |10 1~

* Moving Y, to the left side : L —
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relationship: what is that?

X,20+(7-Y,)

XA+YAZ7

If we assume that a project begins at 0, the earliest start time for activity A is 0. So, | am writing
like this, so the earliest starting time is 0. Because the time for activity A is reduced by the

amount of time that activity A crashes, the finish time for activity A must satisfy the following

The Ya is how much time we are going to crash it. So, Xa this point, this point is nothing but
earliest finishing time Xa should be earliest starting time 0 + 7 that is duration minus how much

time we are going to crash it. So, when you bring this Ya on the left hand side will become Xa +



Linear Programming Model for Crashing

* Ingeneral, let
xi = the finish time for the activity i i=A,B,CD,E
yi = the amount of time activity i is crashed i=AB,CDE
+ |f we follow the same approach that we used for activity A, the constraint
corresponding to the finish time for activity C (expected time = 6 days) is
Xc20+(6-Y:) orXo+Y-26 = 3
1 €10 Y

-"Lx); TI';L»_.‘M [ n/‘l —J

Aderson D R, Sweeney, D J, Wikams, T A, Carmm. J. D, & Cochean. J J (2018) An mbrockcton £ managerment scence quanitative
O h Can 0

If we follow the same approach that we used for activity A, the constraint corresponding to the
finish time for activity C, what is activity C? Activity C is like this activity C, the duration is 6
days, the earliest starting time is 0, then

Xc20+(6-Y;) orXc+Y:26

a7 A ; 2
Ao UL )d A Y ‘M H O Y

Linear Programming Model for Crashing

A G
1

So, what am | going to do? | am going to write about the equations for all the activities. For
example, here it is 0, so how can | write it? So, xa >= 0 + (7 - ya), and for activity B, the xg's
earliest finishing time will be greater than. Now you see here that the earliest starting time will
be xa; for activity B, the earliest starting time will be xa. So, xa + (3 - yg). Now we come to

activity C, so here it is 0, so xc >= (0 + 6 - yc)



Now, for activity D, so xp, | am writing here that xp is >= xc + (3 — yp); what is the yp, and how
much time this activity D can be crashed? Now we have to write for activity E, so generally,
what are we used to do? The largest value of the latest finish time will be the earliest starting
time. So, we are going to write it for both activities because we do not know which is the largest

one. So, there will be 2 equations for this. What is the 2 equations?

So, x E will be greater than or equal to the earliest starting time. It may be xs + (2 — ye), which is
1 possibility. Otherwise the X E is greater than or equal to the earliest start starting time may be x
p also, xp + (2 - ye). So, now | have written for all the activities the equation which connects the

earliest finishing time and how many days the crashing can be done for each activity.

Linear Programming Model for Crashing

* Continuing with the forward pass of the PERT/CPM procedure, we see that the
earliest start time for activity B is X,, the finish time for activity A.
* Thus, the constraint corresponding to the finish time for activity B is
Xp2X,+(3-Yy) ) gAy 23
+  Similarly, we obtain the constraint for the finish time for activity D:
Xp2Xe+(3-Yy) orXp+Yp-Xp23
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Continuing with the forward pass of the PERT/CPM procedure, we see that the earliest start time
for activity B is Xa is the finishing time for activity A. Thus, the constraint corresponding to the
finish time for activity B is, so Xg is greater than or equal to Xa. What is an Xa? It is the earliest
starting time of activity Xa + (3 - Yg) what is the 3? It is the duration of activity B; what is the
Ys? How many days can the crashing be done, so this is activity B; similarly, | have written for

activity D.



Linear Programming Model for Crashing

* Finally, we consider activity E.
*+ The earliest start time for activity E equals the
largest of the finish times for activities B and D. . E
* Because the finish times for both activities B T T70]
and D will be determined by the crashing
procedure, we must write two constraints for Vel 1 ]
activity £, one based on the finish time for ‘
activity B and one based on the finish time for
activity D:

XptVe-Xg22 andXp+Vp-Xp 22
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Finally, we consider activity E. So, here, activity E, so what is happening here? There are 2
preceding activities. So, the earliest start time for activity E is equal to the largest finishing time
of activities B and D, this B and D. Because the finish time for both activities B and D will be
determined by the crashing procedure, we must write 2 constraints for activity E. One is based on

the finishing time for Activity B, and another one is based on the finish time for Activity D, as |

have explained previously. So, when you simplify this will be
Xp+Yp-Xg 2 2
Xp+Yp-Xp 22

Linear Programming Model for Crashing

* Recall that current production levels made completing the maintenance
project within 10 days imperative,

*  Thus, the constraint for the finish time for activity E is

X <10/

* In addition, we must add the following five constraints corresponding to

the maximum allowable crashing time for each activity:
Vi$3,Vps1,Ye82,Y,82 andYpsl

+ Aswith all linear programs, we add the usual nonnegativity requirements

for the decision variables.
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Recalled that the current production level made completing the maintenance project within 10
days. Thus, the constraint for finish time for activity E, Xe should be less than or equal to 10; this

constraint needs to be added.
X; <10
In addition, we must add the following 5 constraints corresponding to the maximum allowable

crashing time for each activity. For example, activity A from the table from the previous slides

we have seen a maximum of 3 days can be crashed.

Y,<3,V3<1,Y.<2,Y,<2, andYy<1

A |
Linear Programming Model for Crashing

+ Allthat remains is to develop an objective function
for the model,

*+ Because the total project cost for a normal
completion time is fixed at $1700 we can minimize mll
the total project cost (normal cost plus crashing .
cost) by minimizing the total crashing costs. : - -

* Thus, the linear programming objective function
becomes

Min 100Y, 4 150Y; + 200Y, + 150Y,, + 250Y;
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Now we have to formulate the objective function. Because the total project cost for a normal
completion time is fixed, how much? It is 1700 dollar. We can minimize the total project cost,
which is normal cost + crashing cost, by minimizing the total crashing cost. So, the linear
programming objective function becomes 100Y A; how did we get this 100? You see this: if you
reduce this duration for activity A by 1 day, the cost will be 100, so how many days do we have
to reduce Ya and Yg, Yc, Yp, and Ye? So, the objective function is minimizing the total crashing

cost.



Linear Programming Model for Crashing - Model

Min 100Y, + 150Y, + 200Y, + 150, + 250Y;

.0

So, now | have brought the complete linear programming models. So, here the first one is
objective function and constraints for all activities. And this constraint Xg is less than or equal to
10, it is the constraint provided by the management. The last Ya and Yg, Yc, Yp, and Yk is the
maximum allowable crashing times for each activity. Now, | am going to solve this problem with

the help of a solver; then | am going to interpret the result.

Now, this is the Excel model for this crashing problem; remember that Xa, Xg, Xc, and Xp, these
variables are there in our constraint. So, any variables which are appearing in our constraint that
need to be reflected on our objective function also. So, we have to include in our objective

function Xa, Xg, Xc, and Xp where the coefficient of objective function is (0, 0).

And Ya and Yg, Yc, Yp, and Y variables are already there, and corresponding coefficient also
given. So, if I go to N4, that is an objective function. What is the objective function? As usual,
the sum product is multiplied by the value of decision variables and the coefficient of the
objective function. Then I have included all the constraints, so now | am going to solve it, data
solver, see that this problem is a minimization problem, the objective function is N4, and the

changing cell is B5 to K5, and all the constraints | have included.

This is a linear model, so | am going to solve by linear programming models. So, when 1 solve it,

now you see the total crashing cost is 350 rupees and Y, what is the Ya = 1? The activity A can



be reduced by 1 day and you see Yg; activity E can be reduced by another 1 day. So, it just
means by reducing 2 days, it will become 10 days, now | will go to my presentation, and | will

interpret the result.

Linear Programming Model for Crashing - Model
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Now this is my final answer from the excel. So, here, the value of Ya = 1, that is, activity A can
be reduced by 1 day, Y is 1, and activity E can be reduced by another 1 day, so that it will
become a total duration is 10 days.

Linear Programming Model for Crashing

+ Optimization software, such as Excel Solver, provides the optimal solution
of crashing activity A by 1 day and activity E by 1 day, with a total crashing
cost of $100 + $250 = $350.

Anderson D R, Sweeney, D J, Wikams, T A Camm J D, & Cothvan, J J (2018) An mirodchon b0 management science quanitabve
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So, optimization software, such as excel solver provides the optimal solution for crashing
activity A by 1 day and activity E by 1 day with the total crashing cost of 350, just now | have

shown this answer.



Linear Programming Model for Crashing

*  With the minimum cost crashing solution, the activity times are as follows:

A 6 (Crash 1 Day) ~
B 3
C 6
D 3
E 1(Crash 1 Day) ,

Anderson, O R, Sweeney D.J Wikams, T A Camm J D, & Cochvan, J J (2018) An mirockction o management soence quanitabve
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So, with the minimum cost crashing solution, the activity times are like this. So, A can be
crashed by 1 day because initially it was 7 days now it is 6 days, so activity E can be crashed by

1 day.

Linear Programming Model for Crashing

+ The linear programming solution provided the revised activity times, but
not the revised earliest start time, latest start time, and slack information.

* The revised activity times and the usual PERT/CPM procedure must be used
to develop the activity schedule for the project.

Arcerson, D R Sweenty, D.J Wikame T A, Camm J D, & Cochean J J (2018). An mirochction 1o mavagement soionce quanitative
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The linear programming solution provided the revised activity times but not the revised earliest
start time, latest start time, and slack information. So, what will happen? When we compress our
time the whole schedule also will change, so the revised activity times and the usual PERT/CPM
procedure must be used to develop activity schedule for the projects. So, what | am saying here
is that if you revise when you compress the duration again, the whole schedule needs to be
found.



Linear Programming Model for Crashing - Takeaways

+ |f two or more activities lead directly to the Finish node of a project
network, a slight modification is required in the linear programming
model for crashing.

+ Consider the portion of the project network shown here.
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Linear programming model for crashing, some takeaways. Note that the 2-machine maintenance
project network for the crashing illustration has only one activity, activity E, leading directly to
the finish node. You see that there is only one activity that directly comes to the finishing node.
Thus, thus we can directly write the linear programming constraint requiring the project

completion in 10 days or less, which could be written as Xg <=10.

Sometimes, what will happen? There will be two activities that will end for finishing. For
example, if 2 or more activities lead directly to the finish node of a project network, a slight
modification is required; what will happen? There may be one more network here and one more
activity here that will end at this finish node. So, what if there is more than one node, and we
need a slight modification in our LP model? Now consider the portion of the project network

shown here.



Linear Programming Model for Crashing - Takeaways

* Inthis case, we suggest creating an additional

variable, X, which indicates the finish or
completion time for the entire project.
* The fact that the project cannot be finished until £ N
both activities € and G are completed can be e % ’:th
modelled by the two constraints ot
Xey 2 Xpor Kpy =Xg 2 0 ¢

Xew 2 Xg or Xeyw = Xg 2 0
* The constraint that the project must be finished by
time T can be added as Xz <\T.)

Andecson, D R, Sweeney, ( W

There are activity E and activity G that is directly coming to the end node, which is a finish node.
So, in this case, we suggest creating an additional variable Xrin, which indicates the finish or
completion time for the entire project. The fact that the project cannot be finished until both
activities E and G are completed can be modeled by the 2 constraints. So, what can we do that?

So, we can write a constraint like this Xrin >= Xg for this activity.

So, for the activity, if the G Xrn is greater than or equal to X G, this Xrin Will be provided by the
management. So, the constraint that the project must be finished by time T can be added as Xrin
<=T. So, whenever there are two nodes that are directly ending to the finishing node, these three
equations can be added to take care. Dear students, in this lecture, | explained the time-cost
trade-off. What is this time-cost trade-off?

Whenever you compress the time, the cost will increase, so we need to have the optimal
reduction in the number of days so that the cost will be minimized. Then, | explained the
crashing activity times. The last one that is very important is that | have explained how to use a

linear programming model for crashing with the help of Excel. Thank you very much, students.



