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Lecture-23
Integer Programming Distribution Problem
Dear students, in this lecture | will continue with 0-1 integer programming. What have | done in
this lecture? | have taken one problem on distribution, which is a standard application supply
chain management, where | have used 0-1 constraint for formulating the problem. The second
topic that 1 am going to discuss is some of the modeling flexibility provided by 0-1 integer

variables.

| |
Agenda

* Distribution problem with 0-1 constraint
+  Modeling flexibility provided by 0-1 integer variables




Distribution System Design

+ A Company operates a plant - P5 with an annual capacity of 30,000 units,
* Product is shipped to regional distribution centres located in D1, D2 and
03,

+ Because of an anticipated increase in demand, the company plans to
increase capacity by constructing a new plant in one or more of the
following cities; P1, P2, P3 and P4

Distribution system design: one of the important tasks of supply chain managers is to decide how
to design the distribution system. So, | have taken 1 sample problem. This problem is taken from
the book by Anderson et al. A company that operates a plant already there is a company they
have one plan to say the plant name is P5, with an annual capacity of 30,000 units. The product
is shipped to regional distribution centers located in D1, D2, and D3; there are 3 distribution

centers and 1 plant.

Because of this anticipated increase in demand the company plans to increase the capacity by
constructing a new plant in one or more of the following cities. So, the new cities that they are

considering for constructing the new plant are P1, P2, P3, and P4.

Proposed Plant
P1 1,75,000 10,000
P2 3,00,000 20,000
P3 3,75,000 30,000
P4 5,00,000 40,000
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For the proposed plant, there are 4 proposed plants already 1 plant is there, P5, but they are
proposing 4 plants, P1, P2, P3, and P4; the annual fixed cost for this proposed plant is given, and
the annual capacity is also given.

Distribution Centre

D1 30,000
D2 20,000

D3

There are 3 distribution centers, D1, D2, and D3, and their annual demand is also given.

Shipping Cost per unit

Apart from this plant capacity and the demand, the shipping cost from all 4 new plants and the
existing plant is also given, so transportation cost is given. So, what is the meaning? In case you
are going to construct a plant at P1, if you are shipping the product from P1 to D1, the
transportation cost is 5. Similarly, 2, 3, for example, P5 to D1 is 8, P5 to D2 is 4, and P5 to D3 is
3. So, this table represents transportation costs.
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So, now the problem which is there in the previous slide | brought into the network form: what
does this network form say? There are 4 proposed plans P1, P2, P3, and P4. This plant already
exists; there are 3 demand points D1, D2, and D3. For each proposed plant, there is a capacity,
and all the values are in terms of 1000, and capacity is at 10, 20, 30, and 40. This is an existing
plant. So, the demand is 30, 20, 21; this number represents, say, P1 to D1, and 5 represents unit
transportation cost. P1 to D 2 transport is cost is 2, P1 to D3 transportation cost is 3. So, likewise,
| have mentioned the transportation cost of the arc.

Decision variables for new plants

y, =1 if a plant is constructed in P1, 0 if not
y,=1 if a plant is constructed in P2, 0 if not
y;=1 if a plant is constructed in P3, 0 if not

y, =1 if a plant is constructed in P4, 0 if not

Now | am going to introduce the decision variables for the new plant. We have 4 plants. | am

going to consider y; = 1 if the plant is constructed at P1, y» = 1 if your plant is constructed at a



P2, y3 = 1 if your plant is constructed to P3, y4 = 1 if the plant is constructed in P4. So, | may

suggest 1 plant, 2 plants, 3 plants, or 4 plants, a maximum of 4 plants | can suggest.

Annual Transportation Cost

x,, = the units shipped in thousand from plant i to distribution j

X, +2X, 43X,

The next element is the annual transportation cost. So, here 1 am going to introduce the decision
variable X ij; i represents the plant, and j represents the demand. So, the unit shipped from in
terms of thousands from plant i to distribution j.

So, 5X11, see this 5x11, 2X12 + 3X13, similarly 4x21, 3x22, 4x23. Likewise, | have written all the
distribution costs along with the decision variables. For example, from P5, P8; Xs1 + 4Xs2 + 3Xs3

represents the total transportation cost.

Annual fixed Cost

the annual fixed cost = 175y, +300y, + 375y, + 500y,

Now the annual fixed cost is given. So, 175yi, 300y2, 375ys and 500ys. Now there we have

already discussed the transportation cost, and now there is a fixed cost also.



Capacity Constraint
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X, + X, +X, =10y, <0 P1 Capacity .
Xy, + Xy, 4 Xy, = 20y, <0 P2 Capacity
X, +X,, + X, =30y, <0 P3 Capacity
X, + X, + X, ~40y, <0 P4 Capacity

Xt Xe + X3 <30 P35 Capacity

Now we will write about the capacity constraint. For the proposed plant 1, the capacity is 10, so
what are the possible items that can be left from plant 1? x11, X12, X13 less than or equal to 10y 1?
So, the y1 is binary, so this constraint is applicable only if plant 1 is selected, say because we
know y1 is 1, 0. So, this constraint is valid only if the plant y1 is selected, so | brought it to the
left-hand side, which is -10y1.

Similarly, the capacity of the proposed plant 2 is 20, so this will be X21 + X22 + X23 - 20y2.
For plant 3 the capacity is 30, SO Xa1 + X32 + X33 - 30y3,

for plant 4, Xa1 + Xa2 + Xa3 - 40y4, and for plant 5 it already exists you need not there will not be
any y 5 variables but there will be capacity, that capacity is maximum 30. So, this is our capacity

constraint.

Demand Constraint

Xp Xy + Xy, + X, + X, =30 DI Demand

X tXys # X + X #X =20 D2 Demand o

Xty + X3 + X + X = 20 D3 Demand
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Now, we will be writing on demand constraints; what is the demand constraint? You see, D1,
what are the possible ways to reach D1, 11, 21, 31, 41, 51? That should be equal to 30. What are
the possible ways to reach D 2? 12, D2, 32, 42, 52, similarly for D3, what are the possible ways?

13, 23, 33, 43, and 53 are the demand constraints.

[ |
Complete Model
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Now, | have brought the complete model. In the complete model, first, we look at the objective
function. Here, the objective function is minimization type; what element is there? There is
transportation cost is there, up to this there is a transportation cost, then there is a fixed cost is
there. You see that here, fixed cost, and | am subtracting because all the elements are cost, so |

can directly minimize the cost.

Then there are our capacity constraints; these are our demand constraints. So, | am going to solve
this problem with the help of a solver. Now, | am going to solve this distribution problem with
the help of a solver. | have written the decision variables in B3 to U3, then the changing cells
from C4 to U4, then the coefficient of objective function | have written, then | have written

capacity constraint and demand constraint.

Here, the value of y1, y», y3, and ya is going to be the binary constraint; I will explain what kind
of constraint | have considered. So, data, solver, so this is a minimization type. You see, the
constraint R4 to U4 is the binary constraint, and all other constraints are as usual. Capacity

constraint less than or equal to, demand constraint is equal to type, when | solve it, so the value



of the objective function is 860. Now, | will interpret this result in my presentation.

Solution

The value of x 42 is 20, xs3 is 20, and xs: is 30, so which plant is opened as per this solution?
Only plant 4 is getting selected; we proposed to 4 plants out of 4. We are selecting only one plant

to satisfy this current demand.

e Network Representation

Plants Distribution
Centres

So, on this slide, | have brought your solution. The value of y4 is 1, which means out of 4, only
P4 is getting opened. So, P4 demand is 40, capacity is 40, so from P4, so D1 the demand
requirement is 30. So, the P5 30 units are sent to satisfy the D2 demand, which is 20, so we know

the P4 plant capacity is 40. So, 20 units are distributed to D2.



Distribution System Design

+  This basic model can be expanded to accommodate distribution systems involving direct
shipments from plants to warehouses, from plants to retail outlets, and multiple products

* Using the special properties of 0-1 variables, the model can also be expanded to
accommodate a variety of configuration constraints on the plant locations

*  For example, suppose in another problem, site 1 and site 2

+  Acompany might not want to locate plants in both site 1 and site 2 because the cities are so
close together.

*  To prevent this result from happening, the following constraint can be added to the model:
LI A0 P RCD
*  This constraint allows either y1 or y2 to equal 1, but not both

+ If we had written the constraints as an equality, it would require that a plant be located in
either site 1 and site 2

This basic model can be expanded to accommodate distribution systems involving direct
shipment from plant to warehouse, from plant to retail outlets, and multiple products. How to
consider that? We just have to include a direct arc from the plant to the demand center. Using the
special properties of 0-1 variables, the model can also be expanded to accommodate a variety of

configuration constraints on the plant location.

For example, suppose in another problem, say site 1 or site 2, a company might not want to
locate plants in both site 1 and site 2 because the cities are so close together. To prevent this
result from happening, the following constraint can be added, how if you write y1 + y- less than
equal to 1, what will happen? This constraint allows either y; or y> = 1 but not both, so that is the
benefit of a 0-1 binary constraint. If we had written the constraint as an inequality, it would
require that a plant be located at either site 1 or site 2.



Modeling flexibility provided by 0-1 integer variables

Now, the modeling flexibility is provided by 0-1 integer variables.

Project NPV, Capital Requirements, and available capital

You remember, we have solved this problem, where we must maximize the NPV; what is the

data given? Capital requirements and available capital.



Four 0-1 decision variables

+ P =1ifthe plant expansion project is accepted, 0 if rejected
+ W =1if the warehouse expansion project is accepted, 0 if rejected
+ M= 1if the new machinery project is accepted, 0 if rejected
R =1if the new product research is accepted, 0 if rejected

So, P = 1 represents the plant expansion, W = 1 represents the warehouse expansion, M = 1

represents the new machinery, and R = 1 represents new product research.
| |

Multiple-Choice and Mutually Exclusive Constraints

*+ Suppose that, instead of one warehouse expansion project, the Company
actually has three warehouse expansion projects under consideration

* One of the warehouses must be expanded because of increasing product
demand, but new demand isn't sufficient to make expansion of more than
one warehouse necessary.

* The following variable definitions and multiple-choice constraint could be
incorporated into the previous 0-1 integer linear programming model to
reflect this situation.
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Suppose that instead of one warehouse expansion project, the company has 3 warehouse
expansion projects under consideration. So, how to incorporate this kind of situation into our
formulation? So, one of the various must be expanded because of increasing product demand but
new demand is not sufficient to make the expansion of more than one warehouse necessary. So,
the following variable definitions and multiple-choice constraints could be incorporated into the

previous 0-1 integer linear program model to reflect this situation.



Multiple-Choice constraint

* W1 =1if the original warehouse expansion project is accepted; 0 if rejected

+ W2 = 1if the second warehouse expansion project is accepted; 0 if rejected

+ W3 = 1if the third warehouse expansion project is accepted; 0 if rejected

+  The following multiple-choice constraint reflects the requirement that exactly
one of these projects must be selected:

" WLHW2e W3zt

+  [f W1, W2, and W3 are allowed to assume only the values 0 or 1, then one and

only one of these projects will be selected from among the three choices.

The first one we are going to consider multiple choice constraints. What is the meaning of
multiple choice? Anyone warehouse should be opened; for that purpose, we must introduce W1
+ W2 + W3 = 1. In this situation, if W1, W2, and W3 are allowed to assume only the value 0-1,
then one and only one of these projects will be selected from among these 3 choices whenever
you write equal to sign. This is an example of multiple-choice constraints.

Mutually exclusive constraint

¢ |f the requirement that one warehouse must be expanded did not exist, the
multiple choice constraint could be modified as follows:

¢ WI+W2+4W3<=1

* This modification allows for the case of no warehouse expansion (W1 =
W2=W3 =0) but does not permit more than one warehouse to be expanded.

*  This type of constraint is often called a mutually exclusive constraint,
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Now, there may be a situation with mutually exclusive constraints; if the requirement that one

warehouse must be expanded did not exist, the multiple-choice constraint could be modified as
follows. So, if you write W1 + W2 + W3 <=1,



so this modification allows for the case of no warehouse expansion. W1 + W2 + W3 = 0 but does
not permit more than 1 warehouse to be expanded. We can have any 1 or it can be all 0, so this is

an example of mutually exclusive constraint.

e |
'k’ out of ‘n’ Alternatives Constraint

* An extension of the notion of a multiple-choice constraint can be used to model
situations in which k' out of a set of n projects must be selected—a 'k’ out of 'n’
alternatives constraint,

*  Suppose that W1, W2, W3, W4, and WS represent five potential warehouse
expansion projects and that two of the five projects must be accepted.

* The constraint that satisfies this new requirement is
t WL+W2+W3+WaeW5=7

* If no more than two of the projects are to be selected, we would use the
following less-than or-equal-to constraint:

¢ WI+W2+W3+WE+WS<=2

¢ Again, each of these variables must be restricted to 0-1 values.

Now there may be a situation k out of an alternative constraint. An extension of this notion of

multiple-choice constraints can be used to model situations in which k out of a set of n projects
must be selected; simply, we can say a k out of an alternative constraint. Suppose that W1, W2,
W3, and W4, and W5 represent 5 potential warehouse expansion projects and that 2 of the 5

projects must be accepted: then how to write this constraint?

So, this constraint that satisfies this new requirement is that 2 of the 5 can be written W1 + W2 +
W3 + W4 + W5 = 2, so that means out of the 5, only 2 will be selected. If no more than 2 of the
projects are to be selected, we would use the following less than or equal constraint. So, when
you write the same constraint into less than or equal to type, what will happen? Maximum 2 is
possible; the first 1 where there is equal to you must have 2 warehouses; when you write less
than or equal to, it should be maximum; if O is possible, 1 is possible, 2, so maximum we can go

for 2 warehouses.
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Conditional and Corequisite Constraints

+  Sometimes the acceptance of one project is conditional on the acceptance of another.

+ For example, suppose for the Company that the warehouse expansion project was conditional
on the plant expansicn project x
That is, manag::n;en! will not consider expanding the warehouse unless the plant is expanded

With 'P' representing plant expansion and "W’ representing warehouse expansion, a
conditional constraint could be introduced to enforce this requirement

¢ WesP

* BothPand WmustbeOor 1

¢ Whenever Pis 0, W will be forced to 0

¢ WhenPis 1, Wis also allowed to be 1; thus, both the plant and the warehouse can be
expanded,

*  However, we note that the preceding constraint does not force the warehouse expansion
project (W) to be accepted if the plant expansion project (P) is accepted

.

Another way of writing conditional and corequisite constraints. Sometimes the acceptance of one

project is conditional on the acceptance of another. For example, the company's warehouse
expansion project was conditional on the plant expansion, so what is happening in this type of
project is warehouse expansion and plant expansion. So, generally, in a practical context,

whenever there is a plant expansion, then only should go for warehouse expansion.

So, how to consider this constraint? That is, the management will not consider expanding the
warehouse unless the plant is expanded with P representing the plant expansion and W
representing warehouse expansion; a conditional constraint could be introduced to enforce this
requirement if W is less than or equal to P. So, what it says is that warehouse expansion is

possible only if you go for plant expansion. Here both P and W must be 0 or 1.

So, whenever P is 0, that is, the plant expansion is taking place. If the plant expansion is not
taking place, the W will also be forced to 0. If P = 1, W is also allowed to be 1, but it can be 0
also; thus, both the plant and the warehouse can be expanded. However, we know that the
preceding constraint does not force the warehouse expansion project to be accepted if the
planned expansion project is accepted. So, there is a possibility W can become 0 when there is a
plant expansion, but the warehouse expansion is possible only if you go for plant expansion. So,

this type of constraint also can be incorporated.



Corequisite constraint

* If the warehouse expansion project had to be accepted whenever the
plant expansion project was, and vice versa, we would say that P and W
represented corequisite constraint projects.

+ Tomodel such a situation, we simply write the preceding constraint as an
equality:

" W=-_P

+ The constraint forces P and W to take on the same value,

Then let us look at the corequisite constraint. If the warehouse expansion project had to be
accepted whenever there was a plant expansion project or vice versa, we would say that P and W
represented corequisite constraint projects. How do you write in the form of an equation this
corequisite constraint? So, we simply write this corequisite constraint W = P, so this constraint
forces P and W to take on the same value whether P = 1 W is also equal to 1. So, this is called

the corequisite constraint, P =0, W also 0.

Example problem

+  The following questions refer to a capital budgeting problem with six projects
represented by 0-1 variables x1, x2, x3, x4, x5, and x6:

* Write a constraint modeling a situation in which two of the projects 1, 3, 5, and
6 must be undertaken.

» xlAadtaitab=2

Now we will go for some more flexibility in the binary variables. The following questions refer
to the capital budgeting problem with the 6 projects represented by 0-1; what are the 6 projects

X1, X2, X3, Xa, Xs, and Xe? Now, write a constraint modeling a situation in which 2 of the projects



1, 3, 5, and 6 must be undertaken. So, how to write that one? When you say X1, X3, Xs, Xs should

be equal to 2, this is the first one.
A |

Example problem

+  The following questions refer to a capital budgeting problem with six projects
represented by 0-1 variables x1, x2, x3, x4, x5, and x6:

* \Write a constraint modeling a situation in which, if projects 3 and 5 must be
undertaken, they must be undertaken simultaneously.
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The second question is to write a constraint modeling a situation in which projects 3 and 5 must

be undertaken and they must be undertaken simultaneously. So, what would you write? X3 = Xs,

so otherwise X3 - Xs = 0, what is the meaning? Simultaneously, when you go for xs, then xs also

should be there; then only we will get 0; if it is O, this also should be 0; this is the other way.
PEEEsssssss———— 400000 |

Example problem

+ The following questions refer to a capital budgeting problem with six projects
represented by 0-1 variables x1, x2, x3, x4, x5, and x6:

* Write a constraint modeling a situation in which project 1 or 4 must be
undertaken, but not both.
v xltad=]
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The next question is to write a constraint modeling a situation in which project 1 or 4 must be
undertaken but not both.
So, when you write X1 + x4 = 1, eitherwecangofor1 +0=210or0+ 1 =1, but1+ 1 is not

possible because that will violate your constraint.
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Example problem

*  The following guestions refer to a capital budgeting problem with six projects
represented by 0-1 variables x1, x2, x3, x4, x5, and x6:

*  Write constraints modeling a situation where project 4 cannot be undertaken
unless projects 1 and 3 also are undertaken.

* xde=nl
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The next question is to write a constraint modeling a situation where project 4 cannot be
undertaken unless projects 1 and 3 are also undertaken; now, there is a conditional requirement.
So, when you write x4 less than or equal to x1, that means that if you are going for x4, x1 must
be taken; if you go for the second constraint x4 less than or equal to x3, if you are going for x4,
x3 also should be taken.

EEEEEEEEE—— |
Example problem

+  The following questions refer to a capital budgeting problem with six projects
represented by 0-1 variables x1, x2, ¥3, x4, x5, and x6:

* In addition to the previous requirement, assume that when projects 1 and 3 are
undertaken, project 4 also must be undertaken,

voxde=yls
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In addition to the previous requirement that we have discussed in the previous slide, assume that
when projects 1 and 3 are undertaken, project 4 also must be undertaken. How to represent this
one in the form of the equation? So, X4 is less than or equal to x; this is the constraint that we
have discussed in the previous slide. Now what is that? Project 4 also must be undertaken, so

how to represent this x4 is greater than or equal to x1 + x3 — 1. So, when do you represent this



way what it says that? When the project 1 and 3 are undertaken, project 4 also must be

undertaken. See if you are taking X1 = 1, X3 = 1, so 2 — 1= 1, then X4 is also undertaken.
]

A Cautionary Note About Sensitivity Analysis

Sensitivity analysis often is more crucial for integer linear programming
problems than for linear programming problems,

+ Asmall change in one of the coefficients in the constraints can cause a
relatively large change in the value of the optimal salution.

+  To understand why, consider the following integer programming model of a
simple capital budgeting problem invalving four projects and a budgetary
constraint for a single time period:

¢ Max 40k, + 60x, + 70x, + 160k, .

+ sl

+ 16x, + 35, + 45x, +85x, <= 100~

(iRt

o X =01
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Another important point in integer programming is sensitivity analysis. See, sensitivity analysis
is often more crucial for integer linear programming problems than linear programming
problems. A small change in one of the coefficients in the constraint can cause a relatively large
change in the value of the optimal solution, so there will not be any proportional change. To
understand why, consider the following integer programming model of a simple capital
budgeting problem involving 4 projects and a budgetary constraint for a single time. So,

objective function, the budgetary constraint is 100, so now what am | going to do?

| am going to solve this problem with the help of Excel; then 1 am going to increase this 1 unit on
the right-hand side. Let us see the effect of this 1 unit increase on the right-hand side of the
constraint on our objective function; we will go to Excel. Now, | am going to explain the concept
of sensitivity analysis in integer programming. So, | have formulated the problem; you see the
value of the right-hand side is 100, so go to the solver; look at this: the function is maximization
problem C4 to F4 is a binary. When | solve it, the value of my objective function is 170; now, |
am going to see the concept of dual value. If I change the right-hand side from 100 to 101, now |

resolve it; when I resolve it, you see that the value of the objective function is 200.



Just for 1 unit increase on the right-hand side, the value of the objective function is drastically
increased; that is why you should be very careful while doing the sensitivity analysis. The
sensitivity analysis in integer programming means you have to resolve the problem.

A |
A Cautionary Note About Sensitivity Analysis

+ We can obtain the optimal solution to this
problem by enumerating the alternatives.

o Itisx1=1,x2=1,x3=1,and x4 =0, with e
an objective function value of $170 v )

When the right-hand side is 100, the value of the objective function is 170.
L |

A Cautionary Note About Sensitivity Analysis

*  However, note that if the budget available is
increased by S1 {from $100 to $101), the optimal
solution changestox1=1,x2=0,x3=0,andxd = |,
with an objective function value of $200
¢+ Thatis, one additional dollar in the budget would lead - -, s )
to a $30 increase in the return. -
Surely management, when faced with such a ;
situation, would increase the budget by $1, A @)
Because of the extreme sensitivity of the value of the
optimal solution to the constraint coefficients,
practitioners usually recommend re-solving the
integer linear program several times with slight
variations in the coefficients before attempting to
choose the best solution for implementation
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When | change the right-hand side is 101, the value of the objective function is 200. That is 1

additional dollar in the budget would lead to 30 dollar increase in the return. Surely management
when faced with such a situation would increase the budget by 1 dollar because there is a huge
increase in the return. Because of the extreme sensitivity of the value of the optimal solution to

the constraint coefficients, practitioners usually recommend resolving the integer linear program



several times with slight variations in the coefficient of objective functions or the right-hand side

value before attempting to choose the best solution for implementation.
(. |

A Cautionary Note About Sensitivity Analysis

This is | brought the same when it was a 100, it was 170 when the right-hand side was 101, there
is a 200. In this lecture, | have explained the distribution problem with 0-1 constraint, and after
that, | have explained various modeling flexibility provided by 0-1 integer variables. Thank you

very much.



