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WHAT IS QUANTUM FIELD THEORY

Welcome back. So, in the last lecture I gave a summary of the various short comings that arise
when we look at the particle based interpretation of quantum mechanics or interpretation
based on these space time as it is. Now, this paved the way for the introduction of additional
structure over the space time framework; in the form of a quantum field. I also introduced the

concept of the field.
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Basically, the field is a continuous is an allocation or an assignment of values to every point in
space time. Represent continued field functions are continuous functions which allocate or
assign values to every point in space time. Now, these values may be take the form of a scalar,

they may take the form of a vector or even a tensor.

And correspondingly we have a scalar field like temperature a vector field or a tensor field as
well, so that is the important thing. In the case of a field we have a two layered structure we
have an underlying space time. And over that we have a field which is which allocates a

physical quantity to each point on the space time.

And then on that we construct our desired framework comprising of either the Lagrangian or

the Hamiltonian as the case may be. Now therefore, the Lagrangian and Hamiltonian which



were earlier functions of coordinates and their derivatives; now get elevated and they become

functionals of the field variables and their derivatives.
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* Up to now we have been concerned with
systems of point masses characterized by a
discrete set of coordinates q;(t)

* Now we will turn to the study of fields.

* Each point of a (finite or infinite) region in space
will be associated with some|continuous field

variable which we will denote by the generic
name @(x,t).

The important point is we were talking about so far we have talked about point masses and
those point masses were characterized by discrete set of coordinates. Field functions on the
other hand are continuous functions which allocate or assign values to each port in this

coordinate space or underlying space or space time.
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* The dynamical variables of the theory:

Continuous field variables ¢@(x) at each point ol

spacetime

instead of the discrete set of coordinateq
q; themselves.

The space coordinate x plays the role of J
"continuous-valued index”,

* Fields have an infinite number of degrees of
freedom.

Now, the important implications are that the continuous field variables at each point of exist at
each point of space time the allocation is there at each part of space time. And instead of the
discrete set of coordinates we now have these the field variables representing the or taking

about the role of the continuous the physical entities.

The dynamical variables the dynamical variables now are represented by the field variables
rather than the coordinates and then and derivatives. And the coordinates of course, simply

serve as the index set, it is a serve to index those field variables.
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* The Lagrange function now FIELD LAGRANGIAN

* is a functional of the field variables,

* i.e., a mapping from a space of functions Q to
the real numbers R.

L(t)=L{ p(x,t),( x,1)

As I mentioned just now the Lagrangian function now becomes our functional of the field
variables and it is derivatives. That it is a mapping from the set of functions to the real space

or the real line or the set of real numbers.



(Refer Slide Time: 03:44)

* L(t) simultaneously depends on the
values of ¢(x,t) and

*jts time derivative at all points in
space.

* Note that the functional does not
depend on the coordinate x itself.

The and the Lagrangian simultaneously depends on the field variable. And the field variables
phi x of t phi is itself a function of the space time variables x and t which are indexing phi;

please note this which are indexing phi.

And it is time derivative of course, is also there in the Lagrangian also has a functional
dependence of the time derivative of phi x t. But phi at the Lagrangian does not explicitly

depend on the space time variables x and t.
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Thus, we have a two step dependence in field theory :
A) We start with an underlying spacetime manifold M
B) The field function (p(x,t) : M — Q) maps every

spacetime point (x,) t0 a function ¢p(x,t) in the space
of functions Q.

(C ) The Lagrangian, Hamiltonian and other physical
quantities are then functionals of ¢ x,t) to R or C

i.e. they are mappings from the space of functions C to
RorCeg. L[(p(x,t),(p(x,t)] Q- R(or C)

So, we have this two layer structure; we have an underlying space time manifold M. We have

the field function that allocates physical quantities to every point on the space time manifold.

That is the mapping from the set M to this set of functions omega. And then we have the

Lagrangian or the Hamiltonian as the case may be which is a mapping from omega to the set

of real numbers.



(Refer Slide Time: 04:49)

QM AS QFT IN ZERO SPACE DIM

* If we compare the action of a free quantum field
with that of QM of a particle, we find that the

QM can be recovered as a special
case when the V2term vanishes i.e,

we work in zero space dimensions.

Now, comes the issue of quantization. Now, to understand quantization in this context in the
current context we note that we can recover the harmonic oscillator Lagrangian harmonic

oscillator action in fact, if we ignore or if we remove the del square term from the field action.
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ACTION (FREE FIELD):
1 1) - 2l 1

S[p]=- d”x[5m2w2+5 Vo) -3(6,40)2]

For 0- spatial di 1

To make it more explicit you look you can look at the slide here, the action of the free field is
given in the first equation. And, if you remove the expression of the this expression in the red
box you get the expression which is there in the green box. If you by removing the expression

on the in the red box.

And if you compare this with the harmonic oscillator there is a literally one to one
correspondence between the field variable and the dynamical variable of the Hamilton of the
harmonic oscillator. And therefore, because when we quantize the harmonic oscillator we are

upgrading these dynamical variables q and p to the status of an operator.



The rational logic is that we upgrade the field variables or quantize with respect to the
quantized the system with respect to the field variables now. And that is precisely what is done

in canonical quantization of the quantum fields.
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A
For 0-spatial dim ensions V vanishes so that

S[e]= df[%(afcv)“%m’wz]

Usual Harmonic Oscillator Action :

S[q]= J’ d:B(a,q)’ - %kq’]

* |n such a situation, the action resembles that of

a harmonic oscillator (HO), so that ¢, then,
takes up the role of the position coordinate.

Now, if you have as I mentioned in the O spatial dimensions we recover the harmonic
oscillator action by removing that term. Because if you have 0 spatial dimensions the
derivatives with respect to space will and disappear. And we shall only have derivative with

respect to time and then we have this correspondence with the harmonic oscillator.
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CANONICAL FIELD QUANTIZATION

* In quantum mechanics (the equivalent of
QFT with zero spatial dimensions),

* quantization is achieved by

* upgrading the dynamic variables q(t) as
operators. “




(Refer Slide Time: 06:55)

A
* It, thus, follows that:
* for quantizing a field theory,

{ the field variables (which themselves
are functions of space-time)

{ are the quantities that need to be
replaced by field operators.

So, that is the relevant part about field quantization. The variables that are to be quantized are
not the underlying space time variables, but the variables that form the field variables that is

phi and it is a conjugate derivative right. So, then there is another issue here.

The other issue is that because we are going to merge special relativity with quantum
mechanics. And special relativity the fund the cornerstone or special relativity is that the time
and space variables are need to be placed on equal footing. So, in the context of quantum field

theory we need to give equal relevance or equal positioning to the space and time variables.
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* Furthermore, QFT has been evolved to
combine the principles of QM & SR.
* As such, in QFT,

] x,t need to be placed on equal footing for
Lorentz invariance.

{ Both are underlying quantities that appear
as underlying classical variables.

And these are in fact x and t are the underlying quantities that they that represent the classical
variables. And the quantization will be done with respect to the field variables which are
functions of these underlying where classical variables x and t. Then I started talking about

the; zero dimensional field theory.

The logic of starting with the; zero dimensional field theory is to acquaint the viewer with the
nuances with the mythology; the formalism in it is simplest form. And then carried over to the

more complex; form the scalar field, the direct field and the gauge fields.
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* We start our study of QFT in a
space-time with zero dimensions.

* This simple case affords explicit
enunciation of ideas to be applied
in more realistic theories.
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FIELD STRUCTURE IN 0-D SPACETIME

* In a zero-dimensional arena,

* the quantum fields are assignments of a single
physical quantity at the given point;

* the simplest quantum field is the case of the
assignment of a single stochastic, or random,
real number at the given point.

So, in a field structure in zero dimensional space time and that is 0 plus zero dimension; zero
dimensional space zero dimensional time. The quantum fields are nothing, but assignments of a
single number single physical quantity to a point to a given point. And the simplest form is
when the simple the physical quantity being assigned to the point zero dimensional point is and
nothing, but the real number. And that is the case that we are going to investigate to start

with.
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FIELD CHARACTERISTICS

* Formally, if our space-time M is zero-
dimensional and connected, then

1. it must be just a single point: M = {pt}
2. there are no lengths, so there is no notion of a
metric.

So, formally if we have our space time M and if it is compact and if it is zero dimensional it is
nothing, but a point. So, we represent it in the form given here. Furthermore because we our
space time is only a point there are no lengths and there are and there is no metric. And

because there is no matrix there will be no derivative terms here in the action or elsewhere.
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3. the Lorentz group is trivial, hence all its
representations are trivial. Thus, all fields
must be scalars.

4, there is no notion of the ‘spin’ of a field,
simply because there is no notion of a
Lorentz transformation.

The concept of derivative will not be there because there is no metric as such. So, the issue of
derivatives when does not arise. The Lorentz group is trivial and it is representations are also

trivial.

And therefore, all fields have to be scalar fields that is an immediate consequence of the trivial
representations of the Lorentz group. There is notion of spin in the field; because there is no

notion, no concept of Lorentz transformations in this scenario zero dimensional field.
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FIELD DEFINITION

*In the simplest case, a ‘field’ on
M = {pt} is a map @:{pt} - R, or
in other words just a real variable.

And the field is therefore, defined as a mapping keeping in M in all have what whatever I have
said just now. The field may be considered as a mapping from a point to the set of real
numbers; mapping phi from the point and to the set of real numbers. Recall that a zero

dimensional space underlying squares if it is compact is nothing, but a point.
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FIELD CONFIGURATIONS

* The space C of all field configurations is just
R,

* because our entire universe M is just one
point,

* so we completely specify what the field looks
like (paths) by giving its value at this one
point.

Now, the space of C of configurations is also just the space of real numbers; why is that? You
see how will we represent a path in this space? We will represent a path in this space simply by
representing a value at the given point because the path is nothing, but the value of the field at

that given point. And that value can take any value on the real line.

And therefore, the set of all paths of the or the configuration space C of all compute field
configurations is nothing, but the field of real numbers or the set of real numbers. To repeat
because we have just the one point in the manifold, so we can describe the field by describing

it on that point by describing it is value on that point.



And that value can take any as value on the set of real numbers. Therefore the all the paths any
particular path is simply a value at that point at that given point which can be any real number.

And therefore, the space of all the paths is simply the real line or the set of real numbers.
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ACTION

* In zero dimensions,

* there are no space-time directions along which
we could differentiate our ‘field’, so there can
be no derivative terms in the action.

* Thus, the action is just a function S]g/ of this
one real variable.

Now, we come to action. In the context of action in zero dimensions there will be no space
time directions as I mentioned earlier. And therefore, there will be no derivatives no
differentiation. And in fact, there is no matrix so there is no question of any differentiation no
derivative. Terms would be present in the action and therefore, the action will just be a

function of the field variables and no derivative of the field variables will appear in the action.
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* All that really matters is that S[¢] is
chosen so that the partition function
converges.

* We'll typically take S|¢@| to ‘be a
polynomial (with highest term of even
degree).

And; however, it is important that the action is so chosen that the partition function a function
in that we will be talking about converges. And we shall take the action to be a polynomial
with the highest term of even degree. Why this has to be an even degree? We will also discuss

that.

So, the for the moment the important thing is that the action will be so chosen that the
partition function converges. And number two the action shall be a polynomial in even degrees

because otherwise the issue of convergence becomes non trivial. So, we shall come back to it.
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EXAMPLES OF ACTION IN 0-D SPACE

1
S[(P]:Emzfpz;
1

S|pl==—m'p*+ 1

A

) 4!

So, the examples of action in zero dimensional space; this is the pre action. The first is the
example of the pre action and the second is the example of an action with an interaction term

with the coupling constant represented by lambda. So, we shall be talking about them.
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PATH INTEGRAL MEASURE

* As mentioned earlier, so we completely specify
what the field looks like by giving its value at this
one point.

* our quantum field ¢ is simply a real variable that
takes its values on the whole real axis from —oo to
+ 00

* Because C = R, the path integral measure [Dg]
becomes just the standard (Lebesgue) measure d¢
onR.

And the path integral measure as I mentioned; as I mentioned the paths are simply the values
of the fields at the point under reference and one because therefore, and that value is a real

number. And therefore, this entire set of path is simply the set of real numbers.

So, the when we talk about the path integral measure it simply becomes the conventional
integral measure that we are accustomed to a standard calculus. That is what we shall be

adopting here.
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* Since @ is a random variable, the most we can
ify about it is its probability density P(¢)

(¢) = Nexp(-S[¢p]] where

. |S ] is the action. | )

* The normalization is:

-1
v =|fexp(-slgDdo]

Now, the important thing is that the field is being represented or the field as we have; as we
have developed the field formalism as we have developed so far in the context of zero
dimensional field. Allocates or assigns a random number; random real number to a point in

which point represents the manifold zero dimensional manifold.

Now, because we are talking about a random number the most we can know about the
random number are it is probabilities. And, probability density function and the parameters
associated with it is probability density functions. So, we define the probability density
function of the field variable phi as this expression N exponential minus S phi where, N is a
normalization constant and S phi is the action. The normalization is given by the expression in

the green box.
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If there are K fields ,,(,,..,(p, associated
with the spacetime point they will have a
combined probability density

P(1 @y )= Nexp(=5[ 0,000, )
. 1
with N =

_[ exp (_S[(pv Pyy s Py D d(p1d(02 ;"d(px

In the special case when the action is separable i.e.

S0 J= 5[, ]+ S, [0, ]+ S, 0]

the fields are independent random var iables.

Of course then it is not necessarily that we necessary that we should have only one field at the
point under reference. We can have a situation where we are more than one fields acting on
the point under reference. We shall be starting with just the one field and we shall be exploring

are investigating the case of just the one field acting on the given point.

But it is certainly not necessary that this is the only case possible then. We can have a situation
where we have a number of fields acting on the point under a reference. In that case the
probability density function will take the form of this expression and the normalization

constant will also take the form of this multiple integral.



And the important thing is that if this action is separable if this action is separable this section
S phi 1 phi 2 and phi K is separable then of course, the action simplifies. And therefore, the
probability also probability density function also simplifies considerably.
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NORMALIZATION

The normalization is given by :
Z(0) =N :Iexp(—S[(o])d(a

R

Now, normalization as I mentioned is given by this expression Z 0 this is equal to N inverse.

Please note this is N inverse and this is given by this expression integral exponential minus S
phi d phi.

As I mentioned please note this that the path integral measure is same as the conventional

standard integral measure which is d phi because of the 0 dimensionality of the underlying

space.
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GREEN’S FUNCTION

* Since the quantum field is a random variable, we
can compute the collection of its moments,
called Green's functions:

G,=l¢")=N]do ¢"ex(-S1o])

with G, =g’ =1

Now, we define the Green functions of this quantum field as the moments of the distribution
moments of the probability distribution of phi. So, we define the n point Green function as the

nth moment of phi and that is given by the expression that is in the green box.

Obviously, G 0 will be equal to the Oth moment and the Oth moment is nothing, but 1. So, G 0
will always be 1 and the nth moment will be given by this expression. The expectation value of
phi to the power n in the given probability distribution, that we have assumed for the field

variables.



(Refer Slide Time: 17:49)

I 090909090900
GENERATING FUNCTION FOR GREEN’S FUNCTION

The generating function for the Green's functions is:

2(J)=Y.=J'G,=N|ep(-S[p]+J)dep

In the generating function; the generating function is exactly the definition is exactly the same
that we had and that was discussed earlier. In the context of the statistical description of path

integral Z J is given by the expression in the blue box here.

And from this expression we; now please note we have a source term added to this J pi is a
source term which is added to the action added to the action in the path integral. And from

here we can recover the N point functions N point Green functions by taking the respective.

And derivatives of the generating function and putting J equal to 0 thereafter. First we take the
derivatives of Z J with respect to J and then we put J equal to 0 and we recover the
corresponding Green functions with the order of the derivative determining the Green function

that we have to this to that will recover.
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A
J AS SOURCE
The number J, that serves purely as a
device to distinguish the various Green's
functions, is called a source.

The generating function is sometimes
called the path integral.

AFTEL O

As 1 mentioned the number J is which is the which is just a mathematical mechanism to
recover the Green functions is a source term. And the generating function is occasionally

called the path integral.
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GREEN FUNCTION_MANY FIELDS

Gw’sfwmbnfmhenmgzﬁddsameis:
G'Mzs--a"x E<ﬂn' %nz “'(0?) .
=N f eXP( w%s---,%])f/f o dp il

It is and this generating function is also sometimes referred to as the path integral. In the many
fields case the expression for the N point function can be generalized in the form that is given

in your slide.
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GENERATING FUNCTION_MANY FIELDS

The generating function is :

K
Z(J sl ) = NJexp{—S[(al,...,q)A. 370, ]dcpl wll gy
=

J’il ...J"‘x
=y LEG .+ Each field has its own source :
ol tan

My el

And correspondingly it can be determined the generating function for the many fields case also
can be written in this form which is given in your slide. And please note this we have different
sources different J as corresponding to different fields. In other words each field carries it is
own J; J 1 for phi 1, J 2 for phi 2 and so on. It is interesting to mention here that summation J i

phi i can also be written as a scalar product in this expression.

And of course, on the standard process for recovering the various moments or the various
Green functions from the generating functional is again the same. You take the derivatives
with respect to the with respect to the J as which relate to the phi. So, for which the function

the Green function is required to be obtained. The expression is given in the last equation on

this slide.
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CONNECTED GREEN’S FUNCTIONS

* The generating function Z(J) contains all the
information about the Green's functions, and
hence about the probability density P(¢).

* The same information is, therefore, also
contained in its logarithm,

Now, we come to the concept of connected Green functions. Now, the generating function Z J
contains all the information about the Green functions. In other words we can recover the

Green functions from the generating function as we have seen earlier.

We simply we can simply recover the Green function by taking derivatives first step and then
second step setting J equal to 0 after taking the derivatives. So, that being the case we can
recover all the Green functions from Z J. And that being the case we can also recover the

Green functions from the logarithm of Z J.
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We write} W(J) =logZ(J) Z— J'C,

n>1

where the sum begimmnzlsincel(ﬂ):l

The quantities C, (with, obviously C,=0
since G,=I) are called the connected
Green's functions of the theory.

So, the logarithm of Z J is called the generating function for the connected Green functions
generating functional or generating function for the connected Green functions is given by log

of Z J.
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The generating function for the connected Green's

fuctions is :W(J) =logZ(J) = Z—J"C"

=log NIexp(—S[qa]qu)dqo

R

Qeardy, W(0) =logZ(0) =logl =0 50 that C, =0

The generating function for the connected Green functions is given by this expression which in
terms of the; in terms of the original expressions can be written as log of N integral
exponential. In terms of the action it can be written as log N; N is the normalization

exponential minus S phi plus J phi d phi.

Because W 0 is equal to 0 therefore, C 0 becomes a 0. And the expression starts from the

series starts from N equal to 1.
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For n equal to 1; let us see what we get? For n equal to 1 we have C 1 is equal to the first
derivative of W J. And then we substitute J equal to 0 first we work out, the first derivative of
W J that is given by this expression; del by del J log of Z J that is 1 by Z J Z dash J. And that is
nothing, but G 1 upon 1 that is equal to phi the expectation value of phi the first moment of or

the 1 point Green function.

So, for n equal to 1; C 1 is equal to G 1 is equal to the expectation value of the field variable

or field operator. And this is for; this is for n equal to 1 that is the one point Green function.
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For asingle field theory, we have

C, =(p) : the mean,
C,= <(gv - <¢7))2>  the variance,
C, :<(¢-(¢))">  the skewness,
C,= <(q0 : (¢))4> -3C2 :the kurtosis

Similarly, we have the 2 point and the 3 point Green 3 point 4 point Green functions. As |
mentioned the 1 point Green function gives you the mean of the distribution, the 2 point Green

function gives you the variance.

And the 3 point connected Green functions I am sorry connected Green function gives you the
mean, the 2 point connected Green function gives you the variance. The 3 point connected

Green function gives you the skewness and the 4 point gives you the kurtosis.
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A
We define the field funcﬂ'on by:(qp s phi; ¢ phi symbol)

#(J )——W J)= E —J'C,,,  FIELD FUNCTION

nzl 1

#(J)= ;{logZ(J)} ;J{log[wicxp(—s[go]uq:)dw”

0
8J

Nfexp(- S[¢]+J¢’)d¢’] HWP(-S[@]”@)W]

[

Iexp(—S[(o]+ J(a)dqa | exp(—S[m] +J¢:)d¢9

Now, the field function we define the field function as the first derivative of the generating
function for the connected Green functions. The first derivative of; the first derivative of the
generating functional for the connected Green functions. When you differentiate the
expression in the square bracket this del upon del J attaches itself to this J pi here attaches
itself to this J phi here and brings back or pulls back a factor of phi. So, the net result is there

net result is what we get in the blue box.
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I*‘/A:gﬁ(.l):%{logl(.l)}

Xl log[Nlexp(-S[w]+J¢v)d¢’]

=

[[cﬂem(S[QD]HcO)dco]

Icm(—S[qo]Hep)qu ) <¢>J

R

So, this is the expression that we brought forward in the expression that we had. And if you
look at this carefully; if you look at this carefully this is nothing, but N into this integral of phi
exponential this whole expression. And that is nothing, but that is nothing, but the expectation

value of phi in the presence of source J.
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* Thus, 9(J) = (@)

We can say that ¢(J) is the expectation value o
the quantum field in the presence of sources.

So, in other words what do we conclude? We conclude that our field function field function is

nothing, but the expectation of the field variable in the presence of the source term J.
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I
* However,
* ¢ is the physical entity,
* an unknowable, fluctuating random field; but

* ¢(J) is a well-defined function that contains the
information about the probability density of ¢,
and is computable once the action is given.

Now, the important thing here is that phi is remain the physical entity this round phi. And the
phi symbol I will call this the phi symbol and I will call this the this is the small phi and this is
the phi symbol. I shall be using this because both the expressions would be used frequently.
So, phi is this expression and phi symbol is this.

So, phi is the physical entity, this is the random entity it is the fluctuating field. It represents
the field whereas; the phi symbol represents an expectation value of that particular expression.

It represents the expectation value of this physical quantity phi in the presence of a source J.

So, if it is this is also well defined it is well defined function. It is not a random function it is an
expectation value it is a number it is a quantity and not a random number. It is the expectation

value phi, but in the presence of a source J.
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FREE FIELD THEORY

So, now it we use the mechanism that we have developed above so far. And we use it for the
free field theory free field theory means there is no interaction term that is just the. And I

remember we shall have no derivatives because we are still working in the 0 dimensional field

theory.
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FREE FIELD ACTION

* For 0-D spacetime, no metric is defined and hence,
no derivative can be defined.

* It follows that the free free action will not contain
any derivatives. Thus, the simplest free field action
in 0-D space is of the form:

1
S,[¢]= 5#692

So, our action is very simple our action is straightforward; this is the free field action S 0 phi is

equal to 1 by 2 mu phi square.
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NORMALIZATION

The normalization is quite straightforward it is a Gaussian normalization. It is the integral
required for normalization is a simple Gaussian integral. It has a value of under root 2 pi upon
mu and therefore, the normalization constant is under root mu upon 2 pi. And therefore, the
probability distribution of the field variables becomes under root mu upon 2 pi exponential

minus 1 by 2 mu phi squared.
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The GENERATING FUNCTIONAL Z,(J)=Y i‘J"Gn

=0 n.

= Nolexp (—SD [ga] + Jqo)dqo takes the form:

1
2(0)- | 2[5t s0

=,
=

The generating functional Z 0 J; remember | am using the subscript 0 to indicate that it is a
free field case we are working in the free field environment. So, using the generating
functional Z 0 J is given by and then this expression we now have J the source J coming into
the integral path integral. N 0 we have already determined N 0 we have determined as under

root mu upon 2 pi.

So, we put in the value of the normalization and we have this integral exponential minus 1 by 2
mu phi square plus J phi d phi. This is again a very straightforward Gaussian integral, we can
do it by completing the square. And when we complete the square we get this extra piece J

square upon 2 mu which is independent of the integral variable phi.

And therefore, it can be taken outside the integral exponential J square upon 2 mu goes

outside the integral and the rest of the term is equal to 1. And therefore, the net result of the



integration after integration is equal to exponential J square upon 2 mu. And this whole

expression is equal to 1; as you can see here.

This is simply the Gaussian distribution integrated over the entire spectrum of values of the
random variable. And please note that this phi minus J mu represents a shift of the origin. So,
the condition that is given in the red box continues to hold right. We will continue after the

break from here.

Thank you.



